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1. Prove that the graph property “G contains ak×k torus” (i.e. a subgraph isomorphic to ak×k
lattice with periodic boundary conditions) has a threshold function for any fixedk ≥ 2, and
compute it. 7p.

2. Consider the spaceS= {0,1}n of binary strings of lengthn, and denote byk(x) theweight, i.e.
the number of ones in a stringx∈ S. Design some Markov chain Monte Carlo sampling met-
hod that (asymptotically) samples strings inS in proportion to their weight, i.e. the stationary
distribution of the sampler satisfies Pr(x) = c · k(x), wherec is the appropriate normalisation
constant. Describe clearly what are the transition probabilities for your sampling chain, and
justify its regularity. 8p.

3. Consider a lone rook (Finnish “torni”) making random moves on ann×n chessboard, meaning
that at each move, the rook chooses one of its permissible next-state squares uniformly at ran-
dom. Show that forn≥ 3 the Markov chain defined by these moves is regular, and determine
its stationary distribution. Calculate some upper bound on the mixing time of the chain.8p.

4. Consider the followingExact k-Hitting Setproblem: Given a family{C1, . . . ,Cm} of k-element
subsets of a finite setS, |S|= n, is there a subsetH ⊆ Ssuch that eachCi , i = 1, . . . ,m, contains
exactly oneelement ofH (i.e., H “hits” each one of the setsCi exactly once). The problem is
NP-complete fork ≥ 3. Make an educated guess concerning the location of “hard instances”
for this problem. (NB. In the casek = 2 the problem is equivalent to asking whether a given
graph is bipartite, which can easily be determined in polynomial time.) 7p.

Total 30p.


