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DECISION METHODS FOR CTL AND LTL1. Tableau method for CTL2. De
iding satis�ability and validity in CTL and LTL

E. A. Emerson: Automated Temporal Reasoning about Rea
tiveSystems, Se
tion 4 (pp. 18�23).


© 2008 TKK, Department of Information and Computer S
ien
e

AB

T-79.5101 / Spring 2008 ML-11 2

Ba
kground

• Temporal logi
s CTL and LTL are de
idable be
ause they satisfythe �nite model property (and there is an upper bound on the sizeof a 
ounter-model).

• More e�
ient de
ision methods 
an be developed using tableaute
hniques and automata theory.
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Key De
ision Te
hniques

• Tableau method (for example CTL):(i) Given a CTL formula, a tableau graph is built representing(essentially) all possible models of the formula.(ii) The tableau is pruned and the 
he
ked whether it representsany model of the formula.
• Automata theory methods (for example LTL):(i) Given an LTL formula, a �nite state (Bü
hi-) automaton is
onstru
ted a

epting in�nite words (paths) su
h that theautomaton a

epts (essentially) all possible full paths satisfyingthe formula.(ii) Then it is 
he
ked whether the language a

epted by theautomaton is empty.
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1. Tableau Method for CTL

• A CTL tableau is a bipartite graph where nodes are sets offormulas and of two types: OR-nodes and AND-nodes.

• For a CTL formula P a tableau is 
onstru
ted by �rst transforming

P to the positive normal form (where negations 
an appear only infront of atomi
 propositions) and then pro
eeding in two stages:(i) building an initial tableau T0 and(ii) redu
ing T0 to the �nal tableau T1 using pruning rules.

• In the positive normal form propositional 
onne
tives ∧, ∨ areused and negation ¬ appears only in front of atomi
 propositions.

• We denoted by ∼P the formula ¬P in the positive normal form.
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an be transformed to the positive normal formusing the following rules:

P → Q 7→ ¬P∨Q

¬(P∨Q) 7→ ¬P∧¬Q

¬(P∧Q) 7→ ¬P∨¬Q

¬¬P 7→ P

¬AGP 7→ EF¬P

¬EFP 7→ AG¬P

¬EGP 7→ AF¬P

¬AFP 7→ EG¬P

¬AXP 7→ EX¬P

¬EXP 7→ AX¬P

¬A(PUQ) 7→ E(¬PBQ)

¬E(PUQ) 7→ A(¬PBQ)

¬A(PBQ) 7→ E(¬PUQ)

¬E(PBQ) 7→ A(¬PUQ)

Note the shorthands:

A(PBQ) : ¬E((¬P)UQ)

E(PBQ) : ¬A((¬P)UQ)
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ExampleConstru
ting the positive normal form ∼AG(R → (¬Q∧A(PUQ))):
¬AG(R → (¬Q∧A(PUQ)))

7→ EF¬(¬R∨ (¬Q∧A(PUQ)))

7→ EF(R∧¬(¬Q∧A(PUQ)))

7→ EF(R∧ (Q∨¬A(PUQ)))

7→ EF(R∧ (Q∨E(¬PBQ)))
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Building the Initial Tableau T0

• Given a CTL formula P we start with the OR-node D0 = {P}.
• The su

essors of an OR-node D are AND-nodes obtained byapplying α/β-rules to the node D.
• The su

essors of an AND-node C are OR-nodes obtained byapplying the su

essor rule to C.Remark. If a su

essor C of an OR-node D already appears in thetableau, another 
opy of C is not introdu
ed in the tableau but thesu

essor of D is set to be the already existing node (and similarly forthe su

essors of AND-nodes).

=⇒ The tableau remains �nite.
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essors of an OR-NodeEa
h su

essor of an OR-node D is a smallest set of formulas C su
hthat D ⊆C and C is downward 
losed under the α and β rules belowsu
h that1. if α ∈C, then α1 ∈C and α2 ∈C;2. if β ∈C, then β1 ∈C or β2 ∈C.

α rules:

P∧Q

P

Q

AGP

P

AXAGP

EGP

P

EXEGP

A(PBQ)

∼Q

P∨AXA(PBQ)

E(PBQ)

∼Q

P∨EXE(PBQ)
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Su

essors of an OR-Node�
ont'd

β rules:

P∨Q

P | Q

AFP

P | AXAFP

EFP

P | EXEFP

A(PUQ)

Q | P∧AXA(PUQ)

E(PUQ)

Q | P∧EXE(PUQ)Remark. For literals and for formulas of the form AXP and EXP thereare no appli
able rules (and the expansion of a su

essor C ends insu
h formulas).
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ExampleFrom the set D = {AFEF((P∧Q)∨R)} we 
an 
onstru
t the followingdownward 
losed sets of formulas:

C1 = {AFEF((P∧Q)∨R),EF((P∧Q)∨R),(P∧Q)∨R,P∧Q,P,Q}

C2 = {AFEF((P∧Q)∨R),EF((P∧Q)∨R),(P∧Q)∨R,R}

C3 = {AFEF((P∧Q)∨R),EF((P∧Q)∨R),EXEF((P∧Q)∨R)}

C4 = {AFEF((P∧Q)∨R),AXAFEF((P∧Q)∨R)}

Remark. Downward 
losed sets of formulas for a node D 
an be builtby 
onstru
ting a tableau where the formulas in D are put to the rootof the tableau and then α and β rules are applied as in the tableaumethod for propositional logi
. Ea
h bran
h of the resulting tableau
orresponds to a downward 
losed set.
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essors of AND-NodesThe su

essors of an AND-node C are obtained with the su

essor rule:
• Let the set of formulas C 
ontain the following AXPi/EXQ jformulas:

AXP1, . . . ,AXPl and EXQ1, . . . ,EXQk.Then the su

essors of C are

D1 = {P1, . . . ,Pl ,Q1}, . . . ,Dk = {P1, . . . ,Pl ,Qk}.
• If the set C has no formulas of the form EXQi, then C has aunique su

essor {P1, . . . ,Pl}.Note that there is always at least one su

essor (whi
h is theempty set if there are no formulas of the form AXPi either).Example. The node

C = {A(PUQ),AXA(PUQ),EGP,P,EXEGP,EFQ,EXEFQ}.has su

essors D1 = {A(PUQ),EGP} and D2 = {A(PUQ),EFQ}.
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Pruning RulesThe �nal tableau is obtained by pruning the initial tableau T0 using thefollowing rules until none of them is appli
able.

• Remove an AND-node 
ontaining a formula and its negation.

• Remove an AND-node if one of its original su

essors have beenremoved.

• Remove an OR-node if all its original su

essors have beenremoved.

• Remove an AND-node if it 
ontains a eventuality formula notsatis�able in the 
urrent tableau.Eventuality formulas are of the form:

E(PUQ), EFQ, A(PUQ) and AFQ.
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• An eventuality formula EFQ (E(PUQ)) is satis�able in anAND-node C i� the tableau in
ludes a path from C to anAND-node C′ 
ontaining the formula Q (and all other AND-nodesin the path 
ontain the formula P).

• An eventuality formula AFQ (A(PUQ)) is satis�able in anAND-node C i� there is a �nite a
y
li
 subgraph in the tableausu
h that(i) The root of the subgraph is the node C.(ii) For ea
h interior OR-node in the subgraph exa
tly one of itssu

essor AND-nodes in the 
urrent tableau is in the subgraph.(iii) For ea
h interior AND-node all of its su

essor OR-nodes inthe 
urrent tableau are in the subgraph.(iv) Every leaf node of the subgraph is an AND-node 
ontainingthe formula Q (and all other AND-nodes 
ontain P).
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Example

• The node D0 = {EFP∧¬P} has AND-su

essors C1 =

{EFP∧¬P,EFP,¬P,P} and C2 = {EFP∧¬P,EFP,¬P,EXEFP}.

• The OR-su

essors of C1: D1 = {}.The OR-su

essors of C2: D2 = {EFP}.

• The AND-su

essors of D2: C3 = {EFP,P} and

C4 = {EFP,EXEFP}.The AND-su

essors of D1: C5 = {}.

• The OR-su

essors of C3 and C5: {} = D1.The OR-su

essors of C4: {EFP} = D2.

• Initial tableau T0 is now �nished.

• Pruning: Remove C1 (
ontains a formula and its negations). Finaltableau T1 now ready (an eventuality formula EFP satis�able inAND-nodes C2,C3,C4).
© 2008 TKK, Department of Information and Computer S
ien
e

AB

T-79.5101 / Spring 2008 ML-11 15

The Tableau as a Graph

�
�

�
�D0 : EFP∧¬P

��	 @@R
C1 :

EFP∧¬P

EFP,¬P,P (pruned)

C2 :

EFP∧¬P

EFP,¬P,EXEFP

? ?�
�

�
�D2 : EFP

�
�

�
�D1 : −

?
6 �

�	
@

@R @
@I

@
@@I

C3 :

EFP

P

C4 :

EFP

EXEFP

C5 : −
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2. De
iding Satis�ability and Validityin CTL and LTL

• The �nal tableau T1 for a CTL formula P provides a model for Pin 
ase P is satis�able.

• The validity of a CTL formula P 
an be determined by 
he
kingwhether the formula ∼P is unsatis�able.

• The satis�ability/validity of an LTL formula P 
an be redu
ed tothe satis�ability/validity of a CTL formula.
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iding CTL Satis�ability using TableauxTheorem. Let P be a CTL formula in the positive normal form. Then

P is satis�able i� the �nal tableau T1 for P has an AND-node
ontaining P.A tableau provides a satisfying model for a CTL formula P:

• The states of the model are given by the AND-nodes and thevaluation is given by the atomi
 propositions in the AND-nodes.

• The model must 
ontain at least one AND-node 
ontaining P.

• The su

essors need to be 
hosen su
h that the model is serialand for all AND-nodes the eventuality formulas in the AND-nodesare satis�able.Remark. The tableau method 
an be used for program synthesis (to
onstru
t program 
ontrol skeletons):(i) The spe
i�
ation of the program is provided as a CTL formula.(ii) The method is used to 
onstru
t a model satisfying thespe
i�
ation (providing the 
ontrol skeleton).
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ExampleFor a CTL formula EFP∧¬P we 
an 
onstru
t a model 〈S,R,v〉 fromthe tableaux T1 as follows:

• Let S = {C2,C3,C5}, R = {〈C2,C3〉,〈C3,C5〉,〈C5,C5〉} and

v(P,s) = true if s = C3 and otherwise v(P,s) = false.

• Another possibility:

S = {C2,C3,C4,C5}, R = {〈C2,C4〉,〈C4,C3〉,〈C3,C5〉,〈C5,C5〉}and v(P,s) = true if s = C3 and otherwise v(P,s) = false.Remark. Consider a model

S = {C2,C4}, R = {〈C2,C4〉,〈C4,C4〉} and v(P,C2) = v(P,C4) = false .This is not a satisfying model be
ause the eventuality formula EFP in
C2 and C4 is not satis�able.
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De
iding CTL Validity using Tableaux

• A formula ϕ is valid i� its negation ¬ϕ is not satis�able.
• Satis�ability 
an be determined using the tableau method:(i) transform the formula ¬ϕ to the positive normal form ∼ϕ;(ii) 
onstru
t a tableau for the formula ∼ϕ.
• Hen
e, a CTL formula ϕ is valid i� ∼ϕ is not satis�able i� in the�nal tableau for the formula ∼ϕ there is no AND-node 
ontainingthe formula ∼ϕ.
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ExampleIs a CTL formula

ϕ = EX(P∨Q) → (EXP∨EXQ)valid?Transform ¬ϕ to the positive normal form ∼ϕ:

¬(EX(P∨Q) → (EXP∨EXQ)

7→ EX(P∨Q)∧¬(EXP∨EXQ)

7→ EX(P∨Q)∧ (¬EXP∧¬EXQ)

7→ EX(P∨Q)∧AX¬P∧AX¬QHen
e, ∼ϕ = EX(P∨Q)∧AX¬P∧AX¬Q.
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Example: AND- and OR-Su

essors

• The AND-su

essors of the node D0 = {∼ϕ}:

C1 = {∼ϕ,EX(P∨Q),AX¬P∧AX¬Q,AX¬P,AX¬Q}.

• The OR-su

essor of C1:

D1 = {P∨Q,¬P,¬Q}.

• The AND-su

essors of D1:

C2 = D1 ∪{P} and C3 = D1 ∪{Q}.

• The OR-su

essors of C2: D3 = {}.The OR-su

essors of C3: {} = D3.The AND-su

essors of D3: C4 = {}.The OR-su

essors of C4: {} = D3.

=⇒ The initial tableau T0 is ready.
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Example: The Initial Tableau

�
�

�

D0 :∼ϕ

?
C1 :∼ϕ,EX(P∨Q),AX¬P∧AX¬Q,

AX¬P,AX¬Q

?�
�

�

D1 : P∨Q,¬P,¬Q

�
�	

@
@R

C2 : P∨Q,¬P,¬Q,P C3 : P∨Q,¬P,¬Q,Q
? ?

?6

�
�

�

D2 : −

C4 : −
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Example: Pruning of the Initial Tableau

1. Nodes C2 and C3 
an be removed be
ause they 
ontain a formulaand its negation.2. OR-node D1 
an be removed (all su

essors removed).3. AND-node C1 
an be removed (a su

essor removed).4. OR-node D0 
an be removed (all su

essors removed).

=⇒ Final tableau T1 is ready.
T1 does not 
ontain an AND-node whi
h in
ludes ∼ϕ.Hen
e, ∼ϕ is not satis�able and ϕ is valid.
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De
iding LTL Satis�ability using Tableaux

• CTL tableaux 
an be used for de
iding LTL satis�ability.Theorem. Let P be an LTL formula in the positive normal form andlet the CTL formula P′ be obtained from P by repla
ing operators

F,G,X,U,B systemati
ally by AF,AG,AX,AU,AB, respe
tively.Then P is satis�able in LTL i� P′ is satis�able in CTL.

Example. An LTL formula G(¬PUQ) is satis�able i� AGA(¬PUQ) issatis�able (in CTL).
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Computational Complexity

• CTLModel 
he
king: P-
omplete, O(|M| · |P|)Satis�ability: EXPTIME-
omplete

• LTLModel 
he
king: PSPACE-
omplete, O(|M| · exp(|P|))Satis�ability: PSPACE-
omplete

• CTL∗Model 
he
king: PSPACE-
omplete, O(|M| · exp(|P|))Satis�ability: 2EXPTIME-
omplete


© 2008 TKK, Department of Information and Computer S
ien
e

AB

T-79.5101 / Spring 2008 ML-11 26Restri
ted Sub
lasses

• Satis�ability 
an be de
ided in polynomial time, for instan
e, insub
lasses whi
h are interesting for program synthesis.

• For example SCTL (Simpli�ed CTL):

P1 ∨·· ·∨Pn, AG(P1 ∨·· ·∨Pn)

AG(P0 → AF(P1 ∨·· ·∨Pn)),

AG(P0 → A(P1 ∨·· ·∨PnUQ1 ∨·· ·∨Qm))

AG(P0 → AX(P1 ∨·· ·∨Pn)∧EX(Q1 ∨·· ·∨Qm)∧·· ·∧EX(R1 ∨·· ·∨Rl))where Pi,Qi,Ri atomi
 propositions su
h that the ESC-assumptionholds (eventualities are �history-free�).

• For example, RLTL (Restri
ted LTL)

G(P1 ∨·· ·∨Pn)

G(P0 → F(P1 ∨·· ·∨Pn))

G(P0 → X(P1 ∨·· ·∨Pn))where ea
h Pi is an atomi
 proposition.
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Summary

• Methods for de
iding satis�ability (and validity) in temporal logi
sare typi
ally based on tableau te
hniques and automata theory.
• The tableau method for CTL 
an be seen as a systemati
pro
edure to build a model for a formula (in positive normal form).
• In the tableau method �rst an initial tableau is built whi
h is thenredu
ed using pruning rules. If the redu
ed tableau satis�es agiven 
ondition, a model of the original formula 
an be obtainedfrom the redu
ed tableau.
• The method 
an be used for synthesizing (
ontrol skeletons of)programs.

• Satis�ability of a LTL formula 
an be redu
ed to satis�ability of aCTL formula and, hen
e, the CTL tableau method 
an be used forde
iding satis�ability (and validity) in LTL.
© 2008 TKK, Department of Information and Computer S
ien
e


