T-79.3001 Logic in computer science: foundations Spring 20
Exercise 11 ([NS, 1997], Predicate Logic, Chapters 10 — 14)
April 24-26, 2007

Solutions to demonstration problems

4. Define the Herbrand universe and Herbrand base for the fuoifpaets of
clauses.

a) {{-G(x.c)}},
b) {{P(f(y).y)}}.
) {{P®)}, {=P(a), ~P(b)}},
d) {{=P(x,y), ~P(y,2), G(x,2)} },
e) {{-P(x,y)}, {Q(a,x), Q(b, f(y))}},]a
f) {{P(x), Q(f(x,))}}

Solution.
U :{C}:B:{G(C, o)}
b)U:{af (f(a),...},B={P(er,e2)|e1€U,epcU}.

U={a b} B={P(a),P(b)}.

U ={a},B={P(a,a),G(a,a)}.

e)U—{abf() f(b), f(f(a)), F(f(b)),...},

B={P(e1,e)|e1 € U,e2 e U} U{Q(e1, &)

f) U={a f(aa),f(a f(aa),f(f(aa),a),f
B={P(e)lecU}uU{Q(e)|ecU}.

lepeU,ezcU}.
(f(aa),f(aa)),..},

5. Consider
T = {WxP(x,a,x), =3Ix3y3z(P(x,y,2) A =P(x, f(y), f(2)))}.

a) Transform¥ into a set of clauseS.
b) Define the Herbrand universtand Herbrand badgof S.

c) Let Herbrand structures be subsets of the Herbrand basktHe sub-
set minimal and maximal Herbrand modelsf

Solution.

a) A clause{P(x,a,x)} is obtained from the sentent&P(x,a,x). and
the other sentence(3x3y3z(P(x,y,z) A —P(x, f(y), f(z))) results in
clause{=P(x,y,2),P(x, f(y), f(z))}. Thus we get

S= {{P(X a, X)}?{_‘P(X!yv 2)7 P(Xv f(y)' f(Z))}}

b) Herbrand-universel = {a, f(a), f(f(a)),...} = {f"(a) | n> 0} and
Herbrand-basB = {P(el,ez,eg) | e, e,e3€ H}.

¢) The maximal Herbrand-model f&is B, since every term of the form
P(f"(a),a, f"(a)), n > 0 belongs toB (the first clause is satisfied),
and each term of the for(f"(a), f ™1(a), f*1(a)), forn,mk >0,
belongs tdB (the second clause is satisfied).
The minimal Herbrand-model isP(a, a,a),P(a, f(a), f(a))}.

6. Transform the problem of deciding the validity of sentence

IxAY(P(x) « =P(y)) — IxIy(=P(x) AP(y))

into the problem of satisfiability of a propositional logiagement and solve
the problem.

Solution. Find the set of clause3which is the clausal form of the sentence
(finite, contains no function symbols), find the Herbrand/arseH of Sand
furthermore, the finite set of Herbrand-instangesThis can be interpreted
as a set of propositional clauses and for instance resolatia be used to
check the validity ofS.

7. Find the composition of substitutiog/y, y/b,z/ f (x) } and{x/g(a),y/x,w/c}.
Solution.

{y/b.z/f(9(a)),w/c}

8. Find the most general unifiers for the following sets of hier

a) {P(x.9(y), f(a)),P(f(y).9(f(2)),2)}

b) {P(x, f(x),9(¥)),P(a, f(g(a)),9(a)),P(y. f(y).9(a))}
c) {P(x, f(x.)),P(y, f(y;a)),P(b, f(b,a))}

d) {P(f(a),y,2),P(y, f(a),b),P(xy, f(2))}



Solution.

a) oo = € (empty substitution)

S = {P(x,9(y), f(a)),P(f(y).09(f(2).2)}
D(S) = {x f(y)}

o1={x/f(y)}

0001 = {x/f(y)}

S = {P(f(y).a(y). f(a),P(f(y),9(f(2).2)}
D(S) ={y. f(2)}

o2 ={y/f(2)}

000102 = {x/f(f(2)).y/f(2)}

S = {P(f((2),9(f(2).f(a).P(f(f(2).9(f(2).2)}
D(S) ={f(a),z}

o3={z/f(a)}

00010203 = {x/f(

Ss={P(f(f(f(a))),

MGU is 6p010203.

Z =

b) Op=¢€
S = {P(x, 1(x),9(y)),P(a, f(9(a)),9(a)). P(y, f(y),9(a)) }
D(&) = {Xv a7y}
o1 = {x/a}
S = {P(a, f(a),9(y)). P(a, f(g(a)).9(a)), P(y; f(y),9(a)) }
D(S) = {ay}
o2 = {y/a}
S = {P(a7 f(a)~g(a)) P(a7 f(g(a))7g(a))}
D(S) = {a.9(a)}
Termsa andg(a) cannot be unified.
C) Op=¢
S = {P(X, f(X,y)),P(y, f(y’a))’ P(b7 f(b/ a))}
D(S)) = {X7y7 b}
o1 = {x/b}
S = {P(b, f(b.y)),P(y, f(y,8)),P(b, f(b,a))}
D(S) ={b,y}
02 = {y/b}
S = {P(b, f(b,b)),P(b, f(b.a))}
D(SZ) = {b,a}
Termsb anda cannot be unified.
d) op=¢
S = {P(f(a).y.2).P(y. f(a).b).P(xy, f(2))}
D(S) = {f(a),y.x}

(
S = {P(f(a), f(a),2),P(f(a), f(a),b),P(x, f(a), f(2))}
D(S) = {f(a),x}
o2 = {x/f(a)}
S = {P(f(a),f(a),2),P(f(a), f(a),b),P(f(a). f(a), f(2))}
D(&) ={zb,f(2)}
03 ={z/b}
S = {P(f(a), f(a),b),P(f(a), f(a), f(b))}

f(a
D(Ss) = {b, f(b)}

Termsb and f (b) cannot be unified.

9. Show that

a) the composition of substitutions is not commutativet thathere are
substitutionss andA such thaoA # Aa.

b) a most general unifier is not unique, that is, there is afsitecals S
such that it has two most general unifierandA such thaio # A.

Solution.

a) Consideo = {x/a} andA = {x/b}. Now, A # AcC.
b) S={P(x),P(y)} has two MGUs{x/y} and{y/x}.

10. Unify {P(x,y,2),P(f(w,w), f(x,X), f(y,y))}.

Solution.

&/ F(wow), y/ £ (F (ww), f(w,w)),
z/F(f(F(ww), F(ww)), F(f(ww), f(ww)))}.

11. Use resolution to prove that there are no barbers, when

a) all barbers shave everyone who does not shave himself, and
b) no barber shaves anyone who shaves himself.

Solution. DefineP(x) = “x is barber” andA\(x,y) = “x shaves/".

a) VX(P(X) = W(-A(Y,Y) = AX.Y))),
b) VX(P(x) — Vy(A(y,y) — ~A(X.Y))).



The clausal form:

a) YX(P(x) — Yy(-A(Y,y) — A(X,Y)))
YX(=P(x) V YY(A(Y,Y) VA(X,Y)))
YXYY(=P(X) VA(Y,Y) VA(X,Y))
-P(X) VA(Y,y) VA(X,Y)

{=P(x1), Aly1,y1), A(X1,¥1)}

b) YX(P(x) — VYY(A(Y,y) — =A(X,Y)))
YX(=P(x) VYY(=A(Y,Y) V SAX,Y)))
VXYY(=P(X) V -A(Y,Y) V =A(X,Y))
—P(X) V=AY, Y) V -AX,Y)
{=P(x2), ~A(Y2,¥2), ~A(X2,Y2)}

We want to show-3xP(x), and thus consider its negatiGiP(x). In the
clausal form{P(a)}.
From clauses

{_‘P(Xl)v A(ylvyl)v A(leyl)} and {_‘P(X2)7 _‘A(y27y2)v _‘A(X27y2)}

we get

{=P(x3)}  (substitution{x;/x3,x2/xX3,Y1/X3,Y2/X3})

From clauseqP(a)} and{—P(x3)} we obtain the empty clause (substitu-
tion {xs/a}). Thus the set of clauses is unsatisfiable aB&P(x) is a logical
consequence of the premises.

12. We use groud terms 8(0), s(s(0)), ..., to represent natural numbers 0, 1,
2,...,where 0 is a constants asig a unary function such thafx) = x+1
for all natural numbers.

a) Let predicated2(x),J3(x) andJ6(x) represent that a natural number
is divisible by two, three and six, respectively. Define thpeedicates
with sentences in predicate logic using the definitiond2andJ3 to
defineJ6.

b) Use resolution to prove that if a natural numkes divisible by two
and three, then natural numbet 6 is divisible by six.

Solution. We start with the base cases, that is, 0 is divisible by two and
three:

J2(0),

J3(0).

Furthermore, divisibility for larger numbers:

Finally, divisibility by six:

VX(J2(X) A JI3(X) — JI6(X)).

We transform the sentences into clausal form. For the defindtf predicate
J2(x) we get:

¥X(J2(x) = J2(s(s(X))))

WX(—=J2(x) Vv I2(s(s(X)))

{732(x), 32(s(s(x))) }-

Similarly for the definition of predicaté3(x) we obtain{—J3(x), J3(s(s(s(x)))) }.
The sentence defining predicai®(x) results in the following:

¥x(J2(x) AJ3(x) — J6(X))
VX(=(32(x) AJ3(x)) V IB(X))
WX(—J2(x) V =J3(X) vV I6(X))
{732(x), ~J3(x), J6(x) }-

From the negation of the query we obtain the following thrieeises:

=Wx(J2(x) AJ3(X) — JB(S2(X)))
X(=(J2(x) A J3(x)) v I6(S(x)))
—¥x(~32(x) V ~33(x)) V I6(s(x)))
(~J2(x) v ~33(x) v I6($°(x)))

IX(I2(x) A IB(X) A ~JB(S(x)))
{32(c)},{33(c)} and{—~J6(s5(

]

)}



The resolution refutation:

1. {32(c)}, P

- {=32(xq),J2(s(s(x1))) }, P

- {92(s(s(0)))}, 1 & 2, /¢

- {73202), 92(s(s(x2))) }, P

- {92(s%(c))}, 3 & 4, x2/s(s(c))

- {7320x),92(s(s(x3))) }, P

{92(°(0))}, 5 & 6, x3/5°(0)

. {33(c)}, P

- {7330x), I3(s(s(s(xa)))) }, P

- {JI3(s(s(s(c))))}, 8 & 9, xa/c

- {~33(xs), I3(s(s(s(xs)))) }. P

- {33(s(c))}, 10 & 11, x4/5(s(s(c)))

- {732(xe), ~I3(%6), I6(x6) }, P
(
)
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A{~33(%(c)), 36(s°(c)) }, 7 & 13,%6/5°(c)
. {36((c))}, 12 & 14

16. {-J6(s%(c))}, P

17. 0,15 & 16

=
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