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Propositional Proof Systems (p. 247-257) 8.10.20075.1 Introdu
tion
Motivation: Relation to boolean 
ir
uits and open problems in 
omplexitytheory (e.g. 
o-NP ?= NP).De�nition: Tautology is a propositional formula whi
h is true in everytruth assignment. If ∅ |= T , then T is a tautology.Tautologies 
an be proved with di�erent proof systems. The length (or
omplexity) of the proof depends on axioms and rules of interferen
e ofthe system.
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Propositional Proof Systems (p. 247-257) 8.10.2007There are many di�erent proof systems, in
luding:
◮ Gentzen propositional sequent 
al
ulus (LK)
◮ resolution (R)
◮ Nullstellensatz systems (NS)
◮ polynomial 
al
ulus (PC)
◮ 
utting planes (CP)
◮ propositional treshold 
al
ulus (PTK)
◮ Frege systems (F)
◮ extended Frege systems (EF)
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Propositional Proof Systems (p. 247-257) 8.10.2007
Example: A Frege system using only 
onne
tives ¬ and →.Axioms:1. F → (G → F )2. (F → (G → H)) → ((F → G) → (F → H))3. (¬F → ¬G) → ((¬F → ¬G) → F )The only rule of inferen
e, modus ponens:
p,p→q

qOne 
an prove every propositional tautology using these axioms andmodus ponens.
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Propositional Proof Systems (p. 247-257) 8.10.2007
Some notationsIf formula F 
an be derived from T (set of formulas), we denote T ⊢ F .This means there is a sequen
e P = (F1, ..., Fn) su
h that Fn = F , andfor ea
h 1 ≤ i ≤ n, Fi either belongs to set T or is derived from theprevious formulas Fj , where i > j.If ∅ ⊢ F (or ⊢ F ) then F is a theorem and derivation P is the proof of
F . Proof system P, whi
h was used, is indi
ated by notation T⊢PF
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Propositional Proof Systems (p. 247-257) 8.10.2007
More de�nitionsProof system P is sound if every theorem F of P is valid (|= F ).Moreover, P is impli
ationally 
omplete if for any propositional formulas
F1, ..., Fk, G it is the 
ase that F1, ..., Fk |= G implies F1, ..., Fk⊢PG.Length of proof P = (F1, ..., Fn) is n (the number of inferen
es or steps).The size of proof P is ∑n

i=1
|Fi|, where |Fi| is the number of symbols in

Fi.
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Propositional Proof Systems (p. 247-257) 8.10.20075.2 Complexity of ProofsGeneralization of a proof systemLet Σ1 and Σ2 be �nite alphabets su
h that their 
ardinality is two orgreater and let L ⊆ Σ∗
2. Propositional proof system for L is a polynomialtime 
omputable surje
tion f : Σ∗

1 → L.Note that typi
ally L is 
olle
tion TAUT and for example in the DeMorgan basis Σ1 = {0, 1,¬,∧, x,′ (′,′ )′}. Di�erent variables 
an berepresented as string xb where b is a binary number.Proof system f : Σ∗ → L is polynomially bounded if there is apolynomial p su
h that
(∀x ∈ L)(∃y ∈ Σ∗)(f(y) = x ∧ |y| ≤ p(|x|)) (1)
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Propositional Proof Systems (p. 247-257) 8.10.2007Theorem 5.2.1NP = 
o-NP ⇔ There is a polynomially bounded propositional proofsystem for TAUT .
Proof . x ∈ TAUT ⇔ ¬x ∈ UNSAT .Thus, ¬x /∈ TAUT ⇔ x /∈ UNSAT ⇔ x ∈ SAT .Be
ause SAT is NP-
omplete, TAUT must be 
o-NP-
omplete.
′′ ⇒′′: Let Σ = {0, 1,¬,∧, x,′ (′,′ )′}. TAUT ∈ 
o-NP, so TAUT ∈ NP.Hen
e there is a polynomial p and a polynomial time 
omputable relation
R su
h that ∀x : x ∈ TAUT ⇔ (∃y ∈ Σ∗)(R(x, y) ∧ |y| ≤ p(|x|)).This makes sense, be
ause a nondeterministi
 Turing ma
hine on input x
an guess y and verify that y is 
orre
t by R(x, y).De�ne propositional proof system f : (Σ ∪ {′<′,′ ,′ >′})∗ → TAUT by
f(w) = x, if ∃y : R(x, y) ∧ w =< x, y > and f(w) = p ∨ ¬p otherwise.Now f is polynomially bounded.Petri Savola 8



Propositional Proof Systems (p. 247-257) 8.10.2007
′′ ⇐′′: Let f : Γ∗ → TAUT be a polynomially bounded propositionalproof system for TAUT . Let p satisfy the 
orresponding de�nition:
∀x : x ∈ TAUT ⇔ (∃y ∈ Γ∗)(f(y) = x ∧ |y| ≤ p(|x|)). From thisde�nition we obtain that TAUT ∈ NP. Assume R ∈ 
o-NP. Be
ause
TAUT is 
o-NP-
omplete, R is polynomially redu
ible to TAUT .Be
ause TAUT ∈ NP so is R. Thus, 
o-NP = NP. �Note that Theorem 5.2.1 holds for any �nite, adequate set of 
onne
tives.
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Propositional Proof Systems (p. 247-257) 8.10.2007
De�nitionA propositional proof system T is automatizable if there is an algorithm
AT , whi
h given any propositional formula A yields a proof in T of A intime polynomial in size of A, provided that su
h exists.
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Propositional Proof Systems (p. 247-257) 8.10.2007New de�nitions
◮ Propositional 
onne
tive is a fun
tion symbol of given arity
◮ Formula in the set κ of 
onne
tives is a �nite, rooted, ordered,labeled tree, whi
h is either a single node labeled by a variable orwhose root is labeled by a 
onne
tive of arity n from κ, and whose
hildren F1, ..., Fn are formulas
◮ The size of formula F , denoted by |F |, is the total number ofsymbols in F

◮ The formula size (f(F )) is the total number of 
onne
tives in F

◮ The 
ir
uit size (c(F )) is the number of distin
t subformulas in F

◮ The leaf size (||F ||) is the number of o

urren
es of variables in F

◮ The root is 
alled prin
ipal 
onne
tive
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Propositional Proof Systems (p. 247-257) 8.10.2007Example: Frege system Σ = {x, 0, 1,¬,→}.
|xi| = 1 + |i|
|¬F | = 1 + |F |
|F → G| = 1 + |F | + |G|
||xi|| = 1
||¬F || = ||F ||
||F → G|| = ||F || + ||G||
f(F ) = �number of gates in the formula tree�
c(F ) = �minimum number of gates in a 
ir
uit whi
h represents F �Assume that all 
onne
tives of formula F have arity at most k and thereare never two su

essive o

uran
es of a unary 
onne
tive and variablesappearing in F are x1, ..., xm, where m = ||F ||.Then f(F ) + ||F || is the number of nodes in the formula tree. Clearly
||F || ≤ |F | = O(||F ||log2||F ||).Petri Savola 12



Propositional Proof Systems (p. 247-257) 8.10.2007De�nitionsFor proof system F and tautology T , sizeF (T ) is the minimum size ofproof P of T in system F . Relations between di�erent types of size 
anbe easily found (e.g. c(F ) ≤ f(F )).Total truth assginment is a mapping σ : {x1, ..., xn} → {0, 1}. A booleanfun
tion f ∈ Bn is represented by formula F if f(σ) = F ↾σ for all totaltruth assignments in {0, 1}n.A set κ of 
onne
tives is adequate if every boolean fun
tion 
an berepresented by a formula in κ. A tautology T ∈ TAUTκ is a tautology inthe 
onne
tive set κ. Similarly, Formκ is the set of formulas in
onne
tive set κ. Let Form denote the set of formulas over the DeMorgan set {0, 1,¬,∨,∧} of 
onne
tives.
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Propositional Proof Systems (p. 247-257) 8.10.2007
Theorem 5.2.2There is a polynomial time 
omputable translation tr : Formκ → Formsatisfying tr(F ) ≡ F for all F ∈ Formκ, and whi
h is surje
tive in thesense that for every G ∈ Form there exists F ∈ Formκ su
h that
tr(F ) ≡ G.
Proof. Left for an optional home ex
er
ise.Note that now Theorem 5.2.1 holds for TAUTκ in pla
e of TAUT .Theorem 5.2.1 also implies that if no propositional proof system ispolynomially bounded for TAUT then P 6= NP .
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Propositional Proof Systems (p. 247-257) 8.10.2007Pigeonhole prin
ipleIf n + 1 pigeons o

upy n pigeonholes at least one hole must be o

upiedby at least two pigeons. This example demonstrates how this 
an bewritten as a propositional logi
 formula. Let m be the number of pigeonsand m > n, and let pi,j be a propositional variable, whose interpretationis that the pigeon i sits in hole j.
¬

m∧

i=1

n∨

j=1

pi,j ∨
∨

1≤i<i′≤m

n∨

j=1

(pi,j ∧ pi′,j) (2)This formula is naturally a tautology with O(m2n) symbols. The formulaexpresses that there is no inje
tive relation from set of size m into a setof size n.
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Propositional Proof Systems (p. 247-257) 8.10.2007Last de�nitions before the next 
hapterLet f, g be proof systems su
h that f : Σ∗
1 → TAUT and

g : Σ∗
2 → TAUT . Then g p-simulates f if there is a polynomial time
omputable fun
tion h : Σ∗

1 → Σ∗
2 su
h that g(h(x)) = f(x) for all

x ∈ Σ∗
1.Alternatively if h is polynomially bounded, but not ne
essarily polynomialtime 
omputable, let P1 and P2 be arbitary proof systems forpropositional logi
. System P1 simulates P2 if and only if there is apolynomial p(x) su
h that for any proof Q of formula A in P2 there is aproof P of A in P1 and size(P ) ≥ p(size(Q)).If P1 and P2 have the same language then the simulation is said to bestrong.
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Propositional Proof Systems (p. 247-257) 8.10.20075.3 Gentzen Sequent Cal
ulus
◮ Conne
tives: ¬,∨,∧

◮ Cedent is a �nite set of propositional formulas, typi
ally denotedwith large Greek letters
◮ Γ 7→ ∆ is a sequent if Γ and ∆ are 
edents.
◮ Γ is ant
endent and ∆ is su

edent
◮ Γ,∆ is an abbreviation of Γ ∪ ∆Noti
e similarity between 7→ and ⊢. If one wants to think in su
h a way,the meaning of Γ 7→ ∆ is ∧

Γ →
∨

∆.
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Propositional Proof Systems (p. 247-257) 8.10.2007Rules of inferen
e
¬ − left : Γ7→Φ,∆

¬Φ,Γ7→∆
¬ − right : Φ,Γ7→∆

Γ7→¬Φ,∆

∨ − left : Φ,Γ7→∆ Ψ,Γ7→∆

Φ∨Ψ,Γ7→∆

∨ − right : Γ7→Φ,∆
Γ7→Φ∨Ψ,∆

∨ − right : Γ7→Φ,∆
Γ7→Ψ∨Φ,∆

∧ − left : Φ,Γ7→∆

Φ∧Ψ,Γ7→∆
∧ − left : Φ,Γ7→∆

Ψ∧Φ,Γ7→∆

∧ − right : Γ7→Φ,∆ Γ 7→Ψ,∆
Γ7→Φ∧Ψ,∆

cut : Γ7→Φ,∆ Φ,Γ7→∆

Γ7→∆

structural : Γ7→∆

Γ′ 7→∆′
(Γ ⊆ Γ′,∆ ⊆ ∆′)The only axioms are of the form p 7→ p, where p is a propositionalvariable.
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Propositional Proof Systems (p. 247-257) 8.10.2007A proof of Γ 7→ ∆ is a sequen
e P of sequents S1, ..., Sn su
h that Sn isthe end sequent of Γ 7→ ∆.A proof is tree-like if ea
h sequent is used at most on
e as the hypothesisof a rule. A tree-like proof Γ 7→ ∆ is thus a tree, satisfying:
◮ Γ 7→ ∆ is the root
◮ Leaves are exioms
◮ Every node other than the root is an upper sequent of a rule
◮ Every node other than a leaf is a lower sequent of a ruleA proof without the 
ut rule is 
alled 
ut-free.The size S(Π) of derivation Π = (Φ1, ...,Φn) is the total number ofsymbols in Π. The length L(Π) is n. If Φ is a tautology then S(Φ)

(ST (Φ)) is S(Π), where Π is the smallest proof (tree-like proof) of Φ.Similar statement holds for length L.Petri Savola 19



Propositional Proof Systems (p. 247-257) 8.10.2007
Example derivation
Problem. Derive T = A ∨ ¬A using LK. Clearly T is a tautology.
A 7→A

⇒ (¬R)
A 7→A

7→¬A,A
⇒ (∨R)

7→¬A,A
7→A∨¬A,A

⇒

7→A∨¬A,A
7→A,A∨¬A

⇒ (∨R)

7→A,A∨¬A
7→A∨¬A,A,∨¬A

⇒ (cut)

7→A∨¬A,A,∨¬A
7→A∨¬A
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Propositional Proof Systems (p. 247-257) 8.10.2007
Summary

◮ Example of Frege system
◮ Polynomial bounding for proof systems
◮ A propositional formula 
an be represented as a tree
◮ Combinatorial statements 
an be formalized into logi
al form
◮ Basi
s of Gentzen Sequent Cal
ulus
◮ (Never 
ome to TB353 at the wrong time!)
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