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PROOF THEORY FOR MODAL LOGICSI

1. Hilbert-style proof theory

Soundness
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Completeness
4. Generalization to local premises

5. Examples (T, S5 and KD45)

M. Fitting: Basic Modal Logic, 1.7 (pp. 387 — 391).

-

4/

© 2008 TKK, Department of Information and Computer Science

T-79.5101 / Spring 2008 ML-5

Proof Systems I

A proof system is a (syntactic) calculus to demonstrate that a given

formula is valid/a logical consequence from a set of formulas.

A proof system gives a basis for developing automated reasoning
techniques.

Possible proof systems:

Axiomatic (Hilbert-style) proof theory

Natural deduction

Tableau methods

Sequent calculus

Resolution

~
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1. Hilbert-style Proof Theory I

For modal logic K:

Classical axioms: All (classical) tautologies.

Modal axioms: All formulas of the form
0(P—Q)— (BP—0Q)
PP—Q

Q

Modus Ponens Rule:

P
Necessitation Rule (N-rule): op

N /
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Derivation and Proof.

(We first consider the case without any local premises).

Definition. A K-derivation of a formula P from a set of formulas X is
a finite sequence of formulas @y, ..., @, such that @, =P and for all
i=1,...,n

1. geZor

2. @ is some axiom of K or

3. @ is obtained by one of the rules Modus Ponens or Necessitation
from earlier formulas in the sequence.

Notation: g 0 =P (or Z+x P)

A K-proof of a formula P is a K-derivation of P from the empty set of
formulas.

Notation: Ok @ = P (or F¢ P)

\

)
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A K-proof for T« OT:

T (Taut)
OT — (T —0OT) (Taut)
oT (N,1)
T0OT (MP,2,3)
T—(@T—-T) (Taut)
arT —T (MP,1,5)
OT—->T)=({(T—-0T)—= (T« 0OT)) (Taut)
(T—0OT)—= (T« 0OT) (MP,6,7)
T 0T (MP, 4.8)
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Derived Rules (I)I

Regularity Rule for O (R-rule): %?
P—Q
\](P—> Q) (Nal)
O(P—Q) — (OP—0Q) (K)
DP—>DQ (MP7273)

P]_/\/\Pn—>Q

Generalized R-rule: OPLA---AOP, — 0OQ
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Derived Rules (II)I

Regularity Rule for & (RO-rule): <>E%(§Q

1. P—-Q

2. (P—-Q) —(-Q—-P) (Taut)

3 QP (MP, 1,2
4, 0-Q— O-P (R,3)

5. (0-Q — O-P) — (-O0-P — -0-Q) (Taut)

6. —O0-P— -0-Q (MP,4,5)
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K
2. Soundness.

The soundness of a proof system for a logic:
consequence in the logic.
(ZFK 0= P), then ZIZK O0=P

(or in short: if ZHk P, then X =k P).
Proof.

valid in every model where X is valid).

C={M|ME3}.

N

If a formula is derivable in the proof system, it is also a logical

Theorem. If a formula P has a K-derivation from a set of formulas =

Let @1,...,@n(=P) be a K-derivation for a formula P.

So we prove by induction that for i =1,...,n, C =@ holds where

We show by induction that for all i=1,...,n, Z|=x @ holds (i.e., @ is

/
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Induction Proof '

o (i=1): If g €%, clearly C |= @1 holds (by the definition of the
collection of models C). If @ is a classical tautology or of the
form O(P — Q) — (OP — 0OQ), then C = @ holds for every
collection of models C by the basic theorem of the possible world
semantic [ML-02].

~

e (i > 1): As above, if @ € %, is a classical tautology or of the form
0O(P— Q) — (OP — 0OQ), then C = @ holds.
If @ is derived from earlier formulas in the proof by MP- or
N-rules, by the inductive hypothesis the earlier formulas are
C-valid. As the set of C-valid formulas is closed under MP- and

N-rules [basic theorem of the possible world semantic], C = ¢
holds.

Hence, for alli=1,...,n, @ is C-valid and thus Z =k @ holds.
\Hence, 2 Ex P(= @) holds. y
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3. Completeness I

Completeness of a proof systems for a logic:

If a formula is a logical consequence in the logic, then there is
a derivation of it in the proof system.

Theorem. If Z = P, then Z+¢ P.
The outline of the proof: Let X [#x P hold.
We show that then also Z }~k P holds.

This is done by constructing a canonical model M where all formulas
in X are valid and for every Q such that X Ik Q holds there is a world
sin M where M,s ||~ Q holds.

The worlds of the model are maximally consistent sets of formulas that

are constructed using Lindenbaum’s lemma from the set of premises .
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(In)consistent Sets of Formulas.

Definition. A finite set of formulas A = {A4,...,An} is said
Z-inconsistent if Zkk =(T AALA--- AA,) holds.

Remark. The empty set is 2Z-inconsistent if 2k =T holds.

Definition. A set of formulas A is said Z-consistent if none of its finite
subsets is Z-inconsistent.

As we assumed that the formula P has not K-derivation from Z, the
set {—P} is Z-consistent.

This holds because the only other subset of {—P}, the empty set 0, is
also Z-consistent which can be shown as follows: Assume that 0
2-inconsistent, i.e., ZFk =T holds. Then Z gk P holds as well because

J

—-T — P is a tautology, a contradiction.
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Important Lemmas I

Lemma 1. If the set Sis Z-consistent, then each of its subsets S C S
is 2-consistent.

~

Proof. Assume that Shas a subset S which is not Z-consistent. Then
there is a Z-inconsistent subset AC S but A C Sand, thus, Sis not
2-consistent, a contradiction. [ |

Lemma 2. If a set of formulas A is Z-consistent and —0OZ € A, then
A*U{=Z} is also Z-consistent where A* = {Q|OQ € A}.

Proof. Assume that A*U{=Z} is Z-inconsistent.

Then there is a set {Aq,...,An} C A# such that
Sk (T AALA - AAZA—=Z) holds.

\

as (TAALA-AAY) = (TAALA---ANAZA—Z) is a tautology).

)
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Proof cont'd:

1 ~(TAALA---AAA=Z)

2. 2TV-ALV---V-aAVZ (

3 (TAALA--NAY) —Z (Prop,2)
4. (OTAOAA---ADAy) —0OZ (GR,3)
5 OT — ((ODALA---AOA,) — 0OZ) (Prop,4)
6 (
7 (
8 (
9

Prop, 1)

T—-0OT See. p. 5)
T — ((OALA---ANOAy) — 0O2) Prop,5,6)
(TAOALA---ANDOAy) — OZ Prop,7)
“(TAOALA--- AOARA-OZ) (Prop,8)

— A is -inconsistent (a contradiction). Hence, A* U {-Z}
2-consistent. ]

\_ /
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Definition. I is maximally Z-consistent if ' is Z-consistent and all

supersets ' D T are Z-inconsistent.

Lemma 3. (Lindenbaum) Every Z-consistent set of formulas can be
extended to a maximally Z-consistent one.

Proof. Let A be X-consistent. Enumerate all modal formulas in a
sequence Qp,Q1,... and define set Ag,A1,... and A as follows:

Ao =A.
A_1U{Qi-1}  if A_1U{Qi_1} Z-consistent
Di_q1U{—-Qi_1} otherwise

A=Jn

i>0

\_ /
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We establish properties (i-iv) which imply the lemma.
(i) ACA
(i) for alli=0,1,...,

Qg is 2-consistent.

the set Aj is Z-consistent.

Let Aj_; be Z-consistent.

Assume that 4 is Z-inconsistent. Then Aj = A1 U{—-Qi_1} and
Di_1U{Qi_1} are Z-inconsistent.

Hence, there is a set {Af,...7A:+} C Aj_1 such that
Tk A(TAA A AALAQZ1)
and a set {A;,...,A_} CAj_; such that
Tk A(TAAL A AALZA=Qi-1)

N
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We can continue the derivations of the two formulas above:
1 —(TAAfA--AALAQZ1)

2. A(TAAL A AALA-Q 1

3 Qo1—~(TAATA---AAR) (Prop,1)
4. Qi1 — (TAA AN---NAL) (Prop,2)
5.

~(TAAf A AAR )V
(TAALA--NAL) (Prop,3,4)
6. ~(TAA{A---AATAATA---AAZ)  (Prop,5)

= /j_1 is 2-inconsistent, a contradiction.
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(iii) A is Z-consistent.
Assume that A is Z-inconsistent.
Hence, there is a set {Aq,...,An} C A such that
Stk (T AALA - AAR).
So there is i > 0 such that {Aq,...,An} CA.

= N\ is Z-inconsistent, a contradiction.

(iv) A is maximally Z-consistent.
Assume that AU{Z} Z-consistent for some Z & A.
As Z=Q; for some i, AU{Q;} is Z-consistent.

Because A U{Qi} CAU{Q;} also A U{Qi} is Z-consistent
[Lemma 1].

Thus, Z € Aj+1 C A, a contradiction.

(i-iv) = A is maximally Z-consistent extension of the set A. [ |
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Important Lemmas—cont’d I

Lemma 4. For all maximally Z-consistent sets I',
(i) ZCT and (ii) either ZeT or =Z €T for all formulas Z.

Proof. (i) Assume that Z€ Z—T. Then ' U{Z} is Z-inconsistent and
there is a set {Aq,...,An} CT such that T = (T AALA---ANARAZ).
We can continue the derivation:

1L =(TAALA-ABAZ)

2. Z—(TAAA---ANAy)  (Prop,1)
3. Z (GP)

4. ~(TAALA---AAY) (MP,2,3)
Hence, 2k = (T AALA--- AAp) holds.

= [ is Z-inconsistent, a contradiction. Hence, ~ C I holds.

\_ /
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(ii) Because I is Z-consistent, {Z,-Z} T (=(TAZA-Z)is a

-
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tautology). Assume that Z¢ T and —-Z ¢T.

Then there is a set {A{,...,AL} CT such that
Sk ~(TAA] A---ANAL AZ)

and aset {A;,...,A_} CT such that Zhx =(T AA] A AAA=Z).

We can continue the two derivations:

1L ~(TAAfA--AALAZ)

2. A(TAALAANALN=Z)

3. Z——(TAAfA--AAL) (Prop, 1)
4. ~Z—(TAALA--NAL) (Prop,2)
5.

S(TAAfA--AALAATA---AAL)  (Prop,3,4)
= [ is 2-inconsistent, a contradiction.

Hence, either Z€ T or =Z €T for all formulas Z.

~
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Canonical Model .

We construct the canonical model M = (S R,v) as follows:
e Sis the collection of all maximally Z-consistent sets.
e ForallsteS sRtiff s*Ct.
e For all atomic propositions Q: v(s,Q) =trueiff Q € s.
Lemma 5. For all formulas Q, for all s€ Sit holds that
M,s||- Qiff Qes.
Proof. We use structural induction.

e The formula L: M s~ L.

Assume that L € s. Because Xk —=(T A L), the set of formulas s

is Z-inconsistent, a contradiction. Hence, | ¢ S holds.

-

%
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e For atomic propositions Q the claim holds by the definition of M.
e For a formula of the form —Q: M, s ||— —Q iff M, s ||~ Q iff [IH]
Q ¢ siff [Lemma 4 (ii)] Q€.
e For a formula of the form Q — P the claim can be proved as
above.
e For a formula of the form OQ:
(<) Let DQ € shold. If sRt, then s*Ct, Qet and
M.t ||- Q [IH]. Thus, M,s ||- OQ.
(=) Let OQ ¢& s hold. Then =0Q € s [Lemma 4 (ii)].

Now to = §*U {=Q} is Z-consistent [Lemma 2] and tg has a
maximally Z-consistent extension t [Lemma 3 (Lindenbaum)].

So SRt because S Ct. As -Qctg Ct, Q &t holds [Lemma 4 (ii)].
Hence, Mt ||~ Q [IH] and M ,s ||~ OQ.

Y
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Completeness Proof—Summary I

= Hilbert-style proof theory for the modal logic K is complete.

e Because X Csfor all s€ S[Lemma 4 (i)],
the set X is valid in the canonical model M [Lemma 5].

e As the set {—P} is Z-consistent, the set has a maximal
>-consistent extension t € S[Lemma 3] and P ¢t [Lemma 4 (ii)].

Thus, M.t ||~ P [Lemma 5].

e As X is valid in M = (SR/V) and there is a world t € Ssuch that
M.t ||~ P holds, also X [~k P holds.
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4. Generalization to Local Premises.

Definition. Z+k Y= P means that there is a sequence of formulas

ending with P consisting of a global part, coming first, and a local
part, coming last.

In the global part every formula is
e an axiom of K, belongs to the set > or

e is obtained by one of the rules Modus Ponens or Necessitation

from earlier formulas in the sequence.
In the local part every formula is
e an axiom of K, belongs to the set Y or

e is obtained by the Modus Ponens rule from earlier formulas in the

sequence.

J
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We show that {P, P— Q} Fk {JQ — R} = R holds:

1 P (GP)
2. P->Q (GP)
30 (MP,1,2)
4. 0OQ (N,3)
5. 0Q—R (LP)
6. R (MP,4,5)

Note that the N-rule cannot be used in the local part.

For example, {P,P — Q} Fk {0Q — R} = OR does not hold.

N /
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Properties of Derivations I

e Derivations are finite.

= Compactness (F):
If =k Y= P holds, then there are finite sets >’ C > and Y C Y
such that 2’ ¢ Y = P holds.
e MP- and N-rules are monotonic:
= Monotonicity (I):
Let 21 C 25 and Y1 C Y3 hold. Then
if 21k Y1 =P, then 35 ¢ Yo = P.
o local deduction theorem holds (F):
Sk YU{Q} = Piff S Y= Q—P.

-
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Completeness

Theorem. If Z = Y= P, then ZF«x Y= P.

Proof. Let X =k Y= P hold.
e By compactness of |=:
there are finite sets 3’ C ¥ and Y = {@1,...,@} C Y such that
Y Ek Y = P holds..

e By the local deduction theorem for |=:

e By the completeness of K-derivations:
2 0= — (- = (¢ —P)--).

e By the local deduction theorem for |:
Yk Y =P.

e By monotonicity of I:
Sk Y=P.
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Theorem. If 2 Y= P holds, then Z =x Y= P holds.
Proof. Let Xk Y= P hold.
e By compactness of +:
there are finite sets ' C ¥ and Y = {@1,...,@} C Y such that
S Y — P.

e By the local deduction theorem for :

0= — (== (h—P)-).
e By the soundness of K-derivations:

2k 0= — (g2 — (= P)-).
e By the local deduction theorem for |=:

> |:K Y = P.

e By the monotonicity of |=:
Sk Y=P.

-

v
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5. Examples of Hilbert-style Proof Systems'

e Using the proof system for K and formulas characterizing

for other frame logics.

e As the first example we consider the modal logic T where the
frames are reflexive.

e The characteristic formula for reflexive frames:
T: OP — P.

Proposition. X =1 Y=-Piff ZU[T] Ex Y=P.

= (Soundness and completeness of K-derivations)

Proposition. Z =1 Y= P iff ZU[[T] Fx Y= P.

-

properties of frames we can construct Hilbert-style proof systems

~
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Modal Logic T I

Hence, a sound and complete Hilbert-style proof system for the modal

logic T is obtained as follows:
Classical axioms: All tautologies

Modal axioms: All formulas of the form
K: O(P— Q) — (OP — OQ)
T:0P—P

Modus Ponens -rule

N-rule

—

Proposition. Z =1 Y= Piff 21 Y= P.

\_

~
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Modal Logic SSI

In a similar way for the frame logic S5 (equivalence frames):

Proposition. = g5 Y= P iff ZU[T]U[4]U[B] Fx Y= P iff
SU[TJU 4] U[8] Fk Y= Piff ZU[T]U[S] Fk Y= P.

A Hilbert-style proof system for the modal logic S5 (modal axioms
need to extended):

Modal axioms: All formulas of the form
K: O(P— Q) — (OP — OQ)
T.OP—P
4: OP — OOP
5. -0P— 0O-0OP

Proposition. X |Fgs Y= P iff 255 Y= P.

\_
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Modal Logic KD45I

K D45 is the collection of serial, transitive and eudlidian frames.

Proposition. X =kpss Y= P iff ZU D] U [4]U[5] Fk Y= P.

A Hilbert-style proof system for KD45:;

Modal axioms: All formulas of the form
K: O(P— Q) — (OP — OQ)
D:0OP— <P
4: 0P — OOP
5: -0OP — O-0OP

Proposition. b2 ':KD45 Y—Piff Fkpas Y — P.

-

%
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e A proof system of a logic is a syntactic calculus for showing that a

formula is valid/a logical consequence from a set of formulas in
the logic.

e For modal logics Hilbert-style axiomatic proof systems are
common in the literature although they do not lend themselves
well to automation.

e The two most important properties of a proof system are
soundness and completeness.

e Typically soundness is quite straightforward to establish.

e For many frame logics completeness of Hilbert-style systems can
be shown using the canonical model construction which is here
demonstrated for the modal logic K.

e Using formulas characterizing properties of frames it is

straightforward to construct Hilbert-style proof systems for many

K other frame logics.

~
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