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Polynomial Calculus

What is a polynomial Calculus?

The polynomial calculus (FC) is a refutation system for unsatisfiable sets of polynomial
equations over a field.

Fix field Fand let & C F[xl,..., -’fx] be the finite set of multivanate polynomials over &
An axiom of PC s a polynomial e F oor xf — for 1=i=»x

There are two rules of inference of PC

Nulfioheation by & variable: From poinfer x, - p,where 121 = #

e Linear combinafion: From p,p' Jinfer a.- p+b. p' cwihere ¢ b e &

Derve constant polynomial 1

Degree = maximum degree of poknomial appearing in the proof

Can find proof of degree d in time n"9 using Groebner basis-like algorithm (linear
algebra)



Polynomial Calculus

Derivation

A derivation of polynomial g from 2 is a finite sequence [ =1p.....2,, !

o ‘Whete g = p,, and for each 1=:7 =
e FEither p; € © orthere exists 1= 7 <1 suchthat p;, = z;p; for some 1=k =#
o Orthere exists 1= 7,k <i suchthat p; = ap; +op,

Bysl2 |_ s, we denote that ¢ has a dertvation [[=1p,,...,p,, | from F of degree at most
o

That is max (degip, - 12 2m|=d

Finally & |- i@ means that & |— s and addionally that the number of lines 1n the
S Sl
& PO refutation of F 15 a derivation of 1 from P.

dertvation [[ = 1., 2

The degree of refutation [T = (p....p, | is min {degip, | 1=7 = m)

The PO degree of unsatisfiable set F of polynomials, denoted deg! P iz the minimum
degree of a refutation of F.



Polynomial Calculus

Derivation

Inboth I3 and PC, a refutation of unsatisfiable CNF formulas »/; C; is a formal

mamnifestation that

lel= (qcl,...,qr:r,xf ~ x,...,xi - x”)

For M, 11z explicttly given as a linear combination over F[xl,...,xﬂ] of the gc, and

(5 - 7)

While PC, a dertvation of the fact that 1 belongs to [1s given stepwize

It tollows that the degree of a PC refutation of a formula A& 13 at most the degree of an I3
refutation of A
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Example of Derivation

Consider the unsatisfiakle COINFE formula obtained by talting the conjuncticn of

..'-'1'1,—|..'-'f1 V.xE,_lxﬂ V'xE""’x?!—l Vxx,_lxﬁ

ITzing the the o 4 translation, we hawve the polvynormials

Ao e PR R T e A IR e R R, OE

2—1""m = »

onsider the followring deriwvaticon:

1, = — xy2x, . axmiom

T e e SR = o Bk !

37 ApEEmeT—iEaiAy . mraltiplhication of Gl ¥ bier— a3
A4 xyx, —xyxgxg . multiplication of (2 by x)
DX — M EL Ay, addition of (13,040

B, X — Xyxs . additioen of (53,050

The last ine represents —x w2

B repeating this we can derive —x wx, . 128 x; — 3%,
1, = — x;x, . deniwved from the abowe.

2. &, . astiorrn.

32 xyx,.multiplication of (1) by x;

4. x; . addition of (13,032

51— ;. axmiom

&, 1, addition of (45,052



Polynomial Calculus

An easy proof by induction on the number of inferences proves that

If there’s a polynomial calculus refutation of CNF formula A, then A is not
satisfiable

Given a Nullstellensatz refutation, we can obviously furnish a refutation in
the polynomial calculus, of the same degree or less

Hence it follows that PC is complete, with degree bound of n for
unsatisfiable CNF formulas on n variables



Polynomial Calculus

Theorem 5.5.7 Completeness of a polynomial calculus

If there 15 no 0,1 solution of the polynomial equations pix,..., x, | for al
ol F[xl,...,xx]

Then there's a degree » +1 derivation af 1 from 2o :xf S T x,!j: in PC

Theorem 5.5.1 (D. Hilbert) vields a PC derivation of 1 from Pu{a? = x,,.,x - x|

1
In that derivation by judicious application of axioms x - x,,..., x> —x, can ensure that
the degree is never larger than n+7

Corollary 5.5.3 (Folklore). PC s implicationally complete; ie.

bl
(¥ a T e F) NPT Ty b=l g e Ty ) 2 D}

That inplies that p,,... 2, I‘;‘gq

The following alternate proof of completeness of PC for CHF formulas yields the simple,
but impartant fact that constant width resolution refutations can be polynomial simulated
by & constant degree polynomial calculus refutations
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Completeness of a polynomial calculus

The following alternate proof of completeness of PC for CNF formulas
yields the simple, but important fact that

Constant width resolution refutations can be polynomial simulated by a
constant degree polynomial calculus refutations

This is formalized in the following theorem (Next slide) :



Polynomial Calculus
Theorem 5.5.8

It the set C of clauses has a resolution refutation of wadth w, then © has a polynomial
calculus refutation of degree at most 2w

AuBU(x)... BUCU(T]
AwrBerc

Where A={ay...a ), B={..LYmd C={8. .8

v

And hiterals @f & range among vartables xp,...x, and their negations.

Recall that g, = [ | 4% [ [ zea(1— %) and Define polynomials ¢, and ¢ analogously
for clawses 5 and O
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Theorem 5.5.8

With these convetions, 4w 50 ::I:: 15 represented by the polynomial (1-x)- g, g5
And AU BuU ) is represented by x-g, g,

By successive multiplications, we obtain
=x)gy-95 9
At e L
S0, by addition we have ¢, ¢, ¢, Which represents the solvent
Clearly the degree of the derivation 15 at most 1+deglg, I1+deglg, ' +degig. |

Hence at most twice the width of any clause appearing in the resolution derivation
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Definition 5.5.5

A odegree o pseudoideal fin 13 a wvector subspace of F[xl,..., 7 ] say WV consisting of
polynomials of degree at most &, such thatif e 7 and degl(p) <o . thenfor 1=i=a,
P Ee’.

Letzmirmspnag F[xl,..., 7 ] ke multtvariate polynemials od degree at most d.

Then 1, ,(#,.....p,)denotes the smallest degree o pseudo-ideal of Flxy...x, ]

Theorem 5.5.9

For any multilinear polynormials
pl,...,pk,qEF[xl,...,x]f -::xf—xl,...,xl ..... I S
Of degree at most d,

PPy |— s@ = dE L (P, Pyl
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Proof
Let I = (e Fxpanx]oppape 52

We first show direction from left to the night, ¥ C 7, ip,..... 2. | by induction on the

nutmnber of m of inferences in the detivation of g from 2., 2
It pl,...,pk|_ﬂ.11.:5r then ¢ € {p.....pt.sothat g €0, (P 2]

Suppose now that [ [=1r... .7 ! 15 a denivation of ¢ =5, of degree at most & from

P10 Py
Case 1 deg(p) <d and g = x; -7 . forsome 1=2i=» and 1= 7 =m

Then by definition, ¢ € £; , (p1..... 23

Case 2. g =ar+& forsome o, b 27 and » . r'eim.....75, )

since J, (P, Pp) 18 a vector space, and hence closed under the formation of hinear
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Proof

Now consider the nght to left, 1e. [, (7., 0y 1SV

By definutton py,..,p, C©F and ¥ 15 closed under linear combinations over #

Andif ¢ €V 1z of degree less thand, thenfor 1=5:12n xgel

By defimttion £, (..., py | 15 the smallest vector space satisfying these same properties,

andso [\ By SV
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Theorem 5.5.10
Algorithm CONSTRUCTEBARIS produces a basis of vector space {12, 2, !
Theorem 5.5.12
The degree J boundad polvronial calcuiue ie automizable
That is there s an algorithm Az, which when given polvromials
| B e Py | E F[';':l,..., %% '] af degree ai most d having no 0, 1

sofisfion,

Yields a derivaiion af 1 {Pp---:}:'s;: b IH)\ in time O(n)

More generally, if g € i, \p..... Py . then Ad yields a PU derivation this fact.
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Fourier Basis

Let g, =0, (1.e. FALSE 1s represented by 1), ¢, = —1, (1.e. TRUE 1z represented by -1)
q. = Vv, (re. the proposttional variable x, 1z represented by the algebraic variable v,)

il iy 1 — i S )
94=—qa-qap = f = Fang, = 22 ,.}ﬂ = and G5 =G4 "d5

—

- - - - - - - 2
When working with Fourier basis, rather than the auxihiary polynomials 7 — x

i
We use the auxiliary polynomials v’ — 1 which ensures x} — x, takes value (-+)

Propositional formula A variables x,.....x, when using Fourier basis will be written m

the form (v,....v, )€ F[(v,..... v, )] where v, =1-2x,

To obtamn degree lower bounds tor PC denrvation we focus on linear equations equations
WPt . : oty . ¥ ; S ’
over GF(2). Fourier representation of linear equation >'  x, +a =0 over GF(2) is

s il=

{—l}l_a ]-r_-[]._."(‘j

i=l

¥
= 0 which will generally be written i the form (-1 }l—a Iy =0,
i=1

Where 1, =1— 2x, . Later introduced 1s the balanced Fourier representation of the form
rid ¥

[Ty, +(=1)" II v =0
i=1

i=[r 21 !

The Fourier basis allows for substantial simplification of lower bound arguments
for NS and PC
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Definition of Gaussian Calculus

The Gausian Calculus 1¢ a refutation system for unsatistiable set of limear equations over
tield

Fix prime ¢, and let L =1/, :1<i <m{ be a set of m linear equations over GF(g) where
each /. has the form

Na, ,x, +b, =0, where q,
PR SRR :
Jjedi

b, =101, .q—1}

-

An axiom 1g a linear equation in L.
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Inference rules of GC

THhe ausian Talculus has two rales of inference

— mocafeer prriaffipficaiios From linear equation 1 to the form

ST e
R g + & =1

A=
Infer the linear equation o5 ofthe form

E_ Gix . xy +alr = 0, where o € 5 (g)
a=5

Addition: From linear equations 7.7 respectively of the form

0 L

- ﬂIJ-IJ-—F-:'—D
A==
aLx .+ = 0
P bt Rl

A==

Infer the linear equation f+7¢ ofthe form
S, HE K, Hilo+ &) =0
e =

Here, 1f =5 —5 then &, =0 if j =5 —5 . .then o, =0
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Derivation, refutation and width of GC

A3 dentvatien of f froem L 15 a finite sequence & &, . &

. of inear equatiens, such
that / iz the equation &,

Andforeach 1= f=r,

K, 1z either an axiom (e element of L) or
There exist 1= i <i suchthat &, is obtained by scalar multiplication fro &, or
There exist 1= 7 k& <i suchthat & 1z obtained by addition of &, &,

Often we speak of &, as the line of dertvation,

A 30 refuiation 15 a derivation of 1=0 from L.

The widihz of arefutation &, &

. 15 the mammum number of variables appearing in

any &, , 1.e. max ::lvar E-‘I:EE-:I| 1=i = ?‘:

The (Faussian width 15 unsatisfiable set 5 of linear equations 1s the minitmum length of a
refutation of L.
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Completeness of GC

Standard Gaussian elimmation proves that

- Proves that Gaussian calculus is complete, in that if L is usatisfibale set of linear
equations over filed F, then there s a refutation of L

- Yields that the mmnber of Tines in a refutation of an unsatisfiable set =41, :1<i < m}

of lmear equations m vartables x,..x, m GF(q) 1smm.



Summary

The polynomial calculus is a refutation system for unsatisfiable sets of polynomial
equations over a field.

Refutation of a polynomial P is a derivation of 1 from P
The degree of refutation is less or equal to the number of polynomials

Completeness of PC for CNF formulas: constant width resolution refutations can
be polynomially simulated by constant degree polynomial calculus refutations

Automatizability of the polynomial calculus and characterization of degree d
polynomial calculus derivations

The Fourier basis which allows for substantial simplification of lower bound
arguments for NS and PC

Definition, derivation, refutation and width of Gaussian Calculus (Introduction)



