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Solutions to demonstration problems

Solution to Problem 4
a) U ={c},B={G(c,c)}.
b) U ={a f(a), f(f(a)),..},B={P(er,&) &1 cU,e2 € U}.
c) U ={ab},B={P(a),P(b)}.
d) U ={a},B={P(a,a),G(a,a)}.

e) U={ab,f(a),f(b),f(f(a), f(f(b)),..},
B={P(e,e&)|ercU,eocU}U{Q(e,e)|e1 €U, € U}.

f U={a f(aa),f(a f(aa)f(f(aa),a),f(f(aa),f(aa),..}
B={P(e)lecU}U{Q(e)|ec U}.

Solution to Problem 5

a) A clause{P(x,a,x)} is obtained from the sentene&P(x,a,x). and the ot-
her sentence:(3x3y3z(P(x,y,z) A —P(x, f(y), f(2))) results in clause
{=P(x.¥,2),P(x, £(y), f(2))}. Thus we get

S={{P(x,a,x)},{~P(x,y,2),P(x, f(y), f(2))}}.

b) Herbrand-universd = {a, f(a), f(f(a)),...} ={f"(a) | n> 0} and Herbrand-
baseB = {P(ey,e2,€3) [ €1,€2,83 € H}.

c) The maximal Herbrand-model f@& is B, since every term of the form
P(f"(a),a, f"(a)), n> 0 belongs td (the first clause is satisfied), and each
term of the formP(f"(a), f™(a), fkt1(a)), for n,m,k > 0, belongs tB
(the second clause is satisfied).

The minimal Herbrand-model isP(a,a,a),P(a, f(a), f(a)) }.



Solution to Problem 6

Find the set of clauseSwhich is the clausal form of the sentence (finite, contains
no function symbols), find the Herbrand univetdeof S and furthermore, the
finite set of Herbrand-instanc&s This can be interpreted as a set of propositional
clauses and for instance resolution can be used to checlalidéyof S.

Solution to Problem 7

{y/b,z/f(9(a)),w/c}

Solution to Problem 8

a) og = € (empty substitution)

S ={P(x.a(y)., f(a)),P(f(y),a(f(2).2)}

D(S) ={x f(y)}

o1 = {x/f(y)}

0001 = {X/f(y)}

S ={P(f(y).9(y), f(a)),P(f(y).9(f(2),2)}

D(S) ={y,f(2)}

o2 =1{y/f(2)}

000102 = {x/f(f(2)),y/f(2)}

S ={P(f(f(2),9(f(2). f(a)),P(f(f(2),9(f(2).2)}
D(&)={f(a),z

o3={z/f(a)}

00010203 = {x/f(f(f(a))),y/f(f(a)),z/f(a)}

S ={P(f(f(f(a))),9(f(f(a))), f(a))}

MGU is 00010203.

b) Op=¢
S ={P(x, f(x),0(y)),P(a f(g9(a)),a9(a)),P(y, f(y),9(a))}
D(S) = {xaVy}
o1 = {x/a}
S = {P(a,f(a),q(y)),P(a, f(g9(a)),g(a)),P(y, f(y),9(a)) }
D(Sl> = {a7y}
o2 = {y/a}
S ={P(a f(a),9(a)),P(a, f(9(a)),9(a)) }
D($) ={a9(a)}

Termsa andg(a) cannot be unified.

C) Op=¢
S= {P(X7 f(X,y)),P(y, f(ya )) (b f(b a))}
D(S) = {xy, b}



o1 = {x/b}

S = {P(b7 f(b7y)>7 P(yv f(yv a)),P(b, f(bv a>>}
D(S1) = {b,y}

oz = {y/b}

S ={P(b, f(b,b)),P(b, f(b,a))}

D(&) ={b,a}

Termsb anda cannot be unified.

D(S) = {b, f(b
Termsb and f (b) cannot be unified.
Solution to Problem 9
a) Consideo = {x/a} andA = {x/b}. Now, oA # Ao.
b) S= {P(x),P(y)} has two MGUs{x/y} and{y/x}.

Solution to Problem 10

D/ F(wow),y/ £ (F (ww), f(w,w)),
z/f(F(f(ww), f(ww)), f(f(ww), f(w,w)))}.

Solution to Problem 11
DefineP(x) = “xis barber” andA(x,y) = “x shaves/”.

a) VX(P(x) — VY(=A(Y,y) — A(XY))),
b) VX(P(x) — YY(A(Y,Y) — —A(X,Y)))-



The clausal form:

a) YX(P(x) — VY(=A(Y,Y) — A(X,Y)))
YX(=P(X) V YY(A(Y,Y) VA(X,Y)))
VXVY(=P(X) VA(Y,Y) VA(X,Y))

=P(X) VA(Y,y) VA(X,Y)
{_'P(Xl)a A(ylayl)a A(Xlayl)}

b) Yx(P(x) — VY(A(Y,y) — ~A(xY)))
VX(=P(X) V7Y (=AY, y) V ~AXY)))
VXYY(=P(X) V —A(Y,Y) V ~A(XY))
—P(X) V -A(Y,Y) V -A(X,Y)
{-P(x2), ~A(y2,¥2), “A(X2,¥2)}
We want to show-3xP(x), and thus consider its negati@®P(x). In the clausal
form: {P(a)}.
From clauses

{_'P(Xl)7 A(y17y1)7 A(leyl)} and {—\P(Xz), _‘A(y27y2)7 _‘A(X27y2)}

we get
{—\P(Xg)} (SUbStitUtiOﬂ{Xl/Xg, X2/X3, y]_/Xg, y2/X3})

From clauses{P(a)} and {—P(x3)} we obtain the empty clause (substitution
{xs/a}). Thus the set of clauses is unsatisfiable afntkP(x) is a logical con-
sequence of the premises.

Solution to Problem 12
We start with the base cases, that is, 0O is divisible by twothrek:

Furthermore, divisibility for larger numbers:

Vx(J2(x) — J2(s(s(x)))),
VX(JI3(X) — JI3(s(S(S(X)))))-

Finally, divisibility by six:

VXx(J2(X) A J3(X) — J6(X)).



We transform the sentences into clausal form. For the digimitf predicate)2(x)
we get:

VX(I2(x) — J2(s(s(x))))

Vx(—=J2(x) v I2(s(s(x)))

{732(x),32(s(s(x))) }-

Similarly for the definition of predicat&3(x) we obtain{—J3(x),J3(s(s(s(X))))}.
The sentence defining predicai& x) results in the following:

VX(J2(x) A JI3(x) — J6(X))
VX(=(32(x) AJ3(X)) V I6(X))
VX(=J2(x) vV =JI3(x) vV I6(X))
{~32(x),~J3(x),36(x)}.

From the negation of the query we obtain the following threeses:

—Vx(J2(x) A J3(x) — J6(s%(x)))
—Vx(—(J2(x) AJI3(x)) V I6(L(x)))
—Vx(—=J2(x) V —J3(x)) v I6(°(x)))
(=32(x) v =33(x) V I6(°(x)))
X(I2(x) A I3(x) A I6(S(x)))
°(

AJ
{32(c)},{J3(c)} and{~J6(s’(c)) }-



The resolution refutation:

1. {32(c)}, P

2. {792(x1),92(s(s(x1)))}, P
3. {J2(s(s(0)))}, 1 & 2,x¢/c

4. {792(x2),92(s(s(x2))) }, P
5. {J2(s*(c))}, 3 & 4, %2/s(s(c))
6. {~J2(xs),J2(s(s(xa)))}, P

7. {32((c))}, 5 & 6, x3/°(c)
8. {J3(c)}, P

9. {~J3(xa), I3(s(s(s(xa)))) }, P

10. {J3(s(s(s(C))))}, 8 & 9, X4/C

11. {-J3(xs),I3(s(s(s(xz)))) }, P

12. {33(s%(c))}, 10 & 11,x4/5(s(s(c)))

13. {~J2(xe), J3(xe),I6(x6) }, P

14. {-33(s%(c)),36(s%(c))}, 7 & 13,xg/5°(c)
15. {J6(5(c))}, 12 & 14

16. {~J6(s°(c))}, P

17. 0,15 & 16



