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Propositional Proof Systems (p. 348-359) 19.11.2007Cutting planes (basis)
◮ Take negation of the tautology whih needs to be proved.
◮ Transform the formula into CNF form.
◮ Then for eah lausule write an inequality.
◮ Derive a ontradition using axioms, rules of inferene and theinequalities.
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Propositional Proof Systems (p. 348-359) 19.11.2007Degen's generalization of PHP
◮ Given positive integers m and k, if there is a funtion

f : {0, ...,mk} → {0, ..., k − 1} then there is j < k for whih f−1(j)has size greater than m.
◮ Note that PHP k+1

k is a speial ase of this (m = 1).
◮ Denote the set of size n subsets of {0, ...,m − 1} by [m]n. ThenDegen's generalization an be expressed the following way

∧

0≤i≤mk

∨

0≤j<k

pi,j →
∨

0≤j<k

∨

I∈[mk+1]m+1

∧

i∈I

pi,j (1)
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Propositional Proof Systems (p. 348-359) 19.11.2007Degen's generalization of PHP
Denote formula (1) by Dm,k. Clearly ¬Dm,k is a CNF-formula, so foreah of its lausules we an write CP-inequalities. We obtain

◮

∑k−1
j=0 pi,j ≥ 1 for 0 ≤ i ≤ mk

◮ −pi1,j − pi2,j − ... − pim+1,j ≥ −m for 0 ≤ j < k and
0 ≤ i1 < i2 < ... < im+1 ≤ mk.

◮ Total number of mk + 1 +
(

mk+1
m+1

)

k inequalities.
◮ Let Em,k denote these inequalities.
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Propositional Proof Systems (p. 348-359) 19.11.2007Degen's generalization of PHPTheorem 5.6.3There are O(k5) size CP refutations of E2,k.
Proof. For all 0 ≤ i1 < i2 < i3 ≤ 2k and all 0 ≤ r < k we have
2 ≥ pi1,r + pi2,r + pi3,r.

◮ Hene also 2 ≥ pi1,r + pi2,r + pi2+1,r holds.
◮ By applying Claim 2 we obtain (after applying it 2k − 3 times)

2 ≥ p0,r + ... + p2k,r for eah 0 ≤ r < k.
◮ We an sum up all these k inequalities to obtain

2k ≥
∑2k

i=0

∑k−1
j=0 pi,j .

◮ But we also have ∑k−1
j=0 pi,j ≥ 1 for eah 0 ≤ i ≤ 2k.

◮ By summing these up we get ∑2k

i=0

∑k−1
j=0 pi,j ≥ 2k + 1 whih leadsinto the ontradition 2k ≥ 2k + 1.The book laims the proof size is O(k5).Petri Savola 6



Propositional Proof Systems (p. 348-359) 19.11.2007Degen's generalization of PHPClaim 2Assume that 3 ≤ s ≤ 2k and for all 0 ≤ i1 < ... < is ≤ 2k suh that
i2, ..., is are onseutive, and for all 0 ≤ r < k, it is the ase that
2 ≥ pi1,r + ... + pis,r.Then for all 0 ≤ i1 < ... < is+1 ≤ 2k suh that i2, ..., is+1 areonseutive, and for all 0 ≤ r < k, it is the ase that
2 ≥ pi1,r + ... + pis+1,r.Proof of Claim 2The following inequalities hold

◮ 2 ≥ pi1,r + ... + pis,r

◮ 2 ≥ pi2,r + ... + pis+1,r

◮ 2 ≥ pi1,r + pi3,r + ... + pis+1,r

◮ 2 ≥ pi1,r + pi2,r + pis+1,rSumming them up we obtain 8 ≥ 3pi1,r + ... + 3pis+1,r Division by 3yields 2 = ⌊ 8
3⌋ ≥ pi1,r + ... + pis+1,r, whih ompletes the proof.Petri Savola 7



Propositional Proof Systems (p. 348-359) 19.11.2007Degen's generalization of PHP
Theorem 5.6.4Let m ≥ 2 and n = mk + 1. Then there are O(nm+3) size CP refutationsof Em,k, where the onstant in the O-notation depends on m, and
O(nm+4) size CP refutations, where the onstant is independent of n,m.
Proof. Generalization of Theorem 5.6.3. (details omitted)
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Propositional Proof Systems (p. 348-359) 19.11.2007Polynomial equivalene of CP2 and CPExample
◮ 9x + 12y ≥ 11 (1)
◮ 3(3x) + 3(4y) ≥ 11 (2)
◮ x ≥ 0 → 3x ≥ 0 (3)
◮ y ≥ 0 → 4y ≥ 0 (4)
◮ (3 + 1)(3x) + (3 + 1)(4y) = 22(3x) + 22(4y) ≥ 11 (5)
◮ 3x + 4y ≥ ⌊ 11

22 ⌋ = 2 (6)
◮ (6) + (2) ⇒ 4(3x) + 4(4y) ≥ 13 (7)
◮ 3x + 4y ≥ 3 (8)We get the inequality (8) whih we would obtain by dividing inequality(1) by three using only division by 2. CPq means that only division by qis allowed.Petri Savola 9



Propositional Proof Systems (p. 348-359) 19.11.2007Polynomial equivalene of CPq and CPTheorem 5.6.5Let q > 1. Then CPq p-simulates CP.
Proof. Suppose a utting plane proof ontains a division inferene
cα ≥ M  α ≥ ⌈M/c⌉. This an be p-simulated by only using divisionby q. For this we generate a sequene s0 ≤ s1 ≤ ... ≤ ⌈M/c⌉ suh thatfrom α ≥ si and ca ≥ M one an obtain α ≥ si+1.Choose p so that qp−1 < c ≤ qp. We an assume that qp/2 < c, beauseotherwise we an multiply the original inequality with m and then
qp/2 < mc ≤ qp would hold.
α =

∑n

i=1 aixi. Let s0 be the sum of negative oe�ients of α. Beause
xi ≥ 0 and xi ≤ 1 we an easily derive α ≥ s0.
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Propositional Proof Systems (p. 348-359) 19.11.2007Proof ontinuedDe�ne si+1 = ⌈ (qp−c)si+M

qp ⌉. (details about this later)
◮ cα ≥ M (1)
◮ cα + qpα ≥ qpα + M (2)
◮ qpα ≥ (qp − c)α + M (3)
◮ α ≥ si (4)
◮ (qp − c)α ≥ (qp − c)si (5)
◮ (5) + (3) ⇒ qpα ≥ (qp − c)si + M (6)
◮ α ≥ ⌈ (qp−c)si+M

qp ⌉ = si+1 (7)
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Propositional Proof Systems (p. 348-359) 19.11.2007Generation of the sequene
◮ s = M/c

◮ cs = M

◮ cs + sqp = sqp + M

◮ sqp = (qp − c)s + M

◮ s = qp−c)s+M

qp = f(s)Then, sn+1 = f(sn).
◮ (qp − c)/qp = 1 − c/qp < 1, beause c ≤ qp.
◮ Thus |f ′(s)| < 1 always, so the iteration onverges into M/c.
◮ Also, this funtion has the property

s ≥ f(s) ⇔ s ≥ (1 − c/qp)s + M/qp ⇔ cs/qp ≥ M/qp ⇔ cs ≥ Mwhih trivially holds, beause cs = M .Then, s0 ≤ s1 ≤ ... ≤ si ≤ M/c.Petri Savola 12



Propositional Proof Systems (p. 348-359) 19.11.2007Convergene of the sequeneWe have now proved that given cα ≥ M and α ≥ s0 we an indutivelyprove α ≥ si. And also si onverges into ⌈M/c⌉, so eventually we anprove α ≥ ⌈M/c⌉ using only division by q. We still need to prove thatthe onvergene is fast.Denote a = (qp − c)/qp and b = M/qp. Then 1 − a = c/qp.
◮ s1 ≥ as0 + b

◮ s2 ≥ as1 + b ≥ a(as0 + b) + b

◮ ...

◮ sj ≥ b
∑j−1

i=0 a + ajs0 = b(1 − aj)/(1 − a) + ajs0 =
b/(1 − a) − aj(b/(1 − a) − s0) = M/c − aj(M/c − s0)So, if aj(M/c − s0) < 1 we an see that the di�erene between sj and

M/c is less than one. Therefore we need at most j + 1 steps to prove
α ≥ ⌈M/c⌉.
c > qp/2 ⇒ (qp − c) < qp/2 ⇒ a < 1/2. Thus, aj(M/c − s0) < 1 holdsif (1/2)j(M/c − s0) < 1 holds. By solving j we obtain
j > log2(M/c − s0) whih ompletes the proof.Petri Savola 13



Propositional Proof Systems (p. 348-359) 19.11.2007Normal Form for CP ProofsLet Σ = {I1, ..., Ip} be an unsatis�able set of linear inequalities, andsuppose that absolute value of every oe�ient and onstant term ineah inequality of Σ is bounded by B. Let A = pB.Theorem 5.6.6Let P be a CP refutation of Σ having l lines. Then there is a CPrefutation P ′ of Σ, suh that P ′ has O(l3log(A)) lines and suh thateah oe�ient and onstant term appearing in P ′ has absolute valueequal to O(l2lA).
Proof. Long and hard to understand.Corollary 5.6.2Let Σ be an unsatis�able set of linear inequalities, and let n denote thesize |Σ|. If P is a CP refutation of Σ having l lines, then there is a CPrefutation P ′ of Σ, suh that P ′ has O(l3log(n)) lines and suh that thesize of the absolute value of eah oe�ient and onstant term appearingin P ′ is O(l + log(n)).Petri Savola 14



Propositional Proof Systems (p. 348-359) 19.11.2007Summary
We should have learned today that...

◮ There is polynomial size CP proof for generalized version of PHP
◮ CP p-simulates CPq and CPq p-simulates CP so they arepolynomially equivalent.
◮ The size of oe�ients in a CP refutation depends polynomially onthe length of the refutation and the size of the CNF formula.

Petri Savola 15


