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� RefresheronAlgebra

group(G,◦):Gset,◦associativemultiplicationbetweenelementsofG:if

g,h∈Gtheng◦h∈G.Identity:g◦id=id◦g=g.Inverseg
−1

g=id.

subgroupH∈G:id∈Handh1◦h2∈Hwhenh1,h2∈H.(Hisclosedwith

respectto◦)

groupgeneratorg∈GissaidtogeneratethegroupG,ifforallelementsof

h∈Gthereisaks.t.h=g
k
.

conjugacyclassHsubgroup,left(right)conjugacyclassesaresetsoftheform

H◦g(g◦H)withg∈G.

grouphomomorphismisamapbetweentwogroupsG,Hsuchthat1)

f(g1g2)=f(g1)f(g2)and2)f(idG)=idH.
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� Markovchainsonfinitecommutativegroups

(G,◦)isafinitegroup,g,h,...∈GarethestatesofaMarkovchain.

P0isaprobabilitymeasureonG.

Transitionprobabilities:pg,h◦g:=P0({h})

lemma15.1

•pg,h◦garetheentriesofa(doubly)stochasticmatrix.Thus,theuniform

distributionofthismatrixistheequilibriumdistribution.

•Hsubgroupgeneratedbysupp:={h|P0(h)>0}.Theirreduciblesubsetsof

thechainarepreciselythesetsoftheformH◦gwithg∈G,thatis,theleft

conjugacyclasses.Inparticular,thechainisirreducibleiffsuppP0generatesG.

•Thechainisaperiodicandirreducibleiffthereisaks.t.everyelementofG

canbewrittenastheproductofkelements,eachlyinginsuppP0.
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� Outline:thetrainofthought

Problem:Howfastdoesthechainconvergetoitsequilibrium?

–>Whatisthedistributionafterkstepsofawalkwhichstartsat0?

Answer:P
(k∗)
0.

NotionMatrixdoublystochastic:theuniformdistributionistheequilibrium

distribution!

–>HowfastdoestheP
(k∗)
0tendtotheuniformdistribution?

–>HowcloseisadistributionP0totheuniformdistribution?

NotionVariationdistancecanbecalculatedwiththehelpoftheFourier

transformation

–>HowsmallaretheP̂0(χ)forthenontrivialcharactersχ?
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� k-steptransitions

ProbabilityP0onGfortheone-steptransitions.

•Start:g0arbitrary.

•g0+h0withprobabilityP0({h0})forh0.

•(g0+h0)+h1withprobabilityP0({h1})forh1.

•andsoon.

Notethath0andh1areindependent.2-steptransitions:

g0→(g0+h0)+h1=g0+hforwhichtheprobabilityis

Σh0+h1=hP0({h0})P0({h1})=Σh0P0({h0})P2({h−h0})).
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� Convolutionsofprobabilitymeasures

Definition15.9LetP1,P2beprobabilitymeasuresonG.

(i)WedefinetheconvolutionP1∗P2ofP1,P2by

(P1∗P2)({h}):=Σh0P1({h0})P2({h−h0})

(ii)InthespecialcaseP1=P2=P0weputP
(k∗)
0:=P0∗P0.Thisisextendedto

adefinitionforarbitraryintegerexponentsP
((k+1)∗)
0:=P

(k∗)
0∗P0.
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� Characters

Relatingabstractgroupstocomplexnumbers:

Definition15.2Denoteby(Γ,·)themultiplicativegroupofallcomplexnumbers
ofmodulusone.ThenacharacteronGisagrouphomomorphismχfromGtoΓ:
χ(g+h)=χ(g)χ(h)forallg,h∈G.

Propertiesofcharacters:

•(χ(g)=χ(g))isacharacter.(Also,χistheinverse1/χofχ.)

•χ1χ2isacharacterwhenχ1,χ2are.

•Thetrivialcharacter:χtriv:g→1.

•Ĝ,thecollectionofallcharacters,formsacommutativegroupwithresp.to
pointwisemultiplication.

•IfGhasNelements,therangeofanycharacteronGiscontainedinthesetof
theN’throotsofunity(exp(2πij/N),j=0,...,N−1,i=

√
−1)
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� Lemma15.3andcorollary

Let(G,+)beacommutativegroupwithNelements.TheN-dimensionalvector

spaceofallmappingsfromGtoCwillbedenotedbyXG,andthisspacewillbe

providedwiththescalarproduct<f1,f2>G:=Σgf1(g)f2(g)/N.

(i)Letχbeacharacterwhichisnotthetrivialcharacterχtriv.ThenΣgχ(g)=0.

(ii)IntheHilbertspace(Xg,<·,·>G)thefamilyofcharactersformsan

orthonormalsystem.

(iii)Anycollectionofcharactersislinearlyindependent

(iv)ĜhasatmostNelements.

(v)InfactthereexistsNdifferentcharacterssothatĜisanorthonormalbasisof

XG.Also(G,+)isisomorphicwith(Ĝ,·).
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Corollary15.4

(i)LetfbeanyelementofXG.Thenfcanbewrittenasalinearcombinationof

theχ∈Ĝasfollows:f=Σχ<f,χ>Gχ.

(ii)Fordifferentg,h∈Gthereisacharacterχs.t.χ(g)6=χ(h).
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� Fouriertransform

FouriertransformofmeasureP0:

P̂0:Ĝ→C,χ7→Σgχ(g)P0({g})

Fouriertransformofconvolutions:

ForprobabilitymeasuresP1,P2on(G,+)theFouriertransformofP2∗P1isjust

the(pointwise)productofthefunctionsP̂1andP̂2.Inparticularitfollowsthat,for

anyprobabilityP0,theFouriertransformofP
(k∗)
0isthek’thpoweroftheFourier

transformofP0.
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� Calculatingthevariationdistance

Lemma15.8LetP0,P1,P2beprobabilitymeasuresonthefinitecommutative

groupG.ByUwedenotetheuniformdistribution.

(i)P0=UiffP̂0(χ)isoneforthetrivialcharacterandzerofortheotherχ.

(ii)Thevariationdistance‖P1−P2‖canbeestimatedby

(Σχ|P̂1(χ)−P̂2(χ)|
2
)
1/2

/2;inparticular‖P1−U‖islessthanorequalto

(Σχ6=χtriv|P̂1(χ)|
2
)
1/2

/2,wherethesummationrunsoverallnontrivial

charactersχ.

(iii)Conversely,thedistanceofP̂1andP̂2withrespecttothemaximumnormis

boundedby2‖P1−P2‖.
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� Rapidmixing:Conclusion

Combiningpreviousresultsgivesus

‖P
(k∗)
0−U‖

2
≤

1

4
Σχ6=χtriv|P̂0(χ)|

2k
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� Remark:Generalizationtoarbitraryfinitegroups

Relatingtheabstractgrouptosomethingmoreconcreteisdonebyusing

representations.Characterswillnolongerdo,astheyarehomomorphismswith

commutativeranges,whichcannotdistinguishbetweendifferentelementsofa

non-commutativegroups.

Theuseofrepresentationsleadstomoredemandingtechnicalities.Inotherrespects,

theconstructionfollowsthesameprinciples.

14


