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7. Random Graphs

Threshold functions for global graph properties

Also known as the "phase transition".

The "epochs of evolution": Consider the structure of random graphs G e E (n, p)'

as p - p(n) increases. The following results can be shown (note that np = average

node degree):

0. If p 1n-2, then a.e. G is emPtY.

l. If n-2 < p <n-1, then a.e. G is a forest (a collection of trees).

o The threshold for the apperarance of any k-node tree structure is p -

n-kl&-t) -

o The threshold for the appearance of cycles (of all constant sizes) is
- l

P : n  
- '

2. If p - cn-r for any c < I (i.e. np -+c < I as n ---+ *),then a.e. G consists

of components with at most one cycle and @(logn) nodes.

3. "Phase transition" or "emergence of the giant component" at p - n-r (i.e.

np - -+ 1) .

4. If p - cn-r for any c ) I (i.e. np ---+c ) 1), then a.e. Gconsists of aunique
"giant" component with O(n) nodes and small components with at most one
cycle.

5. If n-r < p < f;, then a.e. G is disconnected, consisting of one giant com-
ponent and trees.

6. It p, Y,then a.e. G is connected (in fact Hamiltonian).

. 6'lo
Theorem U*51 Let pt@): !or#@), p,(n) where o{n) -- -. Then

(i) a.e. G e q (r, pt) is disconnected;

(ii) a.e. G e E (n, p") is connected.

Proof. We shall use the second moment method on random variables Xr:Xr(G)
= number of components on G with exactly ft nodes.

Assume without loss of generality that rrl(n) S lnlnh and co(n) > 10.



ld 
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(i) Sct p: ptand computep - E(X),d: Var(&). By linearity qf expcctation,

p : E(X): n(l '- p)"-r - nr(n-1)ln(l-r)

S ne-op:2s-lnn+o(o) - et(n) ---) oo.
n-16

Furthermore, the expected number of ordcred pairs of isolated nodcs is

E(&(& - l ))  = n(n- lXl -p)b-3.

Hence,

d - var(&)=n$h-t
: E(&(xr -t))+p-t
: n(n- tXl - p)u-t +n(l - p)"-t -nz(t - p)u-'

< n(l - p\n-r + pnL(t - p)?,'*3

< tt *(lnn - c*(n))ne-2b'+z*(n) I t 
- p)-3-

<2

< lt*"nn "^rn, s p* l for large n.
n

Cr.r( r . . reL*.{ ( r . t
Thus, # = +-' 0 as n l 6,and bylomn+'fd

h(G is disconneted) > Pr(&(G) > 0) -' 1 as n -+ oo.

(ii) (Here basic expectation qstimation, or "l$ rnonrent mcthod" suffices.)

Sct p - pn:try and comptrte

Pr(G is disconnectcd) = Pr (,tf * - ,)
\ t = l  /

fLnlz) \ ln/zJ
s E {  I x * l :  I  E ( x * )

\ t= l  /  t : l

<
r; \ft,



7. RandomGraphs

Split the sum (5) in two Partsi

(a) >
l<k<n3/1 \N/

l<k<n3/a 
\ K /

' : >
l<tsnt/n 

x tc '

<
lSk<nU4

: I P-kr(r-rci(n1ltcru&nn1n
l<k<nUa

( e-o(n). t ""0 (-*,nft+ft+2Pll-1)
r c f l o t a  

^ \  n /

( 3e-o(n).

,,,.]rn,,(;) 
t' - ilui-rt

- 
otpfr3n1|\ k /

nslt<k<n/2

q 2 4/zr-1"3/a- 2

a n-nsla 1s

(  f l t .  \-exp 
( . - -* ' /

< "-to(n) for large n.

Thus, altogether

Pr(G is disconnected) <+t-(d.rn) ------+ 0. n
n-16

,{

(b)



Part II. Combinatorial Models

what happens at the'"phase transition" p - n-r? For fixed values of n and N :

(!), consider the space of "graph processes" G : (G,)i:e, where at each "time

instant" / a new edge is selected uniformly at random for insertion iq]!o an n-node

graph. (Thus, picking graph Gr from a randomly chosen process G e E (n,M),

where M: t . )

5. l t
Theorem iriA Ut, ) 0 be a constant and a(n) --> *. Denote B :(t - 1 - lnc)-l

and t : t(n): lcnl2). Then

(i) At c I I, every component C of a.e. Gs satisfies

< rrl(n).

(ii) Ar c : 1, for any fixed h> | the h largest components C of a.e. Gs satisfy

lCl: 61"zlt1'

(iii) Ar c ) l, the largest component Cs of a.e. Gs satisfies

l lcol-yr l  < r ' r(r)  'nt l t ,

where 0 < 1: T(r) < I is the unique root of

'  e - ' t : I - " L

The other components C of a.e. Gs satisfy also in this case

lcr- u (*,- i'*,)

lo-u('",-i '",)< crl(r).

Thus, the fraction of nodes in the "giant" component of a.e. G for t : cn/2be-
haves as illustrated in Figure 8.

Let us prove one part of this result, the emergence of a gap in the component sizes
of G e E @,p) &t p -n-1. lThis correspondsto/ - Np-n12;

$.ta
TheoremF#f,. Let a) 2 be fixed. Then for large n, e : e(n) < ll3 and p -
p(n) : (1+e)n-I, with probability at least | -n-o, a random G e q (n,p) has
no component C that satisfies

Yrnr< lcl . 
t2

E z  ' 3  n " '
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|  2  3  4 c

Figure 8: Fraction of nodes in the giant component.

P ro of. Let us consider "growing" the compon ent C (u) of an arbitrary node u in G
incrementally as follows:

1.  (Stage 0: )  Set  Ao:  6 ,Bo:  {u} .

2. (Stage i * 1:) If Bi -- A;, then stop with C(u) - 3,. Otherwise pick an
arbitrary v € Bi\A;i set Ar: AiU {u}, Bi+r : B; U {neighbours of v in G}.

Now what is the probability distribution of lB;l (=size of set B;)?

Consider any node v e G\ {u}. It participates in f independent Bernoulli trials for
being included in B;, each with success probability equal to p. Thus the inclusion
probability for any fixed v luis I - (l - p)i, independently of each other.

Consequently, the size of each B; obeys a simple binomial distribution

pr(lB;l  - k) :  ( '  ,  
t) 

(t  - (1 - p)\kg - p)i(n-k-t).
\  k  / '

This gives also for each k an upper bound on the probability

Pr(lc(u)l : ft) : Pr(lBil : k A process stops at stage r).

Denoting pr:Pr(lC(r)l : k) for any fixed u € G, it is clear that

Pr(G contains a component of size ft) I npk,

and to prove the theorem it suffices to show that

' k 1

2 po !n-o-t  )
k:ko
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wherc eo : [8ae-2lhn1,\ = l*nllz].

Sircs presrmably fro ( ftr, w€ may ascurre sa > eElp" > *.
*: tut now estimate

pr Srli(lBil = ft) S{.;*(tp)t(r - ,1k(n-k-t) , (6)

b€carsc

(';') : f,t (' -*) s{"-*' ^a

-  ( l  - d k > r - k p .

Applying Stirling's formula

'm(:)-st!  < '# ' f f i ( : ) '

and the bounds h Sk S &1 to (6) we o$ain

p1 (exp(+-+.ry)
<exp (+.*)

/'-e2ft\< exp 
\__l 

,

and conscquently
'.

k1 *1

2 or S I r-&rr1+ < e-ezhld '0 - e-*/+Yr
k:h 

s$.n*h/4 s.tfi.n-u
5n-b+r/2 1n-a-r.

for large n. 6


