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➤

' + / ; 5 0 / 4 4 * 6 + X = xi

� v : * ( : . / + 6 ) / 4 ) : 1 ) ) : / 0 1 + . 6 < J 1 0 * 1 7 8 / X

: 1 4 ) : / J 1 8 - / xi

� * 4 * + ) / 0 5 0 / ) / . 1 4 1 + 1 ) 6 < * ( 5 0 6 5 6 4 * ) * 6 + f
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 � � � � � � � � � � � � � � � � � �'

&

$

%

� � y � ~ # & �
b 6 + 4 * . / 0 1 0 1 + . 6 < J 1 0 * 1 7 8 / Weather

) : 1 ) 0 1 + , / 4 6 J / 0

v / 1 ) : / 0 ( 6 + . * ) * 6 + 4 sunny � rain � cloudy � 1 +
.

snow f

9 : / + v / < 1 2 1 4 4 * , + 5 0 6 7 1 7 * 8 * ) * / 4 ) 6 5 1 0 ) * ( - 8 1 0 J 1 8 - / 4 6 =Weather K

P(Weather = sunny) = 0.7

P(Weather = rain) = 0.2

P(Weather = cloudy) = 0.08

P(Weather = snow) = 0.02

➤

' ~ x } � y � $ # $ " z � $ � " x $ � ! " $ } % P 1 4 4
* , + 4 5 0 6 7 1 7 * 8 * ) * / 4 ) 6 1 8 8 J 1 8 - /

( 6 < 7 * + 1 ) * 6 + 4 6 = ) : / 0 1 + . 6 < J 1 0 * 1 7 8 / 4 * + J 6 8 J / . f

� � y � ~ # & �
> + ) : / / ; 1 < 5 8 / 1 7 6 J / � P(Weather) = 〈0.7,0.2,0.08,0.02〉 f

9 : / 5 0 6 7 1 7 * 8 * ) 2 . * 4 ) 0 * 7 - ) * 6 + P(Weather,Cavity)

* 4 ) v 6�
. * < / + 4 * 6 + 1 8 f
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� � � ¡ � � � � � ¡ � � � � � ¡ � � � � � ¡ � � � � � � � � � �

➤

? + ( 6 + . * ) * 6 + 1 8 5 0 6 7 1 7 * 8 * ) * / 4 1 0 / 1 5 5 8 * / . v : / + + 6 6 ) : / 0 * + = 6 0 < 1 ) * 6 +

� / J * . / + ( / � * 4 1 J 1 * 8 1 7 8 / f

� � y � ~ # & �
 / ) Cavity

7 / 1 3 6 6 8 / 1 + 0 1 + . 6 < J 1 0 * 1 7 8 / < / 1 + * + , ) : 1 ) � 1

5 1 ) * / + ) : 1 4 1 ( 1 J * ) 2 � f
9 : / + ) : / 5 0 * 6 0 5 0 6 7 1 7 * 8 * ) 2

P(Cavity = true) = 0.1 � 6 0 P(cavity) = 0.1

= 6 0 4 : 6 0 ) �

< / 1 + 4 ) : 1 ) O U N ] V R � � V U Q V Z � R U � Z N ] V M O U � Z M � R N O Z U ) : / 5 1 ) * / + ) : 1 4 1

( 1 J * ) 2 v * ) : 1 5 0 6 7 1 7 * 8 * ) 2 6 = 0.1 f

9 : * 4 5 0 6 7 1 7 * 8 * ) 2 < 1 2 ( : 1 + , / * = + / v * + = 6 0 < 1 ) * 6 + 7 / ( 6 < / 4 1 J 1 * 8 1 7 8 / f

� � y � ~ # & �
' 5 0 * 6 0 ~ x } � y � $ # $ " z � $ � " x $ � ! " $ } % = 6 0 ) : / 0 1 + . 6 < J 1 0 * 1 7 8 /

Weather

* 4 / 1 4 * 8 2 . / � + / . 7 2 4 / ) ) * + , P(Weather) = 〈0.7,0.2,0.08,0.02〉 f
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%

� ¡ � � � � � ¡ � � � ¡ � � � � � ¡ � � � � � ¡ � � � � � � � � � �

➤

> = + / v / J * . / + ( / * 4 1 ( ¨ - * 0 / . � ( 6 +
. * ) * 6 + 1 8 5 0 6 7 1 7 * 8 * ) * / 4 : 1 J / ) 6 7 /

- 4 / . * + 4 ) / 1 . 6 = - + ( 6 + . * ) * 6 + 1 8 6 + / 4 f

➤

b 6 + . * ) * 6 + 1 8 5 0 6 7 1 7 * 8 * ) * / 4 ( 1 + 7 / . / � + / . * + ) / 0 < 4 6 = - + ( 6 + . * ) * 6 + 1 8

6 + / 4 f

� : / + P(ψ) > 0 v /
: 1 J / ) : 1 )

P(φ | ψ) =
P(φ∧ψ)

P(ψ)

f

� � y � ~ # & �
E - 5 5 6 4 / ) : 1 ) Cavity 1 +
.

Toothache < / 1 +
) : 1 ) � ) : / 5 1 ) * / + )

: 1 4 1 ( 1 J * ) 2 � 1 + . � ) : / 5 1 ) * / + ) : 1 4 1 ) 6 6 ) : 1 ( : / � � 0 / 4 5 / ( )
* J / 8 2 f

9 : / 5 0 * 6 0 5 0 6 7 1 7 * 8 * ) 2 P(cavity) = 0.1

: 1 4 ) 6 7 / 0 / 5 8 1 ( / . 7 2 1

( 6 + . * ) * 6 + 1 8 6 + / P(cavity | toothache) = 0.8

* + ( 1 4 / 6 = 1 ) 6 6 ) : 1 ( : / f
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➤

! } " & K ) : / ( 6 + . * ) * 6 + 1 8 5 0 6 7 1 7 * 8 * ) 2 P(cavity | toothache) = 0.8

. 6 / 4

+ 6 ) < / 1 + ) : 1 ) P(cavity) = 0.8 v
: / + Toothache

* 4 ) 0 - / �

➤

9 : / 5 0 / ( / . * + , . / � + * ) * 6 + ( 1 + 7 / 0 / v 0 * ) ) / + 1 4 ~ x } � ! w " x ! # & K

P(φ∧ψ) = P(φ | ψ)P(ψ) � 6 0 1
8 ) / 0 + 1 ) * J / 8 2

P(φ∧ψ) = P(ψ | φ)P(φ) f

➤

b 6 + . * ) * 6 + 1 8 5 0 6 7 1 7 * 8 * ) * / 4 1 + . ) : / 5 0 6 . - ( ) 0 - 8 / ( 1 + 7 / , / + / 0 1 8 * £ / .

= 6 0 5 0 6 7 1 7 * 8 * ) 2 . * 4 ) 0 * 7 - ) * 6 + 4 6 = 0 1 + . 6 < J 1 0 * 1 7 8 / 4 1 4 = 6 8 8 6 v 4 K

P(X | Y ) =
P(X ∧Y )

P(Y )

1 + . P(X ∧Y ) = P(X | Y )P(Y ) f

➤

9 : / 4 / : 1 J / ) 6 7 / * + ) / 0 5 0 / ) / . v * ) : 0 / 4 5 / ( ) ) 6 5 1 0 ) * ( - 8 1 0 J 1 8 - / 4 6 =

) : / 0 1 + . 6 < J 1 0 * 1 7 8 / 4 X 1 +
.

Y

* + J 6 8 J / . f
@ 6 0 * + 4 ) 1 + ( / �

P(X = x1 ∧Y = y2) = P(X = x1 | Y = y2)P(Y = y2) f
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� � � � � u ¡ � � ¡ � � � � � � � � � � � ¡ � � � � ¡ � �

➤

� x & � ! & % " $ � " � $ & � K 5 0 6 7 1 7 * 8 * ) * / 4 ( 6 < / = 0 6 < / ; 5 / 0 * < / + ) 4 f

> = c � 6 - ) 6 = c � � 5 / 6 5 8 / : 1 J / 1 ( 1 J * ) 2 �
) : / + P(cavity) = 0.10 f

➤

 � � & w " $ � $ � " � $ & � K 5 0 6 7 1 7 * 8 * ) * / 4 1 0 / 0 / 1 8 1 4 5 / ( ) 4 6 = ) : / - + * J / 0 4 / ) : 1 )

1 0 / 1 5 5 0 6 ; * < 1 ) / . 7 2 ) : / 5 0 6 7 1 7 * 8 * ) * / 4 6 7 ) 1 * + / . v * ) : / ; 5 / 0 * < / + ) 4 f

➤

� ! � � & w " $ � $ � " � $ & � � 1 + 1 + 1 8 2 4 ) ) 0 * / 4 ) 6 / 4 ) * < 1 ) / 5 0 6 7 1 7 * 8 * ) * / 4 f

➤

� & � & x & % w & w # y � � ~ x } � # & � � ) : / < 6 0 / / J * . / + ( / * 4 ) 1 D / + * + ) 6

1 ( ( 6 - + ) �
) : / 4 < 1 8 8 / 0 7 / ( 6 < / 4 ) : / 0 / = / 0 / + ( / ( 8 1 4 4 = 0 6 < v : * ( :

( 6 8 8 / ( ) / ; 5 / 0 * < / + ) 1 8 . 1 ) 1 f
9 : * 4 4 / ) ) * + , 4 - , , / 4 ) 4 ) : / = 6 8 8 6 v * + , K

c
f

� * + * < * £ * + , ) : / + - < 7 / 0 6 = 5 0 6 7 1 7 * 8 * ) * / 4 ) : 1 ) + / / . 1 4 4 / 4 4 < / + ) f

�
f

� 1 ; * < * £ * + , ) : / + - < 7 / 0 6 = ( 1 4 / 4 1 J 1 * 8 1 7 8 / = 6 0 / 1 ( : 1 4 4 / 4 4 < / + ) f

�

©

� � � � � h h 	 i � j k � � � k � � l k � � m � k � � � � � � n o k 
 p � � � � q � � � � � �

AB

� � � � � � � � �
	 
 � � � 
 � � � � � � � � � � � � � � � � � �'
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%
	
s

� � � � 
 � � � � � � � � � � � � � � � � �

➤

H 0 6 7 1 7 * 8 * ) * / 4 1 4 4 6 ( * 1 ) / . v * ) : 4 / + ) / + ( / 4 1 0 / 1 ; * 6 < 1 ) * £ / . 1 4 = 6 8 8 6 v 4 K

@ 6 0 1 8 8 φ 1 +
.

ψ K

' c
f 0 ≤ P(φ) ≤ 1 �

' �
f P(φ) = 0

* =

φ

* 4 - + 4 1 ) * 4 � 1 7 8 / �

' d
f P(φ) = 1

* =

φ

* 4 J 1 8 * . � 1 +
.

' �
f P(φ∨ψ) = P(φ)+P(ψ)−P(φ∧ψ) f

➤

9 : / 8 1 4 ) 1 ; * 6 < * 4 / 1 4 * 8 2 J / 0 * � / . = 0 6 < 1 
 / + + . * 1 , 0 1 < K

>A     B

True

A B

�
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¥ & � � y �
> =

φ 1 +
.

ψ 1 0 /
8 6 , * ( 1 8 8 2 / ¨ - * J 1 8 / + ) �
) : / + P(φ) = P(ψ) f

� M Z Z ��
E - 5 5 6 4 / ) : 1 ) φ 1 +
.

ψ 1 0 /
8 6 , * ( 1 8 8 2 / ¨ - * J 1 8 / + ) �
*
f / f � |= φ ↔ ψ f

c
f |= ψ∨¬ψ 1 +
.

|= φ∨¬ψ f

�
f

3 6 ) : ψ∧¬ψ 1 +
.

φ∧¬ψ 1 0 / - + 4 1 )
* 4 � 1 7 8 / f

d
f

? 4 * + , ' � v / 6 7 ) 1 * +

P(ψ∨¬ψ) = P(ψ)+P(¬ψ)−P(ψ∧¬ψ)

=⇒ P(¬ψ) = 1−P(ψ) 1 +
.

P(φ∨¬ψ) = P(φ)+P(¬ψ)−P(φ∧¬ψ)

=⇒ 1 = P(φ)+1−P(ψ)−0

=⇒ P(φ) = P(ψ) f

�

©

� � � � � h h 	 i � j k � � � k � � l k � � m � k � � � � � � n o k 
 p � � � � q � � � � � �



AB

� � � � � � � � �
	 
 � � � 
 � � � � � � � � � � � � � � � � � �'
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➤

� ) : / 0 5 0 6 5 6 4 * ) * 6 + 1 8 ( 6 + + / ( ) * J / 4 1 0 / ( 6 J / 0 / . 1 4 = 6 8 8 6 v 4 K

c
f P(φ∧ψ) = P(φ)+P(ψ)−P(φ∨ψ)

� ' � �

�
f P(¬φ) = 1−P(φ)

d
f P(φ → ψ) = P(¬φ∨ψ) = P(¬φ∨ (φ∧ψ))

�  / < < 1 �

= P(¬φ)+P(φ∧ψ)−P(¬φ∧φ∧ψ)

� ' � �

= 1−P(φ)+P(φ∧ψ)−0

= 1−P(φ)+P(ψ | φ)P(φ)

� B / = f 6
=

P(ψ | φ)

�

�
f P(φ ↔ ψ) = P((¬φ∨ψ)∧ (¬ψ∨φ))

�  / < < 1 �

= 1−P(φ)+1−P(ψ)+2 ·P(φ∧ψ)−1

� ' �
�
' d �

= 1−P(φ)−P(ψ)+2 ·P(φ∧ψ)
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� � 
 � � � � � � ¡ � � ¡ � � � ¡ � � � � � � � 
 � � � � � � � ¡ � � � � � �

➤

3 0 - + 6 . / @ * + / ) ) * �
c � d c K

� T � L W V U N � V � \ M V � � V � R � V N Z � [ V W M V V � Z � � V S O V � N ] R N

� O Z S R N V N ] V R � O Z � � Z � \ M Z � R � O S O N � N ] V Z M � N ] V U 	 � � � � 
 � �

� � 	 	 
 � � � 	 � � 	 � � � � Z M L W V U N _ N ] R N W � R M R U N V V � N ] R N L W V U N �

� O S S S Z � V � Z U V � �
�

� � y � ~ # & �
b 6 + 4 * . / 0 ) : / = 6 8 8 6 v * + , 7 / ) ) * + , 4 ( / + 1 0 * 6 K

Agent 1 Agent 2 Outcome for Agent 1
Proposition Belief Bet Stakes A

	

B A

	 
B 
A

	

B 
A

	 
B

A 0.4 A 4 to 6 -6 -6 4 4
B 0.3 B 3 to 7 -7 3 -7 3

A

�

B 0.8 
(A

�

B) 2 to 8 2 2 2 -8

-11 -1 -1 -1

☞

b : 6 * ( / 4 < 1 . / 7 2 ' , / + ) � , - 1 0 1 + ) / / ) : 1 ) ' , / + ) c 8 6 4 / 4 < 6 + / 2 f
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 � � � � � � � � � � � � � � � � � �'

&

$

%
�
s
� � � � � � � � � � � � � � t

� � � � 
 � � � � u � � � � � � � � � � � �

➤

b 6 + 4 * . / 0 1 4 2 4 ) / < 6 = n 0 1 +
. 6 < J 1 0 * 1 7 8 / 4 X1, . . . ,Xn

) : 1 ) < 1 2 0 1 + , /

6 J / 0 . * � / 0 / + ) . 6 < 1 * + 4 f

➤

' + y " } � $ w & � & % " X1 = x1 ∧·· ·∧Xn = xn

* 4 1 + 1 4 4 * , + < / + ) 6 =

5 1 0 ) * ( - 8 1 0 J 1 8 - / 4 x1, . . . ,xn

) 6 ) : / J 1 0 * 1 7 8 / 4 X1, . . . ,Xn f

➤

9 : / � ! # # � } $ % " ~ x } � y � $ # $ " z � $ � " x $ � ! " $ } % P(X1, . . . ,Xn)

1 4 4 * , + 4

5 0 6 7 1 7 * 8 * ) * / 4 ) 6 1 8 8 5 6 4 4 * 7 8 / 1 ) 6 < * ( / J / + ) 4 f

➤

9 : / � 6 * + ) 5 0 6 7 1 7 * 8 * ) 2 . * 4 ) 0 * 7 - ) * 6 + , 0 6 v 4 0 1 5 * . 8 2 v * ) : 0 / 4 5 / ( ) ) 6 ) : /

+ - < 7 / 0 6 = J 1 0 * 1 7 8 / 4 � / f , f � 2n / + ) 0 * / 4 = 6 0 n

3 6 6 8 / 1 + J 1 0 * 1 7 8 / 4 � f

☞

> ) * 4 * + = / 1 4 * 7 8 / ) 6 4 5 / ( * = 2 § 4 ) 6 0 / ) : / v : 6 8 / . * 4 ) 0 * 7 - ) * 6 + f
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%

➤
@ 6 0 3 6 6 8 / 1 + 0 1 + . 6 < J 1 0 * 1 7 8 / 4 � 1
) 6 < * ( / J / + ) 4 ( 6 0 0 / 4 5 6 + . ) 6

( 6 + � - + ( ) * 6 + 4 6 = S O N V M R S � � 5 0 6 5 6 4 * ) * 6 + 1 8 1 ) 6 < 4 6 0 ) : / * 0 + / , 1 ) * 6 + 4 � f

➤

' ) 6 < * ( / J / + ) 4 1 0 / � � N � R S S � V � Q S � � O � V K 1 + 2 ( 6 + � - + ( ) * 6 + 6 = 1 ) 6 < * (

/ J / + ) 4 * 4 + / ( / 4 4 1 0 * 8 2 = 1 8 4 / f

➤

9 : / . * 4 � - + ( ) * 6 + 6 = 1 8 8 1 ) 6 < * ( / J / + ) 4 * 4 + / ( / 4 4 1 0 * 8 2 ) 0 - / K / + ) 0 * / 4 * +

) : / � 6 * + ) 5 0 6 7 1 7 * 8 * ) 2 . * 4 ) 0 * 7 - ) * 6 + 4 - < ) 6 c f

➤

H 0 6 7 1 7 * 8 * ) * / 4 5 0 6 J * . / . 7 2 ) : / � 6 * + ) 5 0 6 7 1 7 * 8 * ) 2 . * 4 ) 0 * 7 - ) * 6 + ( 1 + 7 /

- 4 / . = 6 0 ( 6 < 5 - ) * + , 5 0 6 7 1 7 * 8 * ) * / 4 6 = 1 0 7 * ) 0 1 0 2 4 / + ) / + ( / 4 φ K

P(φ)

* 4 ) : / 4 - < 6 = 5 0 6 7 1 7 * 8 * ) * / 4

1 4 4 * , + / . ) 6 1 ) 6 < * ( / J / + ) 4 4 1 ) * 4 = 2 * + , φ f

➤

' 8 4 6 � ( 6 +
. * ) * 6 + 1 8 5 0 6 7 1 7 * 8 * ) * / 4 P(φ | φ1, . . . ,φn)

( 1 + 7 / ( 6 < 5 - ) / . 7 2

P(φ | φ1, . . . ,φn) =
P(φ∧φ1 ∧·· ·∧φn)

P(φ1 ∧·· ·∧φn)

f
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 � � � � � � � � � � � � � � � � � �'

&

$

%

� � y � ~ # & �
@ 6 0 ) : / 3 6 6 8 / 1 + 0 1 + . 6 < J 1 0 * 1 7 8 / 4 Cavity 1 +
.

Toothache K

toothache ¬toothache

cavity 0.04 0.06

¬cavity 0.01 0.89

c
f cavity∧¬toothache

* 4 6 + / 6 = ) : / 1 ) 6 < * ( / J / + ) 4 �

�
f P(cavity) = P(cavity∧ tootache)+P(cavity∧¬toothache)

= 0.04+0.06 = 0.10 �

d
f P(cavity∨ toothache) = 1−P(¬cavity∧¬toothache)

= 1−0.89 = 0.11 �

�
f P(cavity | toothache) =

P(cavity∧ toothache)
P(toothache)

=
0.04

0.04+0.01

= 0.80 f
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➤

� y x « $ % y # $ ¦ y " $ } % * 4 1 5 0 6 ( / 4 4 v : / 0 / ( / 0 ) 1 * + J 1 0 * 1 7 8 / 4 Y1, . . . ,Ym

1 0 /

4 - < < / . 6 - ) = 0 6 < 1 5 0 6 7 1 7 * 8 * ) 2 . * 4 ) 0 * 7 - ) * 6 + K

P(X1, . . . ,Xn) = ∑
y1,...,ym

P(X1, . . . ,Xn,y1, . . . ,ym) f

� � y � ~ # & �
F / ( 1 8 8 = 0 6 < ) : / 5 0 / ( / . * + , / ; 1 < 5 8 / P(cavity) �

P(cavity∧ toothache)+P(cavity∧¬toothache) � 0.10 f

➤

9 : / w } % � $ " $ } % $ % « 0 - 8 / * 4 1 J 1 0 * 1 + ) 6 = < 1 0 , * + 1 8 * £ 1 ) * 6 + 7 1 4 / . 6 +

( 6 + . * ) * 6 + 1 8 5 0 6 7 1 7 * 8 * ) * / 4 K

P(X1, . . . ,Xn) = ∑
y1,...,ym

P(X1, . . . ,Xn | y1, . . . ,ym)P(y1, . . . ,ym) f

➤

9 : / 4 / 0 - 8 / 4 ( 1 + 7 / - 4 / . * + . / 0 * J 1 ) * 6 + 4 6 = 5 0 6 7 1 7 * 8 * ) 2 / ; 5 0 / 4 4 * 6 + 4 f
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%
�
s
� � u � � � � u � � � �

� � y � ~ # & �
E - 5 5 6 4 / ) : 1 ) v / 7 - * 8 . 1 ( 6 < 7 * + / . < 6 . / 8 v * ) : J 1 0 * 1 7 8 / 4

Cavity � Toothache � 1 +
.

Weather f

� - / 4 ) * 6 + K : 6 v P(cavity, toothache,Weather = cloudy)

* 4 0 / 8 1 ) / . ) 6

P(cavity, toothache)

�

➤

H 0 6 5 6 4 * ) * 6 + 4 φ 1 +
.

ψ 1 0 /
� y � � } # ! " & # z � $ % � & ~ & % � & % " * �

P(φ∧ψ) = P(φ)P(ψ) ⇐⇒ P(φ | ψ) = P(φ) ⇐⇒ P(ψ | φ) = P(ψ)

v : / + / J / 0 P(φ | ψ) 1 +
.

P(ψ | φ) 1 0 /
. / � + / . f

� � y � ~ # & �
' 4 4 - < * + , Weather = cloudy 1 +
.

cavity∧ toothache

* + . / 5 / + . / + ) 6 = / 1 ( : 6 ) : / 0 � v / 6
7 ) 1 * +

P(cavity, toothache,Weather = cloudy) =

P(cavity, toothache)P(Weather = cloudy) f
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�
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� � � � � � � � � � � � u � � � � � �

➤

3 1 2 / 4 C 0 - 8 / � 6 0 3 1 2 / 4 C ) : / 6 0 / < � * 4 . / 0 * J / . = 0 6 < ) : / 5 0 6 . - ( ) 0 - 8 / K

P(φ | ψ)P(ψ) = P(φ∧ψ) = P(ψ | φ)P(φ)

=⇒ P(ψ | φ) =
P(φ | ψ)P(ψ)

P(φ)

, * J / + ) : 1 ) P(φ) > 0 f

➤

3 1 2 / 4 C 0 - 8 / ( 1 + 7 / - 4 / . = 6 0 [ O R W U Z � N O Q O U � V M V U Q V �
*
f / f ( 6 < 5 -
) * + ,

P(d | s) 6 +
) : / 7 1 4 * 4 6 = 6 ) : / 0 ) : 0 / / 5 0 6 7 1 7 * 8 * ) * / 4 K

• P(d)

= 6 0 1 . * 4 / 1 4 / d �

• P(s)

= 6 0 1 4 2 < 5 ) 6 < s � 1 +
.

• P(s | d)

= 6 0 ) : / Q R � � R S M V S R N O Z U � ] O \ 6 = s 1 +
.

d f

➤

' , / + / 0 1 8 * £ 1 ) * 6 + = 6 0 � 6 * + ) . * 4 ) 0 * 7 - ) * 6 + 4 6 0 0 1 + . 6 < J 1 0 * 1 7 8 / 4 K

P(Y | X) =
P(X | Y )P(Y )

P(X)

f
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➤

3 1 2 / 4 C 0 - 8 / ( 1 + 7 / = - 0 ) : / 0 , / + / 0 1 8 * £ / . 7 2 ( 6 + . * ) * 6 + * + , K

P(φ | ψ∧χ) =
P(φ∧ψ∧χ)

P(ψ∧χ)

=
P(φ∧ψ∧χ)

P(φ∧χ)
·

P(φ∧χ)

P(χ)
·

P(χ)

P(ψ∧χ)

=
P(ψ | φ∧χ)P(φ | χ)

P(ψ | χ)

f

� / 0 / ) : / 4 / + ) / + ( / χ 4 ) 1 +
. 4 = 6 0 1 + 2 7 1 ( D , 0 6 - + . / J * . / + ( / f

➤

@ 6 0 0 1 + . 6 < J 1 0 * 1 7 8 / 4 1 + . 1 7 1 ( D , 0 6 - + . / J * . / + ( / E

) : * 4 7 / ( 6 < / 4

P(Y | X ,E) =
P(X | Y,E)P(Y | E)

P(X | E)
.
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 � � � � � 
 � � � � � � � � � � � � � � � � � � � � �

� � y � ~ # & �
b 6 + 4 * . / 0 3 6 6 8 / 1 + 0 1 + . 6 < J 1 0 * 1 7 8 / 4 S 1 +
.

M v : * ( : < / 1 +

� ) : / 5 1 ) * / + ) : 1 4 1 4 ) * � + / ( D � 1 + . � ) : / 5 1 ) * / + ) : 1 4 < / + * + , * ) * 4 � �

0 / 4 5 / ( ) * J / 8 2 f

➤

� * J / + ) : / 5 0 6 7 1 7 * 8 * ) * / 4 P(s | m) = 1/2 � P(m) = 1/50000 � 1 +
.

P(s) = 1/20 � v / < 1 2 1 5 5
8 2 3 1 2 / 4 C 0 - 8 / ) 6 ( 6 < 5 - ) /

P(m | s) =
P(s | m)P(m)

P(s)

=
1
2 ·

1
50000
1

20

=
1

5000

f

➤

B * 1 , + 6 4 ) * ( D + 6 v 8 / . , / * 4 6 = ) / + < 6 0 / = 0 1 , * 8 / ) : 1 + ( 1 - 4 1 8 6 + / K

1 + / 5 * . / < * ( * + ( 0 / 1 4 / 4 P(m) 1 +
.

P(m | s)

7 - ) + 6 ) P(s | m) f
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� ¡ � � � � � � � � � ¡ �

� � y � ~ # & �
E - 5 5 6 4 / v / 1 0 / * + ) / 0 / 4 ) / . * + 1 = - 0 ) : / 0 ( 6 + . * ) * 6 + 6 = ) : /

5 1 ) * / + ) K W < / 1 + 4 ) : 1 ) � ) : / 5 1 ) * / + ) : 1 4 1 v : * 5 8 1 4 : * + � - 0 2 � f
➤

9 : / 0 / 8 1 ) * J / 8 * D / 8 * : 6 6 . 6 = < / + * + , * ) * 4 1 + . v : * 5 8 1 4 : ( 1 + 7 / 1 4 4 / 4 4 / .

v * ) : 6 - ) D + 6 v * + , ) : / 5 0 * 6 0 5 0 6 7 1 7 * 8 * ) 2 P(s) 6
= ) : / 4 2 < 5 ) 6 < f

P(m | s)
P(w | s)

=
P(s | m)P(m)

P(s | w)P(w)
=

1
2 ·

1
50000

4
5 ·

1
1000

=
1
80

➤

9 : * 4 D * + . 6 = ( 6 < 5 1 0 * 4 6 + < 1 2 7 / / + 6 - , : = 6 0 . / ( * 4 * 6 + < 1 D * + , f

➤

� 6 - 8 . * ) 7 / 5 6 4 4 * 7 8 / ) 6 ( 6 < 5 - ) / ) : / J 1 8 - / 6 = P(m | s)

v * ) : 6 - ) 1 4 4 / 4 4 * + , ) : / 5 0 * 6 0 5 0 6 7 1 7 * 8 * ) 2 P(s)

. * 0 / ( ) 8 2 �

�

©

� � � � � h h 	 i � j k � � � k � � l k � � m � k � � � � � � n o k 
 p � � � � q � � � � � �

AB
� � � � � � � � �
	 
 � � � 
 � � � � � � � � � � � � � � � � � �'

&

$

%

➤

� + / 5 6 4 4 * 7 * 8 * ) 2 * 4 ) 6 - 4 / Q Z U [ O N O Z U O U W K

P(s) = P(s | m)P(m)+P(s | ¬m)P(¬m) f

➤

9 : / + P(m | s) = αP(s | m)P(m) 1 +
.

P(¬m | s) = αP(s | ¬m)P(¬m)

= 6 8 8 6 v = 6 0 α = 1/P(s) f

➤

9 : - 4 α

* 4 1 U Z M � R S O 	 O U W Q Z U � N R U N ) : 1 ) 4 ( 1 8 / 4 ) : / 5 0 6 . - ( ) 4

P(s | m)P(m) 1 +
.

P(s | ¬m)P(¬m) 4 6
) : 1 ) ) : / 2 4 - < ) 6 1 f

➤

� / + / 0 1 8 * £ * + , = 6 0 1 0 7 * ) 0 1 0 2 0 1 + . 6 < J 1 0 * 1 7 8 / 4 X 1 +
.

Y K

P(Y | X) = αP(X | Y )P(Y )

v : / 0 / α < 1
D / 4 ) : / / + ) 0 * / 4 * + P(Y | X) 4 - <
) 6 c f
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� ¡ � � � � � � � � � � � � � � �

� � y � ~ # & �
F / ( 1 8 8 ) : / . / + ) * 4 ) / ; 1 < 5 8 / � 3 6 6 8 / 1 + 0 1 + . 6 < J 1 0 * 1 7 8 / 4

Cavity 1 +
.

Toothache

� 1 + . 1 = - 0 ) : / 0 3 6 6 8 / 1 + 0 1 + . 6 < J 1 0 * 1 7 8 / Catch

< / 1 + * + , ) : 1 ) � 1 ( 1 J * ) 2 * 4 . / ) / ( ) / . v * ) : 1 4 ) / / 8 5 0 6 7 / � f

➤

E - 5 5 6 4 / ) : 1 ) v / D + 6 v ) : / 5 0 6 7 1 7 * 8 * ) * / 4

P(cavity | toothache) = 0.8 1 +
.

P(cavity | catch) = 0.95 f

➤

� : 1 ) * = 7 6 ) : toothache 1 +
.

catch 1 0 /
D + 6 v + �

➤

� / D + 6 v 7 2 3 1 2 / 4 C 0 - 8 / ) : 1 ) P(cavity | catch∧ toothache) =

P(catch∧ toothache | cavity)P(cavity)
P(catch∧ toothache)

.

➤

� 1 + 2 � + 6 + ) 0 * J * 1 8 � 5 0 6 7 1 7 * 8 * ) * / 4 : 1 J / ) 6 7 / D + 6 v + �

�
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� � 
 � � � � � � � � � � � � �

➤

9 : / * . / 1 * 4 ) 6 * + ( 6 0 5 6 0 1 ) / 5 * / ( / 4 6 = / J * . / + ( / 6 + / 1 ) 1 ) * < / f

c
f P(cavity | toothache) = P(cavity)

P(toothache | cavity)
P(toothache)

�
f

? 4 * + , toothache 1 4 1 ( 6 +
. * ) * 6 + * + , ( 6 + ) / ; ) K

P(cavity | toothache∧ catch) =

P(cavity | toothache)
P(catch | toothache∧ cavity)

P(catch | toothache)
=

P(cavity)
P(toothache | cavity)

P(toothache)
P(catch | toothache∧ cavity)

P(catch | toothache)

�

☞

E ) * 8 8 < 1 + 2 5 0 6 7 1 7 * 8 * ) * / 4 : 1 J / ) 6 7 / 4 5 / ( * � / . �

➤

3 1 2 / 4 * 1 + - 5 . 1 ) * + , * 4 6 0 . / 0�
* + . / 5 / + . / + ) f

�
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� ¡ � � � � � ¡ � � � � � � � � � � � � � � �

➤

@ 6 0 * + 4 ) 1 + ( / �
3 6 6 8 / 1 + J 1 0 * 1 7 8 / 4 Tootache 1 +
.

Catch 1 0 /

w } % � $ " $ } % y # # z $ % � & ~ & % � & % " , * J / + Cavity ⇐⇒

P(Catch | Toothache,Cavity) = P(Catch | Cavity) 1 +
.

P(Toothache | Catch,Cavity) = P(Toothache | Cavity) f

➤

? 4 * + , ) : / 4 / � v / 6
7 ) 1 * + P(cavity | toothache∧ catch) =

P(cavity)
P(toothache | cavity)

P(toothache)
P(catch | cavity)

P(catch | toothache)

➤

@ * + 1 8 8 2 �
) : / 5 0 6 . - ( ) P(toothache)P(catch | toothache)

* + ) : /

. / + 6 < * + 1 ) 6 0 ( 1 + 7 / / 8 * < * + 1 ) / . 7 2 + 6 0 < 1 8 * £ 1 ) * 6 + K

P(Z | X ,Y ) = αP(Z)P(X | Z)P(Y | Z) f
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� � � � � � � 
 � � � ¡ � � �

➤

> + 1 4 / + 4 / � Cavity � & ~ y x y
" & � Tootache 1 +
.

Catch

7 / ( 1 - 4 / * ) * 4 1

. * 0 / ( ) ( 1 - 4 / 6 = 7 6 ) : J 1 0 * 1 7 8 / 4 f

➤

' ( 6 < < 6 + 8 2 6 ( ( - 0 0 * + , 5 1 ) ) / 0 + * 4 ) : 1 ) 1 � O U W S V ( 1 - 4 / . * 0 / ( ) 8 2

* + � - / + ( / 4 1 + - < 7 / 0 6 = / � / ( ) 4 � 1
8 8 6 = v : * ( : 1 0 / ( 6 + . * ) * 6 + 1 8 8 2

* + . / 5 / + . / + ) � ,
* J / + ) : / ( 1 - 4 / f

➤

> + ) : * 4 ( 1 4 / �
) : / = - 8 8 � 6 * + ) . * 4 ) 0 * 7 - ) * 6 + ( 1 + 7 / v 0 * ) ) / + 1 4

P(Cause,Effect1, . . . ,Effectn) = P(Cause)∏
i

P(Effecti | Cause) f

☞

b 6 + . * ) * 6 + 1 8 * + . / 5 / + . / + ( / 1 4 4 / 0 ) * 6 + 4 1 8 8 6 v 5 0 6 7 1 7 * 8 * 4 ) * (

4 2 4 ) / < 4 ) 6 4 ( 1 8 / - 5 f

➤

> + 5 0 1 ( ) * ( / �
) : / + 1 * J / 3 1 2 / 4 < 6 . / 8 ( 1 + v 6 0 D 4 - 0 5 0 * 4 * + , 8 2 v / 8 8 / J / +

* = ) : / ( 6 + . * ) * 6 + 1 8 * + . / 5 / + . / + ( / 1 4 4 - < 5 ) * 6 + * 4 + 6 ) = - 8 8 2 ) 0 - / f
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� � � � � � �

➤

? + ( / 0 ) 1 * + ) 2 1 0 * 4 / 4 7 / ( 1 - 4 / 6 = 7 6 ) : 8 1 £ * + / 4 4 1 + . * , + 6 0 1 + ( / f

➤

H 0 6 7 1 7 * 8 * ) * / 4 5 0 6 J * . / 1 v 1 2 6 = 4 - < < 1 0 * £ * + , ) : / 1 , / + ) C 4 7 / 8 * / = 4 f

➤

� y z & � � x ! # & � " ª & } x & � 1 8 8 6 v 4 - + D + 6 v + 5 0 6 7 1 7 * 8 * ) * / 4 ) 6 7 /

( 6 < 5 - ) / . = 0 6 < D + 6 v + � 4
) 1 7 8 / 6 + / 4 f

➤

9 : / � ! # # � } $ % " ~ x } � y � $ # $ " z � $ � " x $ � ! " $ } % 4 5 / ( * � / 4 ) : / 5 0 6 7 1 7 * 8 * ) 2 6 =

/ 1 ( : ( 6 < 5 8 / ) / 1 4 4 * , + < / + ) 6 = J 1 8 - / 4 ) 6 1 8 8 0 1 + . 6 < J 1 0 * 1 7 8 / 4 f

➤

9 : / � 6 * + ) . * 4 ) 0 * 7 - ) * 6 + * 4 ) 2 5 * ( 1 8 8 2 = 1 0 ) 6 6 8 1 0 , / ) 6 ( 0 / 1 ) / 6 0 - 4 / f

➤

E 6 < / ) * < / 4 * ) ( 1 + 7 / = 1 ( ) 6 0 / . - 4 * + , w } % � $ " $ } % y # $ % � & ~ & % � & % w &

1 4 4 - < 5 ) * 6 + 4 v : * ( : < 1 D / ) : / % y $ � & � y z & � < 6 . / 8 / � / ( ) * J / f
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%

� � � � � � � � �

F / ( 6 + 4 * . / 0 4 6 ( ( / 0 5 8 1 2 * + , 1 , / + ) 4 K

➤

� : * ( : = 1 ( ) 6 0 4 ( 1 - 4 / - + ( / 0 ) 1 * + ) 2 * + ) : * 4 . 6 < 1 * + �

> + 5 1 0 ) * ( - 8 1 0 � ( 6 + 4
* . / 0 = 1 ( ) 6 0 4 ) : 1 ) 1 0 / 0 / 8 1 ) / . v * ) :

c
f
) : / / + J * 0 6 + < / + ) 6 = 1 , / + ) 4 �

�
f 5 / 0 ( / 5
) - 1 8 * + = 6 0 < 1 ) * 6 + � 1 +
.

d
f 6 -
) ( 6 < / 4 6 = 1 ( ) * 6 + 4 f

➤

> 4 * ) 5 6 4 4 * 7 8 / ) 6 . / 1 8 v * ) : ) : / 4 / = 1 ( ) 6 0 4 - 4 * + , 5 0 6 7 1 7 * 8 * ) * / 4 �
➤

� : 1 ) 1 0 / ) : / v 1 2 4 = 6 0 . / ) / 0 < * + * + , ) : / 5 0 6 7 1 7 * 8 * ) * / 4 * + J 6 8 J / . �
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