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Basi
 Properties of Possible World Models

1. Relationship to predi
ate logi
2. Generated submodels3. p-morphisms of frames4. Logi
al 
onsequen
e5. Dedu
tion theoremM. Fitting: Basi
 Modal Logi
, 1.3 � 1.4 (p. 377 � 384).
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1. Relationship to Predi
ate Logi


• A frame 
an be seen as a stru
ture in predi
ate logi
 whi
h hasone two-argument predi
ate symbol (R):A predi
ate logi
 stru
ture S 
an be given in the form 〈U,RS 〉,where U is the universum of the stru
ture and relation

RS ⊆U ×U gives the interpretation of the predi
ate symbol R.
• Propositional modal logi
 
an be used as a repla
ement ofquanti�ed logi
 to 
hara
terize 
lasses of stru
tures in 
lassi
allogi
 in the following sense:for a formula P in predi
ate logi
 a 
orresponding propositionalmodal formula P′ 
an be given su
h that P is true in a stru
ture i�

P′ is valid in the stru
ture (seen as a frame in modal logi
).
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Chara
terizing Re�exive RelationsExample. Formula 2P → P is valid in a frame 〈S,R〉 i� R is re�exive(i.e. ∀xR(x,x) is true in the stru
ture 〈S,R〉).Proof. (⇐= ) Let R ⊆ S×S re�exive relation, M = 〈S,R,v〉 a modelbased on the frame 〈S,R〉 and s ∈ S.If M ,s ||− 2P, then M ,s ||− P, as sRs. Hen
e, M ,s ||− 2P → P.Thus 2P → P is valid in the frame 〈S,R〉.( =⇒ ) Assume that R is not re�exive in the frame 〈S,R〉. Then thereis a world s0 ∈ S su
h that s0Rs0 does not hold.Let v(s,P) = true if s0Rs otherwise v(s,P) = false. Now v(s0,P) = false.Let M = 〈S,R,v〉. Then M ,s0 ||− 2P but M ,s0 ||6 − P.Thus, M ,s0 ||6 − 2P → P and so 2P → P is not valid in the frame

〈S,R〉. 
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De�nability
• As shown above the formula ∀xR(x,x) in predi
ate logi
 
an beexpressed as a propositional modal formula 2P → P.

• How far 
an this be pushed?What kind of formulas in predi
ate logi
 
annot be expressed aspropositional modal formulas?

• Next we 
onsider three operations on frames that preserve validity(generated submodels, disjoint union and p-morphism) and 
an beused to establish some limits for the expressivity of modal logi
.

☞ For example, formulas ∃x∃yR(x,y), ∀x∀yR(x,y) and

∀x¬R(x,x) 
annot be expressed as propositional modal formulas.
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2. Generated SubmodelsDe�nition. Let 〈S,R〉 be a frame and /0 ⊂ S0 ⊆ S a set of worlds. Thesubframe generated by S0 is the frame 〈S∗,R∗〉, where S∗ is thesmallest R-
losed subset of S that 
ontains S0 and R∗ is R restri
ted tothe set S∗ (R∗ = {〈s1,s2〉 ∈ R | s1,s2 ∈ S∗} = R∩ (S∗×S∗)).A subset H of S is R-
losed if t ∈ H whenever s ∈ H and sRt.Remark. S∗ is the set of worlds that 
an be rea
hed from S0(transitively).De�nition. A generated submodel of 〈S,R,v〉 is a model 〈S∗,R∗
,v∗〉,where 〈S∗,R∗〉 is a generated subframe and v∗ is v restri
ted to S∗. Asubframe is generated if it is generated by some set of worlds.
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ExampleConsider the following frame:

s2 s5

s3 s4

s1

• The set S0 = {s2} generates a subframe where S∗ = {s2,s3,s4,s5}and R∗ = R∩ (S∗×S∗) gives the edge relation between the worlds.
• The set S0 = {s5} generates a subframe where S∗ = {s4,s5}.
• The set S0 = {s1,s3} generates a subframe where

S∗ = {s1,s3,s4,s5}.
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Properties of Generated SubmodelsProposition. If M ∗ is a generated submodel of M , then for everyformula P and world s in M ∗ it holds that

M ,s ||− P i� M ∗
,s ||− P.Example. Let S = {s, t1, t2} and R = {〈t1, t2〉}.The subframe generated by the set {s} is 〈S∗,R∗〉 where S∗ = {s} and

R∗ = {}.Now ∃x∃yR(x,y) is true in the frame 〈S,R〉 andfalse in the frame 〈S∗,R∗〉.But for every modal formula P and every valuation v it holds that

〈S,R,v〉,s ||− P i� 〈S∗,R∗
,v∗〉,s ||− P by the proposition above.

=⇒ There is no propositional modal formula P su
h that P is valid ina frame 〈S,R〉 i� R satis�es ∃x∃yR(x,y).
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Disjoint Union of FramesDisjoint union of frames: take 
opies of the frames su
h that their setsof worlds are disjoint and then form the union of the worlds and thea

essibility relations.Proposition. A modal formula P is valid in the disjoint union of twoframes i� P is valid in both of the frames.Example. Let S = {s} and R = {〈s,s〉}.The disjoint union of the frame 〈S,R〉 with itself is the frame

〈S,R〉∪̇〈S,R〉 = 〈S′,R′〉 where S′ = {s1,s2} and R′ = {〈s1,s1〉,〈s2,s2〉}.Now ∀x∀yR(x,y) is true in the frame 〈S,R〉 and false in the frame

〈S′,R′〉 but for all modal formulas P it holds that

〈S,R〉 |= P i� 〈S′,R′〉 |= P by the proposition above.

=⇒ There is no propositional modal formula P su
h that P is valid ina frame 〈S,R〉 i� R satis�es ∀x∀yR(x,y).
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3. Frame p-morphism

De�nition. Mapping f : 〈S1,R1〉 7→ 〈S2,R2〉 is a p-morphism i�1. f maps the set S1 onto the set S2 surje
tively su
h that for every

s ∈ S2 there is t ∈ S1 with s = f (t),2. for every s, t ∈ S1, if sR1t, then f (s)R2 f (t) and3. for every s ∈ S1 and u ∈ S2, if f (s)R2u, then there is t ∈ S1 su
hthat sR1t and f (t) = u.

s

t

f(s)

f(t)

f

<S1,R1> <S2,R2>
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ExampleLet 〈S1,R1〉 be a frame where S1 = {s1,s2} and R1 = {〈s1,s2〉,〈s2,s1〉}.and let 〈S2,R2〉 be a frame where S2 = {t} and R2 = {〈t, t〉}.Consider a mapping f su
h that f (s1) = f (s2) = t.
s2

f

s1

<S1,R1> <S2,R2>

t

☞ Fun
tion f is a p-morphism.
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Properties of Frame p-morphismProposition. If there is a p-morphism from a frame 〈S1,R1〉 to a frame
〈S2,R2〉, then every formula valid in the �rst frame is valid in these
ond frame.Example. (Continued)Now ∀x¬R(x,x) is true in 〈S1,R1〉 and false in 〈S2,R2〉.However, for all modal formulas P: if P valid in the frame 〈S1,R1〉,then P is valid in the frame 〈S2,R2〉 by the proposition above.

=⇒ There is no propositional modal formula P su
h that P is valid ina frame 〈S,R〉 i� R satis�es ∀x¬R(x,x).
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4. Logi
al Consequen
e

• In propositional logi
 logi
al 
onsequen
e (Σ |= P) requires that

P is true in every valuation where the premises Σ are true.

• In modal logi
 there seems to be two ways of interpreting premises:� As �logi
al truths�:For example, if the agent knows that P then P is true(2P → P) from whi
h it seems reasonable to 
on
lude thatthis is known (2(2P → P)).� As �fa
tual truths�:For example, that it rains today in Bombay (Q) for whi
h itseems not to be reasonable to 
on
lude that this is known(2Q).
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Logi
al Consequen
e

• Hen
e, in modal logi
 there are many possible ways to interpretlogi
al 
onsequen
e depending on how the premises are taken:� For all models it holds that P is true in every possible worldwhere Σ is true.� P is valid in every model where Σ is valid.� P is valid in every frame where Σ is valid.

• Next we introdu
e a notion of logi
 
onsequen
e that 
ombines allthe three interpretations.
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De�ning Logi
al Consequen
eDe�nition. Let L be a 
olle
tion of frames, Σ and ϒ sets of modalformulas and P a modal formula. Formula P is a logi
al 
onsequen
e ofthe global premises Σ and lo
al premises ϒ in the frame logi
 L(Σ |=L ϒ =⇒ P) i�for all frames 〈S,R〉 ∈ L, for all models M = 〈S,R,v〉 based on 〈S,R〉where M |= Σ, for every possible world s ∈ S where M ,s |= ϒ also
M ,s |= P holds.Example. Let L the 
olle
tion of all frames.If Σ |=L /0 =⇒ P, then Σ |=L /0 =⇒ 2P.
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• Noti
e that in order to establish that logi
al 
onsequen
e does nothold (denoted by Σ 6|=L ϒ =⇒ P) it is enough to give� a frame 〈S,R〉 ∈ L,� a model M = 〈S,R,v〉 based on 〈S,R〉 where M |= Σ holds, and� a world s ∈ S where M ,s |= ϒ holds but M ,s |= P does nothold.

• Note that {P} |=L /0 =⇒ 2P holds.
• However, /0 |=L {P} =⇒ 2P does not when L is the 
olle
tion ofall frames.Proof: Consider a frame 〈S,R〉 where S = {s, t} and R = {(s, t)}and a model based on this M = 〈S,R,v〉 where v(s,P) = true,

v(t,P) = false.Now in the world s ∈ S: M ,s |= {P} but M ,s 6|= 2P.Hen
e, /0 6|=L {P} =⇒ 2P holds.
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Properties of the Logi
al Consequen
e RelationDe�nition. If L1 and L2 are two 
olle
tions of frames and L2 ⊆ L1,we say that L1 is weaker than L2 and write L1 ≤ L2.Note that if L1 weaker than L2, then L1-valid formulas are also

L2-valid.Theorem. (Monotoni
ity) Let Σ1 ⊆ Σ2, ϒ1 ⊆ ϒ2 and L1 ≤ L2. Then if

Σ1 |=L1 ϒ1 =⇒ P, then Σ2 |=L2 ϒ2 =⇒ P.Theorem. (Repla
ement) Let Q and Q′ be alike formulas ex
ept thatat some pla
es where Q 
ontains P as a subformula, Q′ has P′ as thesubformula. Then

Σ∪{P ↔ P′} |=L /0 =⇒ Q ↔ Q′.Example. By the theorem {P ↔ P′} |=L {} =⇒ 2P ↔ 2P′ holds.However, {} |=L {P ↔ P′} =⇒ 2P ↔ 2P′ does not hold.
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4. Dedu
tion TheoremIn propositional logi
: Σ∪{Q} |= P i� Σ |= Q → P.Theorem. (Lo
al Dedu
tion Theorem)

Σ |=L ϒ∪{Q} =⇒ P i� Σ |=L ϒ =⇒ Q → P.De�nition. For a modal formula P, 2
0P = P and 2

nP = 2(2n−1P).Example. 2
3P = 222P.Global Dedu
tion Theorem:

Σ∪{Q} |=L ϒ =⇒ P i� for some n

Σ |=L ϒ∪{20Q,2
1Q, . . . ,2

nQ} =⇒ P.(This is not valid for all 
olle
tions of frames L.)
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Global Dedu
tion Theorem and Compa
tnessTheorem. (Global Dedu
tion Theorem I)If for some n, Σ |=L ϒ∪{20Q,2
1Q, . . . ,2

nQ} =⇒ P, then

Σ∪{Q} |=L ϒ =⇒ P.Theorem. (Global Dedu
tion Theorem II)Let L be a 
olle
tion of frames that is 
losed under ultraprodu
ts.Then if Σ∪{Q} |=L ϒ =⇒ P, then

Σ |=L ϒ∪{20Q,2
1Q, . . . ,2

nQ} =⇒ P for some n.Theorem. (Compa
tness) Let L be a 
olle
tion of frames that is
losed under ultraprodu
ts. If Σ |=L ϒ =⇒ P, then there are �nite sets
Σ0 ⊆ Σ and ϒ0 ⊆ ϒ su
h that Σ0 |=L ϒ0 =⇒ P.(In this 
ourse we do not 
onsider the ultraprodu
ts mentioned abovebut give examples of logi
s where the 
ondition is satis�ed.)
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• Frames in modal logi
 
an be seen as simple stru
tures inpredi
ate logi
 giving truth values for formulas in predi
ate logi
with one two-argument predi
ate symbol R.
• Modal logi
 formulas 
an be used to 
hara
terize 
lasses ofstru
tures in predi
ate logi
.

• However, validity preserving operations on frames (generatedsubmodels, disjoint union and p-morphism) show that theexpressivity of modal logi
 is limited.
• Logi
al 
onsequen
e in modal logi
 is more 
ompli
ated than in
lassi
al logi
: given a logi
 (a 
olle
tion of frames) two 
lasses ofpremises, global and lo
al ones, need to be 
onsidered.

• The resulting logi
al 
onsequen
e is monotoni
 and satis�es thededu
tion theorem for lo
al premises. For most widely used logi
sthe relation satis�es also the dedu
tion theorem for globalpremises and remains 
ompa
t.
© 2008 TKK, Department of Information and Computer S
ien
e


