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PROOF THEORY FOR MODAL LOGICS1. Hilbert-style proof theory2. Soundness3. Completeness4. Generalization to lo
al premises5. Examples (T, S5 and KD45)

M. Fitting: Basi
 Modal Logi
, 1.7 (pp. 387 � 391).
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Proof SystemsA proof system is a (synta
ti
) 
al
ulus to demonstrate that a givenformula is valid/a logi
al 
onsequen
e from a set of formulas.A proof system gives a basis for developing automated reasoningte
hniques.Possible proof systems:

• Axiomati
 (Hilbert-style) proof theory

• Natural dedu
tion

• Tableau methods

• Sequent 
al
ulus

• Resolution

© 2008 TKK, Department of Information and Computer S
ien
e

AB

T-79.5101 / Spring 2008 ML-5 3

1. Hilbert-style Proof Theory

For modal logi
 K:Classi
al axioms: All (
lassi
al) tautologies.Modal axioms: All formulas of the form
2(P → Q) → (2P → 2Q)Modus Ponens Rule: P,P → Q

QNe
essitation Rule (N-rule): P
2P
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Derivation and Proof(We �rst 
onsider the 
ase without any lo
al premises).De�nition. A K-derivation of a formula P from a set of formulas Σ isa �nite sequen
e of formulas φ1, . . . ,φn su
h that φn = P and for all

i = 1, . . . ,n1. φi ∈ Σ or2. φi is some axiom of K or3. φi is obtained by one of the rules Modus Ponens or Ne
essitationfrom earlier formulas in the sequen
e.Notation: Σ ⊢K /0 =⇒ P (or Σ ⊢K P)A K-proof of a formula P is a K-derivation of P from the empty set offormulas.Notation: /0 ⊢K /0 =⇒ P (or ⊢K P)
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ExampleA K-proof for ⊤↔ 2⊤:

1. ⊤ (Taut)
2. 2⊤→ (⊤→ 2⊤) (Taut)
3. 2⊤ (N,1)

4. ⊤→ 2⊤ (MP,2,3)

5. ⊤→ (2⊤→⊤) (Taut)
6. 2⊤→⊤ (MP,1,5)

7. (2⊤→⊤) → ((⊤→ 2⊤) → (⊤↔ 2⊤)) (Taut)
8. (⊤→ 2⊤) → (⊤↔ 2⊤) (MP,6,7)

9. ⊤↔ 2⊤ (MP,4,8)
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Derived Rules (I)
Regularity Rule for 2 (R-rule): P → Q

2P → 2Q

1. P → Q

2. 2(P → Q) (N,1)

3. 2(P → Q) → (2P → 2Q) (K)

4. 2P → 2Q (MP,2,3)Generalized R-rule: P1 ∧·· ·∧Pn → Q
2P1 ∧·· ·∧2Pn → 2Q
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Derived Rules (II)

Regularity Rule for 3 (R3-rule): P → Q
3P → 3Q

1. P → Q

2. (P → Q) → (¬Q →¬P) (Taut)
3. ¬Q →¬P (MP,1,2)

4. 2¬Q → 2¬P (R,3)

5. (2¬Q → 2¬P) → (¬2¬P →¬2¬Q) (Taut)
6. ¬2¬P →¬2¬Q (MP,4,5)
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2. SoundnessThe soundness of a proof system for a logi
:If a formula is derivable in the proof system, it is also a logi
al
onsequen
e in the logi
.Theorem. If a formula P has a K-derivation from a set of formulas Σ(Σ ⊢K /0 =⇒ P), then Σ |=K /0 =⇒ P(or in short: if Σ ⊢K P, then Σ |=K P).Proof.Let φ1, . . . ,φn(= P) be a K-derivation for a formula P.We show by indu
tion that for all i = 1, . . . ,n, Σ |=K φi holds (i.e., φi isvalid in every model where Σ is valid).So we prove by indu
tion that for i = 1, . . . ,n, C |= φi holds where

C = {M | M |= Σ}.
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Indu
tion Proof

• (i = 1): If φ1 ∈ Σ, 
learly C |= φ1 holds (by the de�nition of the
olle
tion of models C). If φ1 is a 
lassi
al tautology or of theform 2(P → Q) → (2P → 2Q), then C |= φ1 holds for every
olle
tion of models C by the basi
 theorem of the possible worldsemanti
 [ML-02℄.

• (i > 1): As above, if φi ∈ Σ, is a 
lassi
al tautology or of the form

2(P → Q) → (2P → 2Q), then C |= φi holds.If φi is derived from earlier formulas in the proof by MP- orN-rules, by the indu
tive hypothesis the earlier formulas are

C-valid. As the set of C-valid formulas is 
losed under MP- andN-rules [basi
 theorem of the possible world semanti
℄, C |= φiholds.Hen
e, for all i = 1, . . . ,n, φi is C-valid and thus Σ |=K φi holds.Hen
e, Σ |=K P(= φn) holds.
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3. Completeness

Completeness of a proof systems for a logi
:If a formula is a logi
al 
onsequen
e in the logi
, then there isa derivation of it in the proof system.Theorem. If Σ |=K P, then Σ ⊢K P.The outline of the proof: Let Σ 6 ⊢K P hold.We show that then also Σ 6|=K P holds.This is done by 
onstru
ting a 
anoni
al model M where all formulasin Σ are valid and for every Q su
h that Σ 6 ⊢K Q holds there is a world
s in M where M ,s ||6 − Q holds.The worlds of the model are maximally 
onsistent sets of formulas thatare 
onstru
ted using Lindenbaum's lemma from the set of premises Σ.
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(In)
onsistent Sets of FormulasDe�nition. A �nite set of formulas A = {A1, . . . ,An} is said
Σ-in
onsistent if Σ ⊢K ¬(⊤∧A1 ∧·· ·∧An) holds.Remark. The empty set is Σ-in
onsistent if Σ ⊢K ¬⊤ holds.

De�nition. A set of formulas A is said Σ-
onsistent if none of its �nitesubsets is Σ-in
onsistent.As we assumed that the formula P has not K-derivation from Σ, theset {¬P} is Σ-
onsistent.This holds be
ause the only other subset of {¬P}, the empty set /0, isalso Σ-
onsistent whi
h 
an be shown as follows: Assume that /0
Σ-in
onsistent, i.e., Σ ⊢K ¬⊤ holds. Then Σ ⊢K P holds as well be
ause

¬⊤→ P is a tautology, a 
ontradi
tion.
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Important LemmasLemma 1. If the set S is Σ-
onsistent, then ea
h of its subsets S′ ⊆ Sis Σ-
onsistent.Proof. Assume that S has a subset S′ whi
h is not Σ-
onsistent. Thenthere is a Σ-in
onsistent subset A ⊆ S′ but A ⊆ S and, thus, S is not

Σ-
onsistent, a 
ontradi
tion.

Lemma 2. If a set of formulas A is Σ-
onsistent and ¬2Z ∈A, thenA# ∪{¬Z} is also Σ-
onsistent where A# = {Q | 2Q ∈ A}.Proof. Assume that A# ∪{¬Z} is Σ-in
onsistent.Then there is a set {A1, . . . ,An} ⊆ A# su
h that

Σ ⊢K ¬(⊤∧A1 ∧·· ·∧An ∧¬Z) holds.(as ¬(⊤∧A1 ∧·· ·∧An) →¬(⊤∧A1 ∧·· ·∧An ∧¬Z) is a tautology).
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Proof 
ont'd:

1. ¬(⊤∧A1 ∧·· ·∧An ∧¬Z)

2. ¬⊤∨¬A1 ∨·· ·∨¬An ∨Z (Prop,1)

3. (⊤∧A1 ∧·· ·∧An) → Z (Prop,2)

4. (2⊤∧2A1 ∧·· ·∧2An) → 2Z (GR,3)

5. 2⊤→ ((2A1 ∧·· ·∧2An) → 2Z) (Prop,4)

6. ⊤→ 2⊤ (See. p. 5)
7. ⊤→ ((2A1 ∧·· ·∧2An) → 2Z) (Prop,5,6)

8. (⊤∧2A1 ∧·· ·∧2An) → 2Z (Prop,7)

9. ¬(⊤∧2A1 ∧·· ·∧2An ∧¬2Z) (Prop,8)

=⇒ A is Σ-in
onsistent (a 
ontradi
tion). Hen
e, A# ∪{¬Z}

Σ-
onsistent.
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Lindenbaum's LemmaDe�nition. Γ is maximally Σ-
onsistent if Γ is Σ-
onsistent and allsupersets Γ′ ⊃ Γ are Σ-in
onsistent.Lemma 3. (Lindenbaum) Every Σ-
onsistent set of formulas 
an beextended to a maximally Σ-
onsistent one.Proof. Let A be Σ-
onsistent. Enumerate all modal formulas in asequen
e Q0,Q1, . . . and de�ne set ∆0,∆1, . . . and ∆ as follows:
∆0 = A.

∆i =







∆i−1 ∪{Qi−1} if ∆i−1 ∪{Qi−1} Σ-
onsistent
∆i−1 ∪{¬Qi−1} otherwise

∆ =
[

i≥0

∆i
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We establish properties (i-iv) whi
h imply the lemma.(i) A⊆ ∆(ii) for all i = 0,1, . . ., the set ∆i is Σ-
onsistent.
∆0 is Σ-
onsistent.Let ∆i−1 be Σ-
onsistent.Assume that ∆i is Σ-in
onsistent. Then ∆i = ∆i−1 ∪{¬Qi−1} and

∆i−1 ∪{Qi−1} are Σ-in
onsistent.

Hen
e, there is a set {A+
1 , . . . ,A+

n+} ⊆ ∆i−1 su
h that

Σ ⊢K ¬(⊤∧A+
1 ∧·· ·∧A+

n+ ∧Qi−1)and a set {A−
1 , . . . ,A−

n−} ⊆ ∆i−1 su
h that
Σ ⊢K ¬(⊤∧A−

1 ∧·· ·∧A−
n− ∧¬Qi−1).
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We 
an 
ontinue the derivations of the two formulas above:

1. ¬(⊤∧A+
1 ∧·· ·∧A+

n+ ∧Qi−1)

2. ¬(⊤∧A−
1 ∧·· ·∧A−

n− ∧¬Qi−1)

3. Qi−1 →¬(⊤∧A+
1 ∧·· ·∧A+

n+) (Prop,1)

4. ¬Qi−1 →¬(⊤∧A−
1 ∧·· ·∧A−

n−) (Prop,2)

5. ¬(⊤∧A+
1 ∧·· ·∧A+

n+)∨

¬(⊤∧A−
1 ∧·· ·∧A−

n−) (Prop,3,4)

6. ¬(⊤∧A+
1 ∧·· ·∧A+

n+ ∧A−
1 ∧·· ·∧A−

n−) (Prop,5)

=⇒ ∆i−1 is Σ-in
onsistent, a 
ontradi
tion.
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(iii) ∆ is Σ-
onsistent.Assume that ∆ is Σ-in
onsistent.Hen
e, there is a set {A1, . . . ,An} ⊆ ∆ su
h that

Σ ⊢K ¬(⊤∧A1 ∧·· ·∧An).So there is i ≥ 0 su
h that {A1, . . . ,An} ⊆ ∆i.

=⇒ ∆i is Σ-in
onsistent, a 
ontradi
tion.(iv) ∆ is maximally Σ-
onsistent.Assume that ∆∪{Z} Σ-
onsistent for some Z 6∈ ∆.As Z = Qi for some i, ∆∪{Qi} is Σ-
onsistent.Be
ause ∆i ∪{Qi} ⊆ ∆∪{Qi} also ∆i ∪{Qi} is Σ-
onsistent[Lemma 1℄.Thus, Z ∈ ∆i+1 ⊆ ∆, a 
ontradi
tion.(i-iv) =⇒ ∆ is maximally Σ-
onsistent extension of the set A.
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Important Lemmas�
ont'dLemma 4. For all maximally Σ-
onsistent sets Γ,(i) Σ ⊆ Γ and (ii) either Z ∈ Γ or ¬Z ∈ Γ for all formulas Z.Proof. (i) Assume that Z ∈ Σ−Γ. Then Γ∪{Z} is Σ-in
onsistent andthere is a set {A1, . . . ,An} ⊆ Γ su
h that Σ ⊢K ¬(⊤∧A1 ∧·· ·∧An ∧Z).We 
an 
ontinue the derivation:

1. ¬(⊤∧A1 ∧·· ·∧An ∧Z)

2. Z →¬(⊤∧A1 ∧·· ·∧An) (Prop,1)

3. Z (GP)

4. ¬(⊤∧A1 ∧·· ·∧An) (MP,2,3)Hen
e, Σ ⊢K ¬(⊤∧A1 ∧·· ·∧An) holds.

=⇒ Γ is Σ-in
onsistent, a 
ontradi
tion. Hen
e, Σ ⊆ Γ holds.


© 2008 TKK, Department of Information and Computer S
ien
e

AB

T-79.5101 / Spring 2008 ML-5 19

(ii) Be
ause Γ is Σ-
onsistent, {Z,¬Z} 6⊆ Γ (¬(⊤∧Z∧¬Z) is atautology). Assume that Z 6∈ Γ and ¬Z 6∈ Γ.Then there is a set {A+
1 , . . . ,A+

n+} ⊆ Γ su
h that

Σ ⊢K ¬(⊤∧A+
1 ∧·· ·∧A+

n+ ∧Z)and a set {A−
1 , . . . ,A−

n−} ⊆ Γ su
h that Σ ⊢K ¬(⊤∧A−
1 ∧·· ·∧A−

n− ∧¬Z).We 
an 
ontinue the two derivations:
1. ¬(⊤∧A+

1 ∧·· ·∧A+
n+ ∧Z)

2. ¬(⊤∧A−
1 ∧·· ·∧A−

n− ∧¬Z)

3. Z →¬(⊤∧A+
1 ∧·· ·∧A+

n+) (Prop,1)

4. ¬Z →¬(⊤∧A−
1 ∧·· ·∧A−

n−) (Prop,2)

5. ¬(⊤∧A+
1 ∧·· ·∧A+

n+ ∧A−
1 ∧·· ·∧A−

n−) (Prop,3,4)

=⇒ Γ is Σ-in
onsistent, a 
ontradi
tion.Hen
e, either Z ∈ Γ or ¬Z ∈ Γ for all formulas Z.
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Canoni
al ModelWe 
onstru
t the 
anoni
al model M = 〈S,R,v〉 as follows:

• S is the 
olle
tion of all maximally Σ-
onsistent sets.

• For all s, t ∈ S: sRt i� s# ⊆ t.

• For all atomi
 propositions Q: v(s,Q) = true i� Q ∈ s.Lemma 5. For all formulas Q, for all s ∈ S it holds that

M ,s ||− Q i� Q ∈ s.Proof. We use stru
tural indu
tion.

• The formula ⊥: M ,s ||6 − ⊥.Assume that ⊥ ∈ s. Be
ause Σ ⊢K ¬(⊤∧⊥), the set of formulas sis Σ-in
onsistent, a 
ontradi
tion. Hen
e, ⊥ 6∈ s holds.
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• For atomi
 propositions Q the 
laim holds by the de�nition of M .

• For a formula of the form ¬Q: M ,s ||− ¬Q i� M ,s ||6 − Q i� [IH℄

Q 6∈ s i� [Lemma 4 (ii)℄ ¬Q ∈ s.

• For a formula of the form Q → P the 
laim 
an be proved asabove.

• For a formula of the form 2Q:(⇐) Let 2Q ∈ s hold. If sRt, then s# ⊆ t, Q ∈ t and

M , t ||− Q [IH℄. Thus, M ,s ||− 2Q.(⇒) Let 2Q 6∈ s hold. Then ¬2Q ∈ s [Lemma 4 (ii)℄.Now t0 = s# ∪{¬Q} is Σ-
onsistent [Lemma 2℄ and t0 has amaximally Σ-
onsistent extension t [Lemma 3 (Lindenbaum)℄.So sRt be
ause s# ⊆ t. As ¬Q ∈ t0 ⊆ t, Q 6∈ t holds [Lemma 4 (ii)℄.Hen
e, M , t ||6 − Q [IH℄ and M ,s ||6 − 2Q.
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Completeness Proof�Summary

• Be
ause Σ ⊆ s for all s ∈ S [Lemma 4 (i)℄,the set Σ is valid in the 
anoni
al model M [Lemma 5℄.

• As the set {¬P} is Σ-
onsistent, the set has a maximal

Σ-
onsistent extension t ∈ S [Lemma 3℄ and P 6∈ t [Lemma 4 (ii)℄.Thus, M , t ||6 − P [Lemma 5℄.

• As Σ is valid in M = 〈S,R,v〉 and there is a world t ∈ S su
h that
M , t ||6 − P holds, also Σ 6|=K P holds.

=⇒ Hilbert-style proof theory for the modal logi
 K is 
omplete.
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4. Generalization to Lo
al PremisesDe�nition. Σ ⊢K ϒ =⇒ P means that there is a sequen
e of formulasending with P 
onsisting of a global part, 
oming �rst, and a lo
alpart, 
oming last.In the global part every formula is

• an axiom of K, belongs to the set Σ or
• is obtained by one of the rules Modus Ponens or Ne
essitationfrom earlier formulas in the sequen
e.In the lo
al part every formula is
• an axiom of K, belongs to the set ϒ or
• is obtained by the Modus Ponens rule from earlier formulas in thesequen
e.
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ExampleWe show that {P, P → Q} ⊢K {2Q → R} =⇒ R holds:

1. P (GP)

2. P → Q (GP)

3. Q (MP,1,2)

4. 2Q (N,3)

5. 2Q → R (LP)

6. R (MP,4,5)Note that the N-rule 
annot be used in the lo
al part.For example, {P,P → Q} ⊢K {2Q → R} =⇒ 2R does not hold.
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Properties of Derivations

• Derivations are �nite.

=⇒ Compa
tness (⊢):If Σ ⊢K ϒ =⇒ P holds, then there are �nite sets Σ′ ⊆ Σ and ϒ′ ⊆ ϒsu
h that Σ′ ⊢K ϒ′ =⇒ P holds.

• MP- and N-rules are monotoni
:

=⇒ Monotoni
ity (⊢):Let Σ1 ⊆ Σ2 and ϒ1 ⊆ ϒ2 hold. Thenif Σ1 ⊢K ϒ1 =⇒ P, then Σ2 ⊢K ϒ2 =⇒ P.

• Lo
al dedu
tion theorem holds (⊢):

Σ ⊢K ϒ∪{Q} =⇒ P i� Σ ⊢K ϒ =⇒ Q → P.
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CompletenessTheorem. If Σ |=K ϒ =⇒ P, then Σ ⊢K ϒ =⇒ P.Proof. Let Σ |=K ϒ =⇒ P hold.

• By 
ompa
tness of |=:there are �nite sets Σ′ ⊆ Σ and ϒ′ = {φ1, . . . ,φn} ⊆ ϒ su
h that

Σ′ |=K ϒ′ =⇒ P holds..

• By the lo
al dedu
tion theorem for |=:

Σ′ |=K /0 =⇒ φ1 → (φ2 → ·· · → (φn → P) · · ·).

• By the 
ompleteness of K-derivations:

Σ′ ⊢K /0 =⇒ φ1 → (φ2 · · · → (φn → P) · · ·).

• By the lo
al dedu
tion theorem for ⊢:

Σ′ ⊢K ϒ′ =⇒ P.

• By monotoni
ity of ⊢:

Σ ⊢K ϒ =⇒ P.
© 2008 TKK, Department of Information and Computer S
ien
e

AB

T-79.5101 / Spring 2008 ML-5 27

SoundnessTheorem. If Σ ⊢K ϒ =⇒ P holds, then Σ |=K ϒ =⇒ P holds.Proof. Let Σ ⊢K ϒ =⇒ P hold.

• By 
ompa
tness of ⊢:there are �nite sets Σ′ ⊆ Σ and ϒ′ = {φ1, . . . ,φn} ⊆ ϒ su
h that
Σ′ ⊢K ϒ′ =⇒ P.

• By the lo
al dedu
tion theorem for ⊢:
Σ′ ⊢K /0 =⇒ φ1 → (φ2 → ·· · → (φn → P) · · ·).

• By the soundness of K-derivations:
Σ′ |=K /0 =⇒ φ1 → (φ2 · · · → (φn → P) · · ·).

• By the lo
al dedu
tion theorem for |=:
Σ′ |=K ϒ′ =⇒ P.

• By the monotoni
ity of |=:
Σ |=K ϒ =⇒ P.
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5. Examples of Hilbert-style Proof Systems

• Using the proof system for K and formulas 
hara
terizingproperties of frames we 
an 
onstru
t Hilbert-style proof systemsfor other frame logi
s.

• As the �rst example we 
onsider the modal logi
 T where theframes are re�exive.

• The 
hara
teristi
 formula for re�exive frames:

T: 2P → P.Proposition. Σ |=T ϒ =⇒ P i� Σ∪ [[T]] |=K ϒ =⇒ P.

=⇒ (Soundness and 
ompleteness of K-derivations)Proposition. Σ |=T ϒ =⇒ P i� Σ∪ [[T]] ⊢K ϒ =⇒ P.
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Modal Logi
 THen
e, a sound and 
omplete Hilbert-style proof system for the modallogi
 T is obtained as follows:Classi
al axioms: All tautologiesModal axioms: All formulas of the form

K: 2(P → Q) → (2P → 2Q)

T: 2P → PModus Ponens -ruleN-rule

=⇒Proposition. Σ |=T ϒ =⇒ P i� Σ ⊢T ϒ =⇒ P.
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Modal Logi
 S5In a similar way for the frame logi
 S5 (equivalen
e frames):Proposition. Σ |=S5 ϒ =⇒ P i� Σ∪ [[T]]∪ [[4]]∪ [[B]] ⊢K ϒ =⇒ P i�

Σ∪ [[T]]∪ [[4]]∪ [[5]] ⊢K ϒ =⇒ P i� Σ∪ [[T]]∪ [[5]] ⊢K ϒ =⇒ P.A Hilbert-style proof system for the modal logi
 S5 (modal axiomsneed to extended):Modal axioms: All formulas of the form

K: 2(P → Q) → (2P → 2Q)

T: 2P → P

4 : 2P → 22P

5 : ¬2P → 2¬2PProposition. Σ |=S5 ϒ =⇒ P i� Σ ⊢S5 ϒ =⇒ P.
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Modal Logi
 KD45

KD45 is the 
olle
tion of serial, transitive and eudlidian frames.Proposition. Σ |=KD45 ϒ =⇒ P i� Σ∪ [[D]]∪ [[4]]∪ [[5]] ⊢K ϒ =⇒ P.A Hilbert-style proof system for KD45:Modal axioms: All formulas of the form
K: 2(P → Q) → (2P → 2Q)

D : 2P → 3P

4 : 2P → 22P

5 : ¬2P → 2¬2PProposition. Σ |=KD45 ϒ =⇒ P i� Σ ⊢KD45 ϒ =⇒ P.
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• A proof system of a logi
 is a synta
ti
 
al
ulus for showing that aformula is valid/a logi
al 
onsequen
e from a set of formulas inthe logi
.

• For modal logi
s Hilbert-style axiomati
 proof systems are
ommon in the literature although they do not lend themselveswell to automation.

• The two most important properties of a proof system aresoundness and 
ompleteness.

• Typi
ally soundness is quite straightforward to establish.

• For many frame logi
s 
ompleteness of Hilbert-style systems 
anbe shown using the 
anoni
al model 
onstru
tion whi
h is heredemonstrated for the modal logi
 K.

• Using formulas 
hara
terizing properties of frames it isstraightforward to 
onstru
t Hilbert-style proof systems for manyother frame logi
s.
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