
���� ������� 	
��
 ���
������������ �� ����������� �������� 	������ ����  
	������ �
!��"��� �� ������������� �#�������

$ % &��'��� ( )*+, -*.- ./0 .12*.34-
Σ

,5-* .- 14.6- -,+ 6073+16 56 8+72.9.314 -+ -*4
35/.90 .12*.34-

Γ = {0, 1} : 5/ -*4 64/64 -*.- 6-95/;6 +<49
Σ

8./ 34 4.6510 4/8+=4= 5/-+
6-95/;6 +<49

Γ
./= <584 <496. % >+, 7?8* 8./ -*4 14/;-* +@ . 6-95/; 8*./;4 5/ 0+?9

4/8+=5/;A BC %4 %: 5@ -*4 14/;-* +@ . 6-95/;
w ∈ Σ∗

56
|w| = n

6073+16 : ,*.- 56 -*4 14/;-*
+@ -*4 8+99462+/=5/; 6-95/;

w′ ∈ Γ∗
AD E+?1= 0+? =465;/ . 657 51.9 4/8+=5/; 5@ -*4 -.9;4-

.12*.34- 8+/656-4= +@ +/ 10 FGH 6073+1 : 4 %; %
Γ = {1}

A
	������� I J4-

Σ
34 6+7 4 .12*.34- , 5-*

k
6073+16 : k > 1

% K*4 6-95/;6 +@
Σ

8./ 34 8+=4=
.6 6-95/;6 +@

Γ = {0, 1}
5/ -*4 @+11+, 5/; 7 .//49 %

•
)4- -*4 6073+16 +@

Σ
-+ 4L?.1 5/-4;496

{1, . . . , k}
%

•
K*464 /?73496 B-*4 6073+16 +@

Σ
D 8./ 34 9429464/-4= , 5-* 35/.90 /?73496 +@ 14/;-*

dlog2 ke
%

• M<490 6-95/; 5/
Σ∗

8./ -*494@+94 34 9429464/-4= .6 . 6-95/; +@
Γ

30 9421.85/; -*4
6073+16 +@

Σ
,5-* -*459 35/.90 4/8+=5/; %

K*4 =48+=5/; @9+7
Γ∗

-+
Σ∗

8./ 34 =+/4 5/ . 657 51.9 @.6*5+/ 30 -.N5/; 6-95/;6 +@ 14/;-*
dlog2 ke

@9+7 . 6-95/; ./= 5/-49294-5/; -*47 .6 6073+16 +@
Σ

%
C@ -*4 14/;-* +@ . 6-95/;

w ∈ Σ∗
56
|w| = n

6073+16 : -*4 14/;-* +@ 5-6 8+?/-492.9-
w′ ∈ Γ∗56

|w′| = n · dlog
2
ke

% K*56 56 3 48.?64 -*4 /?7349 +@ 6073+16 /44=4= -+ 4/8+=4 ./0 6073+1
5/

Σ
56
dlog2 ke

%
O+9 ./ 4P.7214 : 8+/65=49 -*4 .12*.34-

Σ = {a, b, c, d, e, f}
./= -*4 6-95/;

aacfd
% Q 6

|Σ| = 6 : dlog
2
6e = d2.58e = 3

35-6 .94 /44=4= -+ 9429464/- -*4 6073+16 +@
Σ

% R/4 2+665314
4/8+=5/; 56

a 7→ 001 d 7→ 100
b 7→ 010 e 7→ 101
c 7→ 011 f 7→ 110

S 5-* -* 56 4/8+=5/; : -*4 9429464/-.-5+/ +@
aacfd

56
001001011110100

%
Q 657 51.9 8+=5/; 68*47 4 8.//+- 3 4 8+/6-9?8-4= 5@

Γ = {1}
% Q ?/.90 29464/-.-5+/ +@ -*4

@+97
1 7→ 1 : 2 7→ 11 : 3 7→ 111 : . . .

8./ +@ 8+?964 3 4 =4T/4= : 3?- -*4 8+=4 +3-.5/4= 5/ -*56
,.0 8./ /+ 1+/;49 3 4 =48+=4= ?/.735;?+?610% O+9 ./ 4P.7214 : -*4 4/8+=5/;6 +@

1 1 1 :
1 2 : 2 1

./=
3

.94 .11 -*4 6-95/;
111

%
U % &��'��� ( V465;/ T/5-4 .?-+7 .-. -*.- 948+;/564 -*4 @+ 11+, 5/; 1./;?.;46 (

B.D
{ambn | m = n mod 3} WB3 D
{w ∈ {a, b}∗ | w

8+/-.5/6 4L?.110 7 ./0
a X6 ./=

b X6 : 7 +=?1+ Y
}.

BK*4 /+-.-5+/ Z
m = n mod 3[ 7 4./6 -*.- -*4 /?73496

m
./=

n
0541= -*4 6.74 947 .5/=49

,*4/ =5<5=4= 30 -*944 %D
	������� (

\



.D K*4 1./;?.;4
L = {amnn | m = n mod 3}

8./ 34 948+;/5�4= 30 -*4 T/5-4 .?-+7 .�
-+/ (

M = (Q, Σ, δ, q0, F )

Q = {q0, q1, q2, q3, q4, q5, q6}

Σ = {a, b}

F = {q0, q5}

K*4 6-.-4 -9./65-5+/ @?/8-5+/
δ

56 (
q δ(q, a) δ(q, b)
q0 q1 q3

q1 q2 q5

q2 q0 q4

q3 q6 q4

q4 q6 q5

q5 q6 q3

q6 q6 q6

K*4 6-.-4
q6

56 ?64= .6 . 94� 48-5/; 6-.-4 % C- 7 4./6 -*.- -*4 .?-+7 .-+/ 7+<46 5/-+
-*.- 6-.-4 .6 6++/ .6 5- 56 814.9 -*.- -*4 ,+9= 8.//+- 341+/; -+ -*4 1./;?.;4 B,*4/
ba

6?36-95/; 56 @+?/=D % K*4 7 .8*5/4 -*4/ 6-.06 5/ -*.- 6-.-4 ?/-51 -*4 4/= +@ -*4
6-95/; % K*464 6-.-46 .94 +@-4/ 14@- +?- ,*4/ ./ .?-+7 .-+/ 56 9429464/-4= .6 . 6-.-4
=5.;9.7 % K*56 56 .16+ -*4 8.64 @+9 -*4 =5.;9.7 341+, (

q0
q1 q2

q3
q4

q5

a a

a

b b

b

b b
b

3D J./;?.;4
L = {w ∈ {a, b}∗ | w

8+/-.5/6 .6 7 ./0
a

./=
b

14--496 7+=?1+ Y
}

56 948�
+;/5�4= 30 -*4 @+11+, 5/; T/5-4 .?-+7 .-+/ (

q0
q1

q2

a a

a

b b

b

� % &��'��� ( V465;/ . T/5-4 .?-+7.-+/ -*.- 948+;/5�46 64L?4/846 +@ 5/-4;496 642.9.-4= 30
21?6 ./= 7 5/?6 65;/6 B4 %; %

11+20−9 :−5+8
D % C72147 4/- 0+?9 .?-+7 .-+/ .6 . 8+72?-49

29+;9.7 -*.- .16+ 8.18?1.-46 -*4 /?74958.1 <.1?4 +@ -*4 5/2?- 4P294665+/ %
	������� ( K*4 21?6 ./= 7 5/?6 +249.-5+/6 8./ 34 948+;/5�4= , 5-* -*4 @+11+, 5/; .?-+7 .�
-+/ (

q0

q1

q2

+,−

d

d

d

+,−

�



>494
d

56 . 6*+9-*./= /+-.-5+/ -*.- 7 4./6 ./0 /?7349 @9+7 64-
{0, . . . , 9}

%
�41+, 56 . E�29+;9.7 -*.- 94.=6 ?649 5/2?- ./= =+46 -*4 94L?594= .==5-5+/ % C- *.6 3 44/
7+=5T4= @9+7 -*4 E�29+;9.7 29464/-4= 5/ -*4 148-?94 -*.- 8./ 5=4/-5@0 . /?7349 ./= 5- X665�4 %

� �� ����� 	
�� �� ��
� �� ����� 	����� ��

��� � ��� ����� �
�

��� � � �� 
���� ��
��� � � �� ����� 
����� ��
��� 
�� � ��� � 
�� �

���  � ��� � ! � 
�� � ! �
� � ! �

"� ��� ��� � ��� ���# ��� $� %&� %� �

" �� �� �� � �
��
� ! '

�( �� �� %) %� � �  �
��
� �( �� �� %* %� �


�� � * �
� �  �

+
��
� �( ��
��� �� ���� �

��� � � * %! %�
� � , �

+
��
� � � -- �
�#��. �

��
�  '
�( ��
� �� �� ���� �

��� � � * %! %�
� � , �

+
��
� � � -- �
�#��. �

��
� , '
�( ��
� �� �� ���� �

��� �  ! � ��� ) �� * %! %� �
� � , �

+
��
� �( �� �� %) %�

�

�� � 
�� ) ����
�� �
��� � ! �

�� �  �
� �  �

+
��
� �( �� �� %* %�

�

�� � 
�� ) ����
�� �

Y



��� � ! �

�� � * �
� �  �

+
��
� � � -- �
�#��. �

��
� -- '
�#��. �

+
+

�� � 
�� ) 
�� ���� �
�( �� �� ,�

�# ���( ����� �� �� &� � � 
�� � �
��
�

�# ���( ������	�
 ����� &� �� �
#���#� �

+

$


