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Solutions to demonstration problems

Solution to Problem 4

The graphs given below illustrate different propertiesathtions. Here the nodes
are the elements in a structure and there is an edge betweentesxc A,y € A

if and only if R(x,y) is true forx,y.
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Reflexivity (vXR(x,X)) means that every node in the graph has an edge to itself
and irreflexivity x—R(x,x)) means that no node has an edge to itself. First of
the graphs is reflexive, the second irreflexive and the tisirteither reflexive nor
irreflexive.

Symmetry ¥xXvy(R(x,y) — R(Y,X))) means that whenever there is an edge from
xtoy, there is also an edge froynto x. Asymmetric {xvy(R(x,y) — —R(Y,X)))
graph has no edge fromto x if there is edge fronx to y. The first graph is
symmetric, the second asymmetric and the third is neither.

In a transitive graphwxvyvz(R(x,y) AR(Y, z) — R(x,z))) if there is a path from
x to y along the edges, then there is an edge fraimy in the graph. The second
graph is transitive.

In a serial graph¥x3JyR(x,y)) there is at least one edge from each nedehe
first and the third graph are serial.

Now define relation3 (x,y) (x knowsy), N(x,y) (xis married toy), V(x,y) (yis
a parent ok) ja E(x,y) (y is an ancestor of). There relations have the following
properties.

Relation | refl. | irrefl. | symm.| asymm.| trans.| serial.

knows * * *
married to * *
parent * * *

ancestor * * * *




Solution to Problem 5

a) Considets with domainU = {1,2} andP’ = {(1,1),(2,2)}. Now it holds
S = Vx3yP(x,y) ands$ (= IywxP(x,y) (there is no value foy such that for
all x we would havex,y) € P$). Thus the implication is false is.

b) Considets with domainU = {1} andP® = {1},Q? = 0. Now the left side
of the implication is true and the right side falsed§nands is a counte-
rexample.

c) ConsiderS with domainU = {1} ja PS = 0,R® = {1}. Now Vx(P(x) —
R(x)) is true inS since the left side of the implication is false$nSimilarly
S EWX(P(x) — —R(x)).

Solution to Problem 6

e Remove connectives: and«.
e Negations in, quantifiers out.

e Use distribution rules to obtain CNF / DNF.
a)

VY(E3XP(xy) — V2Q(Y,2)) A FY(VXR(X, Y) VVXQ(X,Y))
=Vy(—3IXP(X,Y) VVZQ(Y, 2)) A Fy(YXR(X,y) V VXQ(X,Y))
=Vy(VX=P(X,y) VVZQ(Y, 2)) A Fy(YXR(X,y) V VXQ(X,Y))
=3y1 (VY(VXx=P(x,y) VVZQ(Y, 2)) A (VXR(X,y1) V VXQ(X,¥1)))
=3y1VY2((VXP(X,y2) VVZQ(y2,2)) A (VXR(X, Y1) VVXQ(X, Y1)
=3y1VY2VXa VX2V2vXs((—P (X1, Y2) V Q(Y2,2)) A (R(%2, Y1) V Q(X3,¥1)))

This is the Prenex normal form and the part inside quantifiers CNF.
Skolemization:

VY2VX1VXaV2vx3((—P(X1,Y2) V Q(Y2,2)) A (R(X2,€) V Q(X3,C)))



Vx3yQ(X,y) V (IXVYP(X,y) A =3IxIYyP(X,Y))
=Vx3AyQ(X,Y) V (IXVYP(X,y) A VXVY—P(X,Y))
=VxaAYQ(X,Y) V I VY1 %o VY2 (P (X1, Y1) A =P(X2,Y2))
=31 VX3 3Y3Vy1VXoWy2(Q(X3,y3) V (P(X1, Y1) A —P(X2,¥2)))

This is the Prenex normal form and we continue to get CNF.
X1 Vxayavy1VxeVy2((Q(Xa,Y3) V P(X1, Y1) A (Q(X3,Y3) V —P(xX2,y2)))
Skolemization:

VXaVy1 VX VY2 ((Q(Xs, f(X3)) V P(C,y1)) A (Q(X3, T(X3)) V =P(X2,Y2)))

Solution to Problem 7

a)

xQ(x) —
=-YXQ(X) V Y
=3Ix-@Q(X) V Y
=3X1(—Q(x1) V)
=Ix(P(x1) — )

b) Similarly, Ix@(X) — Y = Vx1(@(x1) — Q).
C)

®— VXP(X)
=-@V YXY(X)
=Vxa(—oV (X))
=Vx1(@— W(x1))

d) Similarly, @ — 3IxP(X) = Ix1 (@ — W(X1)).



Solution to Problem 8

a) Sentence-dx((P(x) — P(a)) A (P(x) — P(b))):
Eliminate implications:3x((—P(x) vV P(a)) A (-P(x) V P(b))).
Push- inside3x:
Vx=((=P(x) VP(a)) A (=P(x) V P(b))).
Push negations inside the formula:
YX((P(x) A=P(a)) Vv (P(x) A =P(b))).
Bring P(X) outside:Vx(P(x) A (—P(a) vV =P(b))).
Drop universal quantifiers2(x) A (-P(a) vV —P(b)).
Clausal form{{P(x)}, {—P(a), -P(b)}}.

b) Sentenc&yIxP(x,y):
Skolemization¥yP(f(y),y).
Drop universal quantifier®(f(y),y).
Clausal form:{{P(f(y),y)}}.

c) SentencevyaxG(x,y):
Push- insideYy: Jy—3xG(x,Y).
Push- inside3x: Iyvx—G(x,y)
Skolemization¥x—G(x, c).
Drop universal quantifiers:G(x,c).
Clausal form:{{-G(x,c)}}.

d) Sentencelxvy3z(P(x,z) vV P(zy) — G(X,Y)):
Eliminate implication3xvy3z(—(P(x,z) VP(zy)) vV G(X,y)).
Push negations inside:
Axvy3z((=P(x,z2) A—=P(z,y)) V G(X,Y)).
PushG(x,y) inside the formula:
Ixvy3z((-P(x,2) VG(x,y)) A (=P(z,Y) V(G(X, ¥)))-

Drop universal quantifiers:

(=P(c, f(y)) VG(c,y)) A (=P(f(y).y) VG(c,y)).
Clausal form:

{{=P(c, f(y)), G(c.y)}, {=P(f(y),y), G(c,y)}}-



