T-79.5103 Computational Complexity Theory, Autumn 2007 Tutorial 1 1(6)

1.4.10 (a), (f) and (j)

Let f and g be functions from N to N, where N = {0, 1, 2, 3, . . .}. We write f(n) = O(g(n)) if there are positive integers c and n_0 such that, for all n ≥ n_0, f(n) ≤ c · g(n). Similarly, f(n) = Ω(g(n)) if g(n) = O(f(n)), and f(n) = Θ(g(n)) if both f(n) = O(g(n)) and f(n) = Ω(g(n)).

In the following we compare the pairwise rate of growth of the following functions:

(a) n^2, (f) n^{log n} and (j) h(n) = { n^2 if n is odd 2^n otherwise . All logarithms are base 2 if not otherwise stated.

First of all, note that f(n) ≤ c · g(n) iff^{f(n)}_{g(n)} ≤ c whenever c, f(n) and g(n) are all positive. Therefore, in order to f(n) = O(g(n)) to hold, the ratio

f(n) g(n) should be bounded by a constant for all n ≥ n0, n0 sufficiently large.

To solve these kinds of problems, in some cases it makes sense to apply L’Hospital’s Rule, familiar to us from the basic math courses:

Let lim stand for the limit lim_{x→c}, lim_{x→c}− , lim_{x→c}+ , lim_{x→∞}, or lim_{x→−∞}, and suppose that lim f(x) and lim g(x) are both zero or are both +/ − ∞. If lim f^′(x) g^′(x) has a finite value or if the limit is +/ − ∞, then lim f(x) g(x)

= lim f^′(x) g^′(x) .

Case 1: n^2 versus n^{log n}

We consider a generalized case: n^k vs. n^{log n}, where k is a fixed positive constant.

Since the ratio^{nlog n}_{nk} = n^{log(n)−k} tends to infinity with n since lim_{n→∞} log n = ∞ and k is a constant, we know that n^{log n} grows stricly faster than n^k. Thus n^k = O(n^{log n}), n^{log n} ≠ O(n^k), n^k ≠ Ω(n^{log n}), n^{log n} = Ω(n^k), and n^k ≠ Θ(n^{log n}).

Therefore, all polynomials grow strictly slower than n^{log n}.

T-79.5103 Computational Complexity Theory, Autumn 2007 Tutorial 1 2(6)

Case 2: n^2 versus h(n)

Trivially n^2 = O(n^2). For comparing n^2 and 2^n we can apply L’Hospital’s Rule since lim_{n→∞} n^2 = ∞ and lim_{n→∞} 2^n = ∞.

Now, lim_{n→∞}^{2n}_{n2} = lim_{n→∞}^{(2n)′}_{(n2)′} = lim_{n→∞}^{2n ln 2}_{2n} . Since lim_{n→∞} 2n = ∞ and lim_{n→∞} 2^n ln 2 = ∞, we apply L’Hospital’s Rule again and get

lim_{n→∞}

2^n n^2

= lim_{n→∞}

2^n ln 2 2n = lim_{n→∞}

(2^n ln 2)^′ (2n)^′

= lim_{n→∞}

2^n ln^2 2 2 = ∞.

Thus 2^n grows stricly faster than n^2. Thus we have that n^2 = O(2^n) and n^2 ≠ Ω(2^n), and therefore n^2 = O(h(n)). However, because n^2 ≠ Ω(2^n), we have that n^2 ≠ Ω(h(n)) and n^2 ≠ Θ(h(n)).

Case 3: n^{log n} versus h(n)

To compare n^{log n} and h(n), we have to find out the relationship between n^{log n} and 2^n — we already know the relationship between n^{log n} and n^2 from the first part of the exercise. To compare n^{log n} and 2^n, we analyze the 2-base logarithm of the ratio^{2n}_{nlog n} , that is, log 2^n n^{log n}

= n · log(2) − log(n) · log(n) = n − log^2(n).

Since lim_{n→∞} log^2 n = ∞ and lim_{n→∞} n = ∞, we can apply L’Hospital’s Rule to see how^n_{log2 n} behaves:

lim_{n→∞} n log^2 n

= lim_{n→∞} n^′ (log^2 n)^′

= lim_{n→∞} 1 2 log n n ln 2

= lim_{n→∞} n ln 2 2 log n ,

and again:

. . . = lim_{n→∞}

(n ln 2)^′ (2 log n)^′

= lim_{n→∞} ln 2 2 n ln 2

= lim_{n→∞} n ln^2 2 2 = ∞.

Thus n − log^2(n) tends to infinity as well, and so does^{2n}_{nlog n} since log is a strictly increasing function. Hence 2^n grows strictly faster than n^{log n}. Thus we can now conclude that n^{log n} ≠ O(h(n)) since n^{log n} ≠ O(n^2) and h(n) ≠ O(n^{log n}) since 2^n ≠ O(n^{log n}).

Therefore, n^{log n} and h(n) cannot be ordered according to their rate of growth by using the big-oh notation!

T-79.5103 Computational Complexity Theory, Autumn 2007 Tutorial 1 3(6)

2.8.7 (a) A two-dimensional Turing machine (2D-TM) M is a tuple

M = ⟨K, Σ, δ, s⟩,

where

• K is a finite set of states, • Σ is a finite set of symbols such that K ∩ Σ = ∅ and Σ ⊃ {⊔, ▷, △, ♦} • δ : K ×Σ → (K ∪{h, “yes”, “no”})×Σ×{→, ←, ↑, ↓, −} is the transition function, where {→, ←, ↑, ↓, −, h, “yes” , “no”} ∩ (K ∪ Σ) = ∅ and • s ∈ K is the initial state.

The transition function δ is restricted in the following way:

1. δ(q, ▷) ∈ K × {▷} × {→}, 2. δ(q, ♦) ∈ K × {♦} × {→}, and 3. δ(q, △) ∈ K × {△} × {↑}.

A blackboard is a two-dimensional array unbounded in right and upwards directions only, i.e. it corresponds to the the upper right quadrant of the standard coordinate system.

As a first attempt to define configurations and computations (the “yields in one step” function), we can define a configuration to be a triple ⟨q, ⟨x, y⟩, f⟩, where (i) q ∈ K is the current state, (ii) the pair ⟨x, y⟩ ∈ N × N is the coordinate of the cursor in the blackboard, and (iii) f is a finite partial function from N × N to Σ describing the contents of the blackboard. The initial configuration is ⟨s, ⟨1, 1⟩, {⟨1, 1⟩ → x_1, . . . , ⟨n, 1⟩ → x_n}⟩ for an input x_1 . . . x_n. A configuration ⟨q, ⟨x, y⟩, f⟩ yields a configuration ⟨q^′, ⟨x^′, y^′⟩, f^{′′}⟩ if δ(q, f(x, y)) = ⟨q^′, ρ, D⟩ and the following conditions are fulfilled.

• If D = −, then x^′ = x and y^′ = y. • If D =←, then x^′ = x − 1 and y^′ = y. • If D =→, then x^′ = x + 1 and y^′ = y. • If D =↑, then x^′ = x and y^′ = y + 1. • If D =↓, then x^′ = x and y^′ = y − 1.

Furthermore, let f^′ = f[⟨x, y⟩ → ρ]. If f^′(x^′, y^′) is defined, then f^{′′} = f^′. Otherwise, f^{′′} = f^′[⟨x^′, y^′⟩ → γ], where (i) γ = ⊔ if x^′, y^′ > 0, (ii) γ = △ if x^′ > 0 ∧ y^′ = 0, (iii) γ = ▷ if x^′ = 0 ∧ y^′ > 0, and (iv) γ = ♦ if x^′ = 0 ∧ y^′ = 0. For instance, if δ(s, a) = ⟨q_3, c, ↑⟩, then the configuration

⟨s, ⟨1, 1⟩, {⟨1, 1⟩ → a, ⟨2, 1⟩ → b}⟩

T-79.5103 Computational Complexity Theory, Autumn 2007 Tutorial 1 4(6)

yields the configuration

⟨q_3, ⟨1, 2⟩, {⟨1, 1⟩ → c, ⟨2, 1⟩ → b, ⟨1, 2⟩ → ⊔}⟩.

The second approach for defining configurations and computations is to use definitions similar to one dimensional machines. That is, we define a configuration of a 2D-TM to be a triple ⟨q, w, u⟩ ∈ K × (Σ^+)^+ × (Σ^+)^+, where q is the current state, w describes the rows from the bottom of the board up to the row of the cursor plus the row of the cursor right to and including the cursor, and u describes the right part of cursor row (including at least one symbol) plus the non-empty rows above the cursor row. The configuration is finite because with a finite initial configuration and a finite number of steps the number of the rows and symbols in the rows (i.e. the number of the coordinates visited) is finite. The initial configuration is ⟨s, ⟨♦, ▷⟩, ⟨x_1x_2 . . . x_n⟩⟩, where x_1x_2 . . . x_n is the input. The configuration is updated in the obvious way during the computation so that the origo always contains ♦, the other positions in the x-axis will always contain △ and the other positions in the y-axis will contain ▷. The rows are always filled up to one position right to the cursor either with blanks or, in the case of the first row, with △s. For example, if the machine is in a state q ∈ K and the contents of

the board are ▷ a b c ♦ , where the cursor position is denoted by an

underline, then the transition δ(q, a) = ⟨q^′, b, ↓⟩ changes the blackboard to

▷ b b c ♦ △ △

. The corresponding configurations are ⟨q, ⟨♦, ▷a⟩, ⟨bc⟩⟩ and

⟨q^′, ⟨♦△⟩, ⟨△, ▷bbc⟩⟩, respectively. (b) We simulate a 2D-TM M = ⟨K, Σ, δ, s⟩ with a 3-string TM M^′ as follows. The first tape contains the rows below the cursor and the symbols in the row of the cursor from left up to and including the symbol under cursor. The second tape contains the symbols to the right of the cursor in the row of the cursor and the (finite number of already accessed) rows above the cursor. The symbols in second tape are listed backwards, starting from the upper right corner of the board, the last symbol being the symbol right to the cursor. The ends of rows are denoted by a special symbol ◁ not in Σ. The symbol ▷ is primed in order to distinguish it from the true special symbol of

the simulating machine M^′. For example, the board ▷ a b c ♦ is coded

T-79.5103 Computational Complexity Theory, Autumn 2007 Tutorial 1 5(6)

in the first two tapes as ⟨▷♦ ◁ ▷^′a, ▷ ◁ cb⟩.

We now define how the moves of M are simulated. Note that in any computation halting in time f(n), any row is at most of length f(n). Let δ(q, σ) = ⟨p, ρ, D⟩ and w, u be the contents of the first and second tape. Assume that the cursors of the simulating machine are at the end of the strings.

• If D = −, then the last symbol of the first tape is replaced by ρ. This is clearly a constant time operation.

• If D =←, then the last symbol of the first tape is replaced by ρ and is removed from the first tape and appended into the second tape. This is clearly a constant time operation.

• If D =→, then the last symbol of the first tape is replaced by ρ and the last symbol of the second tape is appended into the first tape. However, if the last symbol of the second tape was ◁, then the second tape is left intact but the first tape is appended with ⊔. For example,

▷ a b c ♦ with → changes to ▷ a b c ⊔ ♦ and the con-

tents of the first two tapes are ⟨▷♦ ◁ ▷^′abc, ▷◁⟩ and ⟨▷♦ ◁ ▷^′abc⊔, ▷◁⟩, respectively. Clearly this is a constant time operation.

• If D =↓, then the last symbol of the first tape is replaced by ρ. M^′ then calculates the cursor position in the current row by moving in the first tape to the nearest ▷^′ and calculating this distance in unary in the third tape. The contents right to the cursor or the first tape are simultaneously copied to the end of the second tape. It then finds the beginning of the row below by moving left in the first tape until ▷^′ or ♦ is encountered. The contents right to the cursor of the first tape are again simultaneously copied to the end of the second tape. It then moves right the amount of symbols in the third tape, copying symbols from the end of the second tape to the first tape, or if ◁ is encountered, stops the copying and pads the first tape with the amount of △s or ⊔s depending on whether the row is the first one or not. For example,

▷ a b c ♦ with ↓ changes to ▷ a b c ♦ △ △ and the contents

of the first two tapes are ⟨▷♦ ◁ ▷^′ab, ▷ ◁ c⟩ and ⟨▷♦△△, ▷ ◁ cba ▷^′ ◁⟩, respectively. Clearly this is a O(f(n)) time operation because the maximum length of any row is f(n). Note that in the simulation we only need to pad up to cursor, not up to the position after cursor because we have the special ◁ symbol denoting the end of row.

• The case D =↑ is analogous to the previous case. For example, ▷ a b c ♦

T-79.5103 Computational Complexity Theory, Autumn 2007 Tutorial 1 6(6)

with ↑ changes to

▷ ⊔ ⊔ ▷ a b c ♦ and the contents of the first two

tapes are ⟨▷♦ ◁ ▷^′ab, ▷ ◁ c⟩ and ⟨▷♦ ◁ ▷^′abc ◁ ▷^′ ⊔ ⊔, ▷◁⟩, respectively. Clearly this is a O(f(n)) time operation because the maximum length of any row is f(n).

Thus each move of M can be simulated in time O(f(n)) and thus each halting computation of the 2D-TM M can be simulated by a 3-string TM in time O(f(n)^2).