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7. Random Graphs %

Threshold functions for global graph properties

Also known as the “phase transition”.

The “epochs of evolution”: Consider the structure of random graphs G € g (n,p),
as p = p(n) increases. The following results can be shown (note that np = average
node degree):

0. If p < n~2, then a.e. G is empty.
1. Ifn=2 < p <n~1, then ae. G is a forest (a collection of trees).

e The threshold for the apperarance of any k-node tree structure is p =
—k/(k—1)
n .

o The threshold for the appearance of cycles (of all constant sizes) is
-1
p=n-.

2. Ifp~cnforanyc<1(ie.np—c<1as n— ), then a.e. G consists
of components with at most one cycle and ©(logn) nodes.

3. “Phase transition” or “emergence of the giant component” at p ~ n~! (ie.
np — 1).

4, If p ~cn~! forany ¢ > 1 (i.e. np — ¢ > 1), then a.e. G consists of a unique
“giant” component with ©(n) nodes and small components with at most one
cycle.

5.1fnl<p= 1“7" then a.e. G is disconnected, consisting of one giant com-
ponent and trees.

6. If p> 11"’1 then a.e. G is connected (in fact;Hamiltonian).

§-10
Theoremﬂ—-l-ﬂ Let p)(n) = me—l, pu(n) = M—‘%“—)—(—Q where w(n) — co. Then

(i) a.e. G € g (n,p;) is disconnected;

(ii) a.e. G € G (n,py) is connected.

Proof. We shall use the second moment method on random variables X = Xx(G)
= number of components on G with exactly k nodes.

Assume without loss of generality that w(n) < Inlnx and w(r) > 10.



ﬂ Part II. Combinatorial Models

(i) Set p = p; and compute u = E(X}),6? = Var(X;). By linearity of cx@ctation,

o= E(Xl) = n(l = p)n_1 = ne("_l)ln(l‘l’)
<n e "P =n e-—lnn+(0(n) — em(n) oo,

n~>oo
Furthermore, the expected number of ordered pairs of isolated nodes is
E(Xy(X 1)) =n(n—1)(1-p)**™>.

Hence,

o® = Var(X1) = E(X}) 47
= E(Xy (X1 — 1)) +p—42
= n(n=1)(1=p)** 2 +n(1-p)"' —n*(1 - p)*~2
<n(l-p)* 't +pr?(1-p?
< p+ (Inn — o(n))ne2107+200) (1 — p) =

<2

21:"e2"’_(") <u + 1 for large n.

: '  Core Z b Vs 1L
Thus,ﬁzzsfﬁl—wasn—wo,mdbykme;:a :

Pr(G is disconnected) > Pr(X;(G) > 0) — 1 as n — oo,

< p+

(ii) (Here basic expectation estimation, or “1% moment method” suffices.)

Inn+aX(n
n .

Setp=p,= and compute

v , n/2f
Pr(G is disconnected) = Pr( Y X > 1)
: k=1
in/2] ln/2§
SEl Y X|= ) E(X
k=1 k=1 ‘
- nf2) ,
(0

k=1
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Split the sum (5) in two parts:

@) 2 ('D(l__ p)k(n-k)

1<k<n3/4

<y fé’.)" Ho-R(-D)

1<k<n¥/4
- 2 e

1<k<n3/4

< Z k—knkeke—k(lnn+u)(n))ek2-2lnn/n

1<k<n3/4
k——ke(l—-(o(n))ke2k2 Inn/n

1<k<nd/4

<e ™. ¥ exp (—klnk+k+2k2

C1<k<nd/4

<3

< 3700,

® Y (:)(1—p)"(”;k)

n3/4<k<n/2

< 3 (fﬁ)"ek(n—m—p)

n/4<k<n/2

IN

k
en! /4) nn/4
34 <k<n/2

nen/Zn—;“n

-n3/4/5

n3/4
= exp -5 lhn

< e~ ™ for large n.

3/4

I IA
ER S

Thus, altogether

Pr(G is disconnected) < 4¢=°") —— 0.
K n—seo



———

(8)

?‘4 Part II. Combinatorial Models

What happens at the “phase transition™ p ~ n ~19 For fixed values of n and N =
(2) consider the space of “graph processes” G = (G,)t _o» Where at each “time
instant” ¢ a new edge is selected uniformly at random for insertion into an n-node
graph. (Thus, picking graph G, from a randomly chosen process Ge G (n,M),
where M =1.)

5.\
Theorem 38 Let ¢ > 0 be a constant and () — . Denote p=(c—1—1Inc)~!

andt =t(n) = |cn/2]. Then

(i) Atc < 1, every component C of a.e. G; satisfies
2 |
IC|—B lnn-—ilnlnn < w(n).

(ii) Atc =1, for any fixed h > 1 the h largest components C of a.e. G; satisfy
|C] = @(n2/3).

(iii) At c > 1, the largest component Cy of a.e. G, satisfies
1Col — | < @(n)-n'/2,
where 0 <y="(c) < 1 is the unique root of

e VT=1-1.
The other components C of a.e. Gy satisfy also in this case

‘|C| ~B (lnn - %mm) < a(n)

Thus, the fraction of nodes in the “giant” component of a.e. G; for t = cn/2 be-
haves as illustrated in Figure 8.

Let us prove one part of this result, the emergence of a gap in the component sizes
of G € g (n,p) at p ~ n~1. (This corresponds to ¢ ~ Ny ~n/2.)

5.2
Theorem ¥3R Let a > 2 be fixed. Then for large n, € = €(n) < 1/3 and p =
p(n) = (1 +¢)n~Y, with probability at least 1 —n~°, a random G € g (n, p) has
no component C that satisfies

8a 2
——1 C<—
=2 nn < |C| 2n



7. Random Graphs }ﬂ’

({5

1 2 3 4 c *
Figure 8: Fraction of nodes in the giant component.

Proof. Let us consider “growing” the component C(u) of an arbitrary node u in G
incrementally as follows:

1. (Stage 0:) Set Ag = &,By = {u}.
2. (Stage i+ 1:) If B; = A;, then stop with C(u) = B;. Otherwise pick an
arbitrary v € B;\ A;; set A; = A; U{v}, Biy1 = B;U{neighbours of v in G}.

Now what is the probability distribution of |B;| (=size of set B;)?

Consider any node v € G\ {u}. It participates in i independent Bernoulli trials for
being included in B;, each with success probability equal to p. Thus the inclusion
probability for any fixed v # u is 1 — (1 — p)’, independently of each other.

Consequently, the size of each B; obeys a simple binomial distribution

n-—1

Pr(|Bi| =k) = ( L )(1 —(1 _p)i)k(l _;p)i(n—k—l)_
This gives also for each k an upper bound on the probability
Pr(|C(u)| = k) = Pr(|B;| = k A process stops at stage i).
Denoting py = Pr(|C(u)| = k) for any fixed u € G, it is clear that
Pr(G contains a component of size k) < npy,

and to prove the theorem it suffices to show that

ky

> pe<nl
K=k
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where ko = [8ag~21Inn), k; = [e?n/12].
Since presumably ko < k;, we may assume €* > alnn

1
n n

We may now estimate

k .
n - CY e
pr <Pr(|Bi| =k) < 77e g(kp)k(l-— p)Ko—k=1), ©
because
n—1 nk k j nt
(" )zH,IJI(“;)SW B, and
(1-p)t = 1—kp.

Applying Stirling’s formula

(2) wsonial)

e

and the bounds kg < k < kj to (6) we obtain

(—k.l ek KB(l1+e)\ -
2n 3 t n )

and consequently

k F ‘ '
Y < Y, e <o Pholt (1 g4y
k==kg k=ko
_<_ -ési.e“ezko/“ S Sﬁ-n—z"
_— Sn—20+1/2 < nfa_l.

for large n. O

6D



