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Polynomial Calculus
What is a polynomial Calculus?
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Example of Derivation



Polynomial Calculus

An easy proof by induction on the number of inferences proves that 

• If there’s a polynomial calculus refutation of CNF formula A, then A is not 
satisfiable

• Given a Nullstellensatz refutation, we can obviously furnish a refutation in 
the polynomial calculus, of the same degree or less

• Hence it follows that PC is complete, with degree bound of n for 
unsatisfiable CNF formulas on n variables
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Theorem 5.5.7 Completeness of  a polynomial calculus
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• The following alternate proof of completeness of PC for CNF formulas 
yields the simple, but important fact that

– Constant width resolution refutations can be polynomial simulated by a 
constant degree polynomial calculus refutations

– This is formalized in the following theorem (Next slide) :

Completeness of  a polynomial calculus
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Theorem 5.5.8
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Theorem 5.5.8
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Definition 5.5.5

Theorem 5.5.9
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Theorem 5.5.10

Theorem 5.5.12
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Polynomial Calculus
Fourier Basis

The Fourier basis allows for substantial simplification of lower bound arguments 
for NS and PC



Gaussian Calculus
Definition of Gaussian Calculus



Gaussian Calculus
Inference rules of GC



Gaussian Calculus
Derivation, refutation and width of GC



Gaussian Calculus
Completeness of GC



Summary

• The polynomial calculus is a refutation system for unsatisfiable sets of polynomial 
equations over a field.

• Refutation of a polynomial P is a derivation of 1 from P

• The degree of refutation is less or equal to the number of polynomials

• Completeness of PC for CNF formulas: constant width resolution refutations can 
be polynomially simulated by constant degree polynomial calculus refutations

• Automatizability of the polynomial calculus and characterization of degree d
polynomial calculus derivations

• The Fourier basis which allows for substantial simplification of lower bound 
arguments for NS and PC

• Definition, derivation, refutation and width of Gaussian Calculus (Introduction)


