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From Stability to Propositional Satis�ability

1. Terms and De�nitions2. Chara
terizing Stability3. Clausal Representation4. Experiments5. Dis
ussionFurther details are given in:T. Janhunen: Representing Normal Programs with Clauses. In thePro
eedings of the 16th European Conferen
e on Arti�
ial Intelligen
e,pages 358-362, Valen
ia, Spain, August 2004.
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Motivation

➤ Our goal is to 
ombine the knowledge representation 
apabilitiesof normal logi
 programs with the e�
ien
y of SAT solvers.Normal program P answer set

↓Set of 
lauses S ↑

↓SAT solver → model
➤ To realize this setting, we present a polynomial and faithful butnon-modular translation.
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1. Terms and De�nitions

➤ A rule r is an expression of the form

h← b1, . . . ,bn,not c1, . . . ,not cm.
➤ We use the following notations for a rule r:

H(r) = h (head)
B(r) = {b1, . . . ,bn,not c1, . . . ,not cm} (body)

B+(r) = {b1, . . . ,bn}

B−(r) = {c1, . . . ,cm}

➤ We de�ne normal (logi
) programs as sets of rules.
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Synta
ti
 Restri
tions

➤ We distinguish the following spe
ial 
ases:� positive rules: h← b1, . . . ,bn� atomi
 rules: h← not c1, . . . ,not cm� stri
tly unary rules: h← b,not c1, . . . ,not cm� stri
tly binary rules: h← b1,b2,not c1, . . . ,not cm

➤ We extend these 
onditions for sets of rules:� positive programs: ∀r ∈ P : |B−(r)|= 0� atomi
 programs: ∀r ∈ P : |B+(r)|= 0� unary programs: ∀r ∈ P : |B+(r)| ≤ 1� binary programs: ∀r ∈ P : |B+(r)| ≤ 2
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Least ModelsIf P is a positive normal program, then1. P has a unique minimal model, i.e. the least model LM(P) of P;2. LM(P) = TP ↑ ω = lfp(TP) where the immediately true operator

TP is de�ned for all A⊆ HB(P) by

TP(A) = {H(r) | r ∈ P and B+(r)⊆ A};3. and lfp(TP) = TP ↑ i for some i ∈ N, if P is �nite.
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Level NumbersDe�nition. For ea
h atom b ∈ LM(P), the level number lev(b) of b isthe least number n su
h that b ∈ TP ↑ n−TP ↑ (n−1).Example. Consider a positive normal program

P = {r1 = a←; r2 = a← b; r3 = b← a}with LM(P) = {a,b} and the 
orresponding level numbers lev(a) = 1and lev(b) = 2.
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Stable and Supported Models

De�nition. Given an interpretation M, the Gelfond-Lifs
hitz redu
t
PM = {r+ | r ∈ P and B−(r)∩M = /0}where r+ is de�ned as H(r)← B+(r) for r ∈ P.De�nition. For a normal program P, an interpretation M ⊆ HB(P) is1. a stable model of P ⇐⇒ M = LM(PM), and2. a supported model of P ⇐⇒ M = TPM (M).


© 2005 TKK, Tietojenkäsittelyteorian laboratorio

AB
T-79.5103 / Syksy 2005 From stability to propositional satis�ability 8'

&

$

%

Simple Example

Example. The normal program P = {a← b; b← a} has twosupported models M1 = /0 and M2 = {a,b}.However, only M1 is stable, as1. LM(PM1) = LM(P) = /0 = M1 and2. LM(PM2) = LM(P) = /0 6= M2.
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Properties of Stable and Supported Models

1. Stable models are also supported models.2. Stable and supported models 
oin
ide for atomi
 programs.3. The 
lassi
al models of the 
ompleted program (as proposed byClark in 1978) 
orrespond to supported models.De�nition. Clark's 
ompletion. For ea
h a ∈ HB(P) and the rules

r1, . . . ,rd ∈ P with H(ri) = a are translated into

a↔ (TrClark(B(r1)))∨ . . .∨ (TrClark(B(rd)))where TrClark(B(ri)) = b1∧·· ·∧bn∧¬c1∧·· ·∧¬cm for the body

B(ri) = {b1, . . . ,bn,not c1, . . . ,not cm} of ri.
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2. Chara
terizing Stability

De�nition. Let M be a supported model of a normal program P. Alevel numbering w.r.t. M isa fun
tion # : M∪SR(P,M)→ N su
h that1. for all a ∈M, #a = min{#r | r ∈ SR(P,M) and a = H(r)} and2. for all r ∈ SR(P,M), #r = max{#b | b ∈ B+(r)}+1where SR(P,M) = {r ∈ P |M |= B(r)}.We de�ne max /0 = 0 to 
over rules r with B+(r) = /0.
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Capturing Stable Models

Let M be a supported model of a normal logi
 program P.

Proposition. If # is a level numbering w.r.t. M, then it is unique.Theorem. M is a stable model of P

⇐⇒ there is a level numbering # w.r.t. M.
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Capturing Stable Models

Example. Re
all the supported models of P = {r1,r2} with r1 = a← band r2 = b← a: M1 = /0 and M2 = {a,b}.

➤ Sin
e M1∪SR(P,M1) = /0, M1 is trivially stable.

➤ For M2, the domain M2∪SR(P,M2) = M2∪P and the resulting setof equations

#a = #r1, #r1 = #b+1,

#b = #r2, #r2 = #a+1has no solution. Thus M2 is not stable.
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3. Clausal Representation

➤ We use an atomi
 normal program TrAT(P) =

TrSUPP(P)∪TrCTR(P)∪TrMIN(P)∪TrMAX(P)as an intermediary representation when translating a normalprogram P into a set of 
lauses TrCL(TrAT(P)).

➤ Level numbers have to be 
aptured using binary 
ounters whi
hare represented by ve
tors of propositional atoms.

➤ Certain primitives are formalized as subprograms:

SEL(c), NXT(c,d), FIX(c), LT(c,d), and EQ(c,d).
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Optimizations

➤ The level numbers asso
iated with rules 
an be totally omitted, ifall non-binary rules r with |B+(r)|> 2 are translated away.

➤ A normal logi
 program P is partitioned into its strongly 
onne
ted
omponents C1, . . . ,Cn on the basis of positive dependen
ies.
➤ No 
ounters are needed, if |H(Ci)|= 1 holds.

➤ The number of bits ∇Ci = ⌈log2(|H(Ci)|+2)⌉ for other strongly
onne
ted 
omponents Ci.

➤ Fixed translation s
hemes 
an be devised for atomi
, stri
tlyunary, and stri
tly binary rules.
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Example

For P = {a← b; b← a}, the translation TrAT(P) 
ontains thefollowing rules for a:

b← not bt(r2); bt(r2)← not bt(r2); bt(r2)← not a;

a← not a; x← not x,not a,not min(a);

x← not x,not bt(r2),not lt(nxt(a),ctr(b))1; and
min(b)← not bt(r2),not eq(nxt(a),ctr(b))in addition to four subprograms for 
hoosing the values of ctr(a) and

nxt(a) as well as 
omparing the latter with ctr(b). Rules that have tobe introdu
ed for b are symmetri
.The only stable model is N = {a,b,bt(r1),bt(r2)}.
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4. Experiments

• We have implemented TrAT and TrCL as respe
tive translatorslp2atomi
 and lp2sat to be used together with lparse.

• Our experiments were run on a 1.67 GHz CPU with 1GB memory.

• In our ben
hmark, we 
ompute all subgraphs of Dn whose allverti
es are mutually rea
hable.Here Dn = 〈Vn,En〉 is a dire
ted graph with n verti
es and n2−n edges:

Vn = {1, . . . ,n} and

En = {〈i, j〉 | 0 < i≤ n, 0 < j ≤ n, i 6= j}.
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Rea
hability Ben
hmark

Our ben
hmark problem is formalized as follows:

vertex(1..n).

in(V1,V2) :- not out(V1,V2),

vertex(V1;V2), V1!=V2.

out(V1,V2) :- not in(V1,V2),

vertex(V1;V2), V1!=V2.

reach(V,V) :- vertex(V).

reach(V1,V3) :- in(V1,V2), reach(V2,V3),

vertex(V1;V2;V3), V1!=V2, V1!=V3.

:- not reach(V1,V2), vertex(V1;V2).

☞ The order in whi
h the rea
hability of nodes inferred 
annot bedetermined beforehand.
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Computing All SolutionsNumber of Verti
es 1 2 3 4 5smodels 0.004 0.003 0.003 0.033 12
models 0.031 0.030 0.124 293 -lp2atomi
+smodels 0.004 0.008 0.013 0.393 353lp2sat+
haff 0.011 0.009 0.023 1.670 -lp2sat+relsat 0.004 0.005 0.018 0.657 1879wf+lp2sat+relsat 0.009 0.013 0.018 0.562 1598Models 1 1 18 1606 565080SCCs with |H(C)|> 1 0 0 3 4 5Rules (lparse) 3 14 39 84 155Rules (lp2atomi
) 3 18 240 664 1920Clauses (lp2sat) 4 36 818 2386 7642Clauses (wf+lp2sat) 2 10 553 1677 5971
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Computing Only One SolutionNumber of Verti
es 8 9 10smodels 0.009 0.013 0.022
models 0.046 0.042 0.055lp2atomi
+smodels >104 >104 >104lp2sat+
haff 0.771 32.6 254lp2sat+relsat 2.51 >104 >104wf+lp2sat+relsat 2.80 4830 >104assat 0.023 0.028 0.037
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5. Dis
ussion

➤ The new 
hara
terization of stable models is based on 
anoni
allevel numberings of atoms and rules.

➤ The translation fun
tion TrAT ◦TrCL has distin
tive properties:1. it 
overs all �nite normal programs P,2. a bije
tive relationship of models is obtained,3. the Herbrand base HB(P) is preserved,4. the length ||TrCL(TrAT(P))|| is of order ||P||× log2 |HB(P)|, and5. in
remental updating is not needed.
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Con
lusions and Future Work

➤ Various kinds of 
losures of relations, su
h as transitive 
losure,
an be properly 
aptured with 
lassi
al models.

➤ Our approa
h is 
ompetitive against other SAT-solver-basedapproa
hes when the task is to 
ompute all stable models.

➤ Further optimizations should be pursued for in order to really
ompete with smodels.

➤ In the future, we intend to study te
hniques to redu
e the numberof binary 
ounters and the numbers of bits involved in them.


© 2005 TKK, Tietojenkäsittelyteorian laboratorio


