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TABLEAU METHOD FOR MODAL LOGICS1. Tableau method for modal logi
 K2. Soundness3. Completeness4. Other modal logi
s5. Logi
al 
onsequen
e

M. Fitting: Basi
 Modal Logi
, 1.9 (pp. 396 � 403).
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• Motivation: Hilbert-style proofs are very hard to dis
over.Applying the Modus Ponens rule: in order to derive Q, one needsto derive P and P → Q �rst. But what is an appropriate P?Example. Does {A → B, A →C} |= A → (B∧C) hold?

1. A → B

2. A →C

. . .

n. (A → B) → ((A →C) → (A → (B∧C)))

• Subformula prin
iple: To derive a formula Q it is su�
ient to
onsider only the subformulas of Q (or their negations)
• Proof systems obeying this prin
iple are more suitable forautomation:

=⇒ Resolution, sequent 
al
uli, tableau methods.
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• The idea is to name possible worlds using pre�xes in su
h a waythat it is possible to determine the a

essibility relation betweenworlds by their pre�xes.

• A pre�x is a non-empty �nite sequen
e of natural numbers. Forexample, 〈1〉 and 〈11,1,1,1,111,2〉 are pre�xes.
• A pre�xed formula is an expression of the form σP where σ is apre�x and P is a formula.(The idea: the formula P is true in the world named by σ.)Examples of pre�xed formulas: 〈1〉(P∨¬P), 〈11,1,1,111,2〉223P

• Notation: σn is a pre�x whi
h is obtained from the pre�x σ byappending to σ the number n. For example, if σ = 〈1〉, then

σ11 = 〈1,11〉.
• A pre�x of the form σn is K-a

essible from the pre�x σ.For example, 〈1,11,11〉 K-a

essible from 〈1,11〉.
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Tableau RulesThe tableau method for modal logi
s 
onsists of the tableau rules forthe 
lassi
al propositional logi
 and modal rules.

• Tableau rules for 
lassi
al propositional logi
 and pre�xed formulas(see the α and β rules in the 
ourse refresher):

σ¬¬P

σP

σα

σα1

σα2

σβ

σβ1 | σβ2

Remark. The pre�x σ does not 
hange.
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ExampleApplying the tableau rules for propositional logi
 for the pre�xedformula 〈3,2,1〉¬((¬P → Q) → P):

1. 〈3,2,1〉¬((¬P → Q) → P)

2. 〈3,2,1〉(¬P → Q) (1)

3. 〈3,2,1〉¬P (1)

4. 〈3,2,1〉¬¬P (2)

6. 〈3,2,1〉P (4)

5. 〈3,2,1〉Q (2)
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O

urren
es of Pre�xesDe�nition. A pre�x on a bran
h of a tableau is(i) available if it appears on the bran
h and(ii) unrestri
ted if it is not an initial segment (proper or improper) ofany pre�x o

urring on the bran
h.Example. The pre�x 〈1,1〉 is an initial segment of 〈1,1,12,3〉 and
〈1,1〉.
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Modal RulesFor modal logi
 K the following modal rules are used:
2 Rule: σ2P

σnPfor any available pre�x σn.
¬2 Rule: σ¬2P

σn¬Pfor an unrestri
ted pre�x σn.
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Example
1. 〈1〉¬(2P → 22P)

2. 〈1〉2P (1)

3. 〈1〉¬22P (1)

4. 〈1,1〉¬2P (3)

5. 〈1,1〉P (2)

6. 〈1,1,1〉¬P (4)

7. 〈1,2〉¬2P (3)

8. 〈1,2,3〉¬P (7)

9. 〈1,2〉P (2)...
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Tableau ProofsDe�nition.

• A bran
h of a tableau is 
losed if it 
ontains1. pre�xed formulas σP and σ¬Pfor some formula P and pre�x σ; or2. a pre�xed formula σ⊥ or a pre�xed formula σ¬⊤ for somepre�x σ.

• A tableau is 
losed if every bran
h in it is 
losed.

• A proof of a formula P is a tableau that has been 
onstru
ted withthe pre�xed formula 〈1〉¬P as the root and that is 
losed.
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ExampleA tableau proof for the formula 2(P∧Q) → (2P∧2Q):

1. 〈1〉¬(2(P∧Q) → (2P∧2Q))

2. 〈1〉2(P∧Q) (1)

3. 〈1〉¬(2P∧2Q) (1)

4. 〈1〉¬2P (3)

6. 〈1,2〉¬P (4)

7. 〈1,2〉P∧Q (2)

8. 〈1,2〉P (7)

9. 〈1,2〉Q (7)

×

5. 〈1〉¬2Q (3)

10. 〈1,3〉¬Q (5)

11. 〈1,3〉P∧Q (2)

12. 〈1,3〉P (11)

13. 〈1,3〉Q (11)

×
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ExampleA tableau proof for the formula ⊤↔ 2⊤:
1. 〈1〉¬(⊤↔ 2⊤)

2. 〈1〉¬⊤ (1)

3. 〈1〉2⊤ (1)

×

4. 〈1〉⊤ (1)

5. 〈1〉¬2⊤ (1)

6. 〈1,2〉¬⊤ (5)

×
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K-valid.Proof. (using the following steps)

• We de�ne the 
on
ept of K-satis�ability for a tableau: a tableau is

K-satis�able if it has a bran
h that 
orresponds to a model in aparti
ular way (to be de�ned below).

• Then we show that(i) a K-satis�able tableau 
annot be 
losed.(ii) If a formula P is not K-valid, then the tableau 
onsisting onlyof a root node 〈1〉¬P is K-satis�able.(iii) Every tableau rule preserve K-satis�ability: is a tableau is

K-satis�able before applying a rule, then it is K-satis�ableafter applying the rule.Hen
e, if P is not K-valid, the tableau for P remains open.
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K-Satis�ability of a TableauDe�nition.

• A tableau is K-satis�able if one of its bran
hes is K-satis�able.

• A bran
h of a tableau is K-satis�able if the set of pre�xedformulas o

urring on the bran
h is K-satis�able.

• A set of pre�xed formulas Σ is K-satis�able if there is a model

M = 〈S,R,v〉 and a mapping N from the pre�xes appearing in Σto the set S su
h that1. If pre�xes σ and τ o

ur in the set Σ and τ is K-a

essible from

σ, then N (σ)RN (τ).2. If σP ∈ Σ, then M ,N (σ) ||− P.
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A More Detailed ProofBased on the de�nition above we 
an show the following:(i) A K-satis�able tableau 
annot be 
losed.Assume that a K-satis�able tableau is 
losed. By K-satis�abilitythe tableau has a K-satis�able bran
h. Also this bran
h is 
losed,i.e., 
ontains pre�xed formulas σQ and σ¬Q (or σ⊥ or σ¬⊤). Butthis leads to a 
ontradi
tion be
ause for the bran
h there is amodel M and a mapping N su
h that M ,N (σ) ||− Q and
M ,N (σ) ||− ¬Q (or M ,N (σ) ||− ⊥ or M ,N (σ) ||− ¬⊤) whi
his impossible. Hen
e (i) holds.
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A More Detailed Proof�
ont'd(ii) If a formula P is not K-valid, then the tableau 
ontaining only theroot node 〈1〉¬P is K-satis�able.This holds be
ause if the formula P is not K-valid, it has a
ounter-model M = 〈S,R,v〉 su
h that for some world s ∈ S,
M ,s ||− ¬P. Hen
e, the tableau 
ontaining only the root node andthe bran
h {〈1〉¬P} is K-satis�able using the mapping N (〈1〉) = s.(iii) Let a tableau Γ be K-satis�able. Then it has a bran
h whose setof pre�xed formulas Σ is K-satis�able for some model

M = 〈S,R,v〉 and mapping N .We show that if a tableau rule is applied to Γ, then the resultingtableau Γ′ also K-satis�able.
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Tableau Rules Preserve K-Satis�abilityConsider a tableau rule that is applied to a K-satis�able bran
h (andlet Σ be the set of pre�xed formulas on the bran
h):

• σβ

σβ1 | σβ2Then the tableau Γ′ has two bran
hes with the sets of pre�xedformulas Σ1 = Σ∪{σβ1} and Σ2 = Σ∪{σβ2}.Sin
e σβ ∈ Σ, M ,N (σ) ||− β,and, thus, M ,N (σ) ||− β1 or M ,N (σ) ||− β2.

=⇒ Γ′ is K-satis�able.
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• σα

σα1

σα2
an be shown in a similar way as the resulting tableau 
ontains theset of pre�xed formulas Σ1 = Σ∪{σα1,σα2}.

• σ2P

σnP

for some available pre�x σn.

Then the resulting tableau Γ′ has a bran
h whose set of pre�xedformulas is Σ1 = Σ∪{σnP}.As σ2P ∈ Σ, then M ,N (σ) ||− 2P, and, hen
e, for all t su
h that

N (σ)Rt M , t ||− P holds.Sin
e σn o

urs on the bran
h and is K-a

essible from σ, then

N (σ)RN (σn) holds. Hen
e, M ,N (σn) ||− P holds.

=⇒ Γ′ on K-satis�able.
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• σ¬2P

σn¬P

for some unrestri
ted pre�x σn.

Then the resulting tableau Γ′ has a bran
h whose set of pre�xedformulas Σ1 = Σ∪{σn¬P}.Sin
e σ¬2P ∈ Σ, M ,N (σ) ||− ¬2P, and, thus, there is a world tsu
h that N (σ)Rt and M , t ||− ¬P.Be
ause σn is not an initial segment of any pre�x in Σ, themapping N 
an be extended: N (σn) = t. Then M ,N (σn) ||− ¬Pholds.

=⇒ Γ′ on K-satis�able.
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3. Completeness

• How to guarantee that every valid formula has a tableau proofwhen the bran
hes of a tableau 
an be in�nite?
• When have the rules been applied fairly/enough times?
• For 
onstru
ting tableaux a systemati
 method is needed where allthe rules have been applied su�
iently, i.e., for every open bran
h

θ it holds that(i) If σ¬¬P ∈ θ, then σP ∈ θ.(ii) If σβ ∈ θ, then σβ1 ∈ θ or σβ2 ∈ θ.(iii) If σα ∈ θ, then σα1 ∈ θ and σα2 ∈ θ.(iv) If σ¬2Q ∈ θ, then σn¬Q ∈ θ, for some n.(v) If σ2Q ∈ θ, σnQ ∈ θ for all σn available on θ.
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Observations

• The systemati
 method guarantees 
ompleteness but 
an allowin�nite tableau if the formula 
onsidered is not valid.

• A de
ision method guarantees that the 
onstru
tion of thetableau terminates after a �nite number of step regardless whetherthe 
onsidered formula is valid or not.

• We will 
onsidered the question about de
ision methods later.
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Systemati
 K-Tableau for a Formula P:1. Take as the root of the tableau 〈1〉¬P.2. Until the tableau is 
losed or all formulas have been marked used do:2.1 Choose the top unused node σQ in the tableau.2.2 If Q is not a literal, then for every open bran
h θ 
ontaining σQ do:

• If σQ is of the form σ¬¬Q′, extend θ by the node σQ′.

• If σQ is of the form σα, extend θ by nodes σα1 and σα2.

• If σQ is of the form σβ, extend θ to two bran
hes one 
ontaining

σβ1 and the other σβ2.

• If σQ is of the form σ¬2P, extend θ by σn¬P for some pre�x σnunrestri
ted in θ.

• If σQ is of the form σ2P, extend θ for all pre�xes σn available on

θ with σnP and then with the node σ2P .2.3 Mark σQ used.
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 K-tableau for P will be 
losed.Proof. We show that if the systemati
 K-tableau for P has an openbran
h, then P is not K-valid. Let θ be su
h a bran
h and

M = 〈S,R,v〉 a 
ounter-model based on it:1. S is the set of pre�xes o

urring in θ.2. σRτ i� τ is K-a

essible from σ3. v(σ,Q) = true i� σQ o

urs on the bran
h θ for every atomi
proposition Q.To prove the theorem it is enough to show the following lemma:if σQ ∈ θ, then M ,σ ||− Q.This implies the theorem be
ause 〈1〉¬P o

urs on every bran
h and,thus, M ,〈1〉 ||− ¬P. This implies that P is not K-valid.
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Indu
tion Proof of the LemmaWe show for all pre�xed formulas σQ thatif σQ ∈ θ, then M ,σ ||− Q.Proof. This is done by indu
tion on the length of the formula Q.
• (Q is an atomi
 proposition) If σQ ∈ θ, then v(σ,Q) = true and

M ,σ ||− Q.

• (Q is the negation of an atomi
 proposition) If σ¬Q′ ∈ θ and Q′ isan atomi
 proposition, then σQ′ 6∈ θ and, hen
e, M ,σ ||6 − Q′ and

M ,σ ||− ¬Q′.Indu
tion hypothesis [IH℄:If Q shorter that j and σQ ∈ θ, then M ,σ ||− Q.Let the length of Q be j. Then Q is one of the following forms
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• (¬¬Q) If σ¬¬Q ∈ θ, then σQ ∈ θ.By [IH℄ M ,σ ||− Q. Hen
e, M ,σ ||− ¬¬Q.

• (β-formula) If σβ ∈ θ, then σβ1 ∈ θ or σβ2 ∈ θ.By [IH℄ M ,σ ||− β1 or M ,σ ||− β2. Thus, M ,σ ||− β.

• (α-formula) If σα ∈ θ, then σα1 ∈ θ and σα2 ∈ θ.By [IH℄ M ,σ ||− α1 and M ,σ ||− α2. Hen
e, M ,σ ||− α.

• (¬2Q) If σ¬2Q ∈ θ, σn¬Q ∈ θ for some n.By [IH℄ M ,σn ||− ¬Q. So M ,σ ||6 − 2Q as σRσn.

• (2Q) If σ2Q ∈ θ, σnQ ∈ θ for all σn available on θ. By [IH℄

M ,σn ||− Q. Hen
e, M ,σ ||− 2Q.So for every open bran
h θ, pre�x σ and a formula Q:if σQ ∈ θ, then M ,σ ||− Q.
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Example. We study whether 2P → 22P is K-validby 
onstru
ting a systemati
 K-tableau:

1. 〈1〉¬(2P → 22P)

2. 〈1〉2P (1)

3. 〈1〉¬22P (1)

4. 〈1〉2P (2)

5. 〈1,2〉¬2P (3)

6. 〈1,2〉P (4)

7. 〈1〉2P (4)

8. 〈1,2,3〉¬P (5)

9. 〈1,2〉P (7)

10. 〈1〉2P (7)

. . .

As the tableau 
annot be 
losed, we
an 
onstru
t from the open bran
ha 
ounter-model

M = 〈S,R,v〉 where

S = {〈1〉,〈1,2〉,〈1,2,3〉}

R = {(〈1〉,〈1,2〉),(〈1,2〉,〈1,2,3〉)}and v(σ,P) = true i� σ = 〈1,2〉.Now M ,〈1〉 ||6 − 2P → 22P .
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4. Other Modal Logi
s

• We extend the tableau method for K to handle also other modallogi
s.De�nition. A pre�x τ is a simple extension of a pre�x σ,if τ is of the form σn for some natural number n.

• The tableau method of a modal logi
 L:

¬2 rule:

σ¬2P

τ¬P

σ3P

τPwhere τ is a simple extension of the pre�x σ unrestri
ted on thebran
h.
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Tableau Method of a Modal Logi
 L�
ont'd
• 2 rule:

σ2P

τP

σ¬3P

τ¬Pwhere τ L-a

essible from the pre�x σ and1. for logi
s K,KB,K4 (Obs. non-serial)

τ is available on the bran
h;2. for logi
s D,T,DB,B,D4,S4,S5 (Obs. serial)(a) τ is available on the bran
h or(b) τ is a simple extension of σ unrestri
ted on the bran
h.
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A

essibility between Pre�xesFor de�ning L-a

essibility between pre�xes we need a 
ouple ofadditional 
on
epts.De�nition. An a

essibility relation between pre�xes is1. general if σn is a

essible from σ for all n;2. reverse if σ is a

essible from σn for all n;3. re�exive if σ is a

essible from itself.4. transitive if τ is a

essible from σ whenever σ is a proper initialsegment of τ.5. universal if a pre�x is a

essible from any pre�x.
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L-A

essibility of Pre�xes�
ont'd

L-A

essibility for some logi
s L:Logi
 L L-a

essibility

K,D general

T general, re�exive

KB,DB general, reverse

B general, re�exive, reverse

K4,D4 general, transitive

S4 general, re�exive, transitive

S5 universal
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Example: D-validityWe sear
h for a D-tableau proof for the formula 2P →¬2¬P:

1. 〈1〉¬(2P →¬2¬P)

2. 〈1〉2P (1)

3. 〈1〉¬¬2¬P (1)

4. 〈1〉2¬P (3)

5. 〈1,2〉¬P (4) Observe: 2. (b)

6. 〈1,2〉P (2)

×(D-a

essibility: general)
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Example: T-validityWe 
onstru
t a T-tableau proof for the formula2P → P:
1. 〈1〉¬(2P → P)

2. 〈1〉2P (1)

3. 〈1〉¬P (1)

4. 〈1〉P (2) Obs. re�exivity
×(T-a

essibility: general and re�exive)
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Example: K4-validityWe sear
h for a K4 tableau proof for the formula 2P → 22P:

1. 〈1〉¬(2P → 22P)

2. 〈1〉2P (1)

3. 〈1〉¬22P (1)

4. 〈1,2〉¬2P (3)

5. 〈1,2,3〉¬P (4)

6. 〈1,2,3〉P (2)Obs. transitivity

×(K4-a

essibility: general and transitive)
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Example: KB-validityWe sear
h for a KB-tableau proof for P → 23P:

1. 〈1〉¬(P → 23P)

2. 〈1〉P (1)

3. 〈1〉¬23P (1)

4. 〈1,2〉¬3P (3)

5. 〈1〉¬P (4) Obs. reverse

×(KB-a

essibility: general and reverse)


© 2008 TKK, Department of Information and Computer S
ien
e

AB

T-79.5101 / Spring 2008 ML-6 34

A Systemati
 L-Tableau for a Formula P:Change the systemati
 K-tableau point 2.2: If Q is not a literal, thenfor every open bran
h θ 
ontaining σQ:

• If σQ is of the form σ¬2P (σ3P), extend θ by σn¬P (σnP) forsome pre�x σn unrestri
ted in θ.

• If σQ is of the form σ2P (σ¬3P),(a) if L is one of K,KB,K4,T,B,S4,S5:for every pre�x σ′ available on θ that is L-a

essible from σ,extend θ by σ′P (σ′¬P) and �nally by σ2P (σ¬3P);(b) if L is one of D,DB,D4:for every pre�x σ′ available on θ that is L-a

essible from σ,extend θ by σ′P (σ′¬P). If no su
h pre�x σ′ exists, extend θ by
σnP (σn¬P) for some σn unrestri
ted in θ. In both 
ases add tothe end of the bran
h θ σ2P (σ¬3P).
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S5-tableaux

• In modal logi
 S5 a

essibility relation for models is anequivalen
e relation and it is enough to 
onsider only universalframes (see, ML-4).

• As pre�xes it is su�
ient use natural numbers.
¬2 rule: n¬2P

k¬P

n3P

kPwhere k does not o

ur on the bran
h.
2 rule: n2P

kP

n¬3P

k¬Pfor any k.
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Example: S5-validityWe sear
h of a S5-tableau proof for a ¬2P → 2¬2P:

1. 1¬(¬2P → 2¬2P)

2. 1¬2P (1)

3. 1¬2¬2P (1)

4. 2¬P (2)

5. 3¬¬2P (3)

6. 32P (5)

7. 2P (6)

×
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Systemati
 S5-tableau for a Formula P:1. Take as the root of the tableau 1¬P.2. Until the tableau is 
losed or all nodes have been marked used do:2.1 Choose the topmost unused node nQ.2.2 If Q is not a literal, then for every open bran
h θ in
luding nQ:

• If σQ is of the form σ¬¬Q′, extend θ by the node σQ′.

• If nQ is of the form nα, extend θ by nα1 and nα2.

• If nQ is of the form nβ, extend θ to two bran
hes one 
ontaining

nβ1 and the other nβ2.

• If nQ is of the form n¬2P, extend θ by k¬P for some kunrestri
ted in θ and after this by kX for every j2X on the bran
h.

• If nQ is of the form n2P extend θ by adding for all k available on

θ kP.2.3 Mark nQ used.
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KD45-Tableaux

• In modal logi
 KD45 it is su�
ient to 
onsider models of the form(see. ML-4):

M = 〈{s0}∪S,{〈s, t〉 | s ∈ {s0}∪S, t ∈ S},v〉.

• It is enough to use natural numbers as pre�xes.

¬2 rule: n¬2P

k¬P

n3P

kPwhere k does not o

ur on the bran
h.

2 rule: n2P

kP

n¬3P

k¬Pfor any k 6= 1.
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Example: KD45-ValidityCompare the two KD45-tableaux:

(2P → P): 1. 1¬(2P → P)

2. 12P (1)

3. 1¬P (1)

2(2P → P): 1. 1¬2(2P → P)

2. 2¬(2P → P) (1)

3. 22P (2)

4. 2¬P (2)

5. 2P (3)

×
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5. Logi
al Consequen
e

• The task is to determine whether Σ |=L ϒ =⇒ P holds.

• In the tableau method we start in the usual way and take 〈1〉¬Pas the root node and then use the standard rules for the modallogi
 L and two new rules for the premises:Global rule: A pre�xed formula σQ 
an be added to any bran
h forany pre�x σ available on the bran
h and for any global premise

Q ∈ Σ.Lo
al rule: A pre�xed formula 〈1〉Q 
an be added to any bran
h forany lo
al premise Q ∈ ϒ.
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Example: K-Logi
al Consequen
e RelationWe show {P} |=K {2P → Q} =⇒ Q:

1. 〈1〉¬Q

2. 〈1〉2P → Q (LP)

3. 〈1〉¬2P (2)

5. 〈1,2〉¬P (2)

6. 〈1,2〉P (GP)

×

4. 〈1〉Q (2)

×
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