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PROPOSITIONAL MODAL LOGICS1. Basi
 
on
epts and de�nitions2. Possible world semanti
s3. Basi
 properties of the possible world semanti
s

M. Fitting: Basi
 Modal Logi
, Se
tions 1.1 � 1.2 (p. 372 � 377).
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1. Basi
 Con
epts and De�nitions

• We 
onsider �rst propositional modal logi
s whi
h have one modaloperator 2 and its dual operator 3 (¬2¬).

• The operator 
an be given many alternative interpretations:

2P 3Pne
essarily P possibly Palways Pought to be that Pknow that Pbelieve that P
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Syntax of Modal Logi
Let Φ = {p1, p2, . . .} be a set of (atomi
) propositions.The 
lass of propositional modal formulas is de�ned as follows:1. Every atomi
 proposition is a formula.2. ⊤ and ⊥ are formulas.3. If P and Q are formulas, then ¬P, (P → Q), 2P are formulas.4. There are no other formulas.Note the usual abbreviations:
3P ≡def ¬2¬P

P∧Q ≡def ¬(P →¬Q)

P∨Q ≡def ¬P → Q

P ↔ Q ≡def ¬((P → Q) →¬(Q → P))
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TautologiesDe�nition. If a formula Q results from formula P by repla
ing theatomi
 propositions of P uniformly by formulas, we say that Q resultsfrom P by substitution.A formula that results by substitution from a tautology in propositionallogi
 is 
alled a 
lassi
al tautology.

Example. Formula

(22P → (R → 2S)) → (22P → (R → 2S))is a 
lassi
al tautology whi
h results from a propositional tautology

P → P by substituting proposition P by formula (22P → (R → 2S)).
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ont'dClassi
al tautologies 
an be identi�ed using propositional tableaux asfollows: Constru
t a semanti
al tableau for the negation of the formulaby treating subformulas of the form 2P as atomi
 (no tableau rule isapplied to them).If the tableau 
loses, the formula is a 
lassi
al tautology.Example. Consider a formula

(2¬2(P → Q)∧2(¬P∧¬Q)) →

(2¬2(P → Q)∨2(¬P∧¬Q))As the tableau (on the right)
loses, the formula is a 
lassi
altautology.

1. ¬((2¬2(P → Q)∧2(¬P∧¬Q)) →

(2¬2(P → Q)∨2(¬P∧¬Q)))2. 2¬2(P → Q)∧2(¬P∧¬Q) (1)3. ¬(2¬2(P → Q)∨2(¬P∧¬Q)) (1)4. 2¬2(P → Q) (2)5. 2(¬P∧¬Q) (2)6. ¬2¬2(P → Q) (3)7. ¬2(¬P∧¬Q) (3)

×
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Logi
 = A Set of Valid FormulasDe�nition. Propositional modal logi
 L is a set of propositional modalformulas su
h that1. all (
lassi
al) tautologies are in L ;2. L is 
losed under modus ponens(if P ∈ L and P → Q ∈ L , then Q ∈ L) ;3. L 
losed under substitution:(if P ∈ L and Q results from P by substitution, then Q ∈ L).Example. (1) The set of 
lassi
al tautologies is a propositional modallogi
.(2) The set of all propositional modal formulas is a propositionalmodal logi
.
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2. Possible World Semanti
sDe�nition. A frame is a pair F = 〈S,R〉, where S is a non-empty setand R is a binary relation on S (R ⊆ S×S).The members of S are 
alled possible worlds and R is the a

essibilityrelation between worlds: for worlds s1 and s2, if (s1,s2) ∈ R (oftendenoted by s1Rs2), then s2 is said to be a

essible from s1.De�nition. A valuation in a frame 〈S,R〉 is a fun
tion v mappingpossible worlds and propositions to truth values: for all s ∈ S andpropositions P, v(s,P) is either true or false.(Alternatively: a valuation v : S → 2Φ is a fun
tion su
h that v(s) is theset of propositions true in the world s.)De�nition. A model is a triple M = 〈S,R,v〉 where 〈S,R〉 is a frameand v a valuation in this frame. A model M = 〈S,R,v〉 is based on theframe 〈S,R〉.
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Truth in a ModelRelation M ,s ||− P (often denoted also by M ,s |= P), tells whetherformula P is true in the possible world s of the model M and it isde�ned as follows:De�nition. Let M = 〈S,R,v〉 be a model.1. M ,s ||− P i� v(s,P) = true, when P is an atomi
 proposition.2. M ,s ||6 − ⊥ and M ,s ||− ⊤.3. M ,s ||− ¬P i� M ,s ||6 − P.4. M ,s ||− P → Q i� M ,s ||6 − P or M ,s ||− Q.5. M ,s ||− 2P i� M , t ||− P for every t ∈ S su
h that sRt.Note: M ,s ||− 3P i� M , t ||− P for some t ∈ S su
h that sRt.
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Truth in a Model�
ont'dExample. Let M = 〈S,R,v〉 be a model where

S = {s, t} and R = {〈s, t〉}

v(s,P) = true (or v(s) = {P})

v(t,P) = false (or v(t) = {}) M : -

{P}

s
q

t
q

{}

• M ,s ||6 − 2P.

• M , t ||− 2P.

• M ,s ||− 3¬P.

• M ,s ||− 2P → P.

• M , t ||6 − 2P → P.
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ValidityDe�nition.

• Formula P is true in the world s of the model M = 〈S,R,v〉 if

M ,s ||− P.

• Formula P is valid in the model M = 〈S,R,v〉, if P is true in everyworld s of the model M = 〈S,R,v〉 (M |= P).

• Formula P is valid in a non-empty 
olle
tion of models C if P isvalid in every model in C (C |= P).

• Formula P is valid in a non-empty 
olle
tion of frames F if P isvalid in the 
olle
tion of all models based on the frames in F(F |= P).
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Validity�
ont'd

• If formula P is valid in a 
olle
tion of models/frames C, then it issaid that P is C-valid.

• A set of formulas Σ is said to be valid in a 
olle
tion ofmodels/frames C (C |= Σ) when every formula in Σ is valid in the
olle
tion C.Example. Let M = 〈S,R,v〉 where S = {s, t}, R = {〈s, t〉} and
v(s,P) = true, v(t,P) = false.
• 2P → P is not valid in Mas M , t ||6 − 2P → P.
• P∨2P is valid in M .
• 22P is F-valid where F = {〈S,R〉}.
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3. Basi
 Properties of Possible World Semanti
s

Theorem. (Basi
 theorem of the possible world semanti
s)If C is a 
olle
tion of models, the set of C-valid formulas1. in
ludes all tautologies;2. in
ludes all formulas of the form 2(P → Q) → (2P → 2Q);3. in
ludes Q whenever it in
ludes P and P → Q;4. in
ludes 2P whenever it in
ludes P;and if F is a 
olle
tion of frames, the set of F-valid formulas is 
losedunder substitution.
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lassi
al tautology. It is true in everyworld of every model. Hen
e, it is C-valid.(2.) Let M = 〈S,R,v〉 be a model in C and s a world in S. Assume thatthere is a formula of the form 2(P → Q) → (2P → 2Q) whi
h is nottrue in s. Then(i) M ,s ||− 2(P → Q) and(ii) M ,s ||− 2P but(iii) M ,s ||6 − 2Q.By (iii) there is a world t ∈ S su
h that sRt and M , t ||6 − Q. But then

M , t ||− P → Q and M , t ||− P by (i & ii). Hen
e, M , t ||− Q, a
ontradi
tion.Thus, every formula of the form 2(P → Q) → (2P → 2Q) is true inany world s and, hen
e, C-valid.
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Proof. (
ont'd).(3.) Let P and P → Q be C-valid.Let M = 〈S,R,v〉 be a model in C and s a world in S.Then P and P → Q are true in the world s and, thus, Q is true in s.Hen
e, Q is true in every world in ea
h model in C whi
h implies that
Q is C-valid.

(4.) Let P be C-valid.Let M = 〈S,R,v〉 by a model in C and s a world in S.The for ea
h world t ∈ S su
h that sRt, M , t ||− P and M ,s ||− 2P.Thus, 2P is C-valid.
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Proof. (
ont'd).Let F is a non-empty 
olle
tion of frames. We show that the set of
F-valid formulas is 
losed under substitution, that is,if X is F-valid, then the formula σ(X) is F-validwhere σ(X) results from X by a substitution σ, in whi
h ea
hproposition P in X is repla
ed uniformly by the formula σ(P).We establish the result by showing that if σ(X) is not F-valid, then Xis not F-valid.Assume σ(X) is not F-valid, then there is a frame 〈S,R〉 ∈ F, valuation

v and a world t ∈ S su
h that M , t ||6 − σ(X) where M = 〈S,R,v〉.
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Proof. (
ont'd).Let M ′ = 〈S,R,v′〉 where v′(P,s) = true i� M ,s ||− σ(P) for atomi
propositions P.We show by stru
tural indu
tion for every formula Z, that for ea
hworld s ∈ S it holds that M ′
,s ||− Z i� M ,s ||− σ(Z).

• If Z is an atomi
 proposition, then M ′
,s ||− Z i� v′(Z,s) = true i�

M ,s ||− σ(Z).

• If Z is of the form ⊤ or ⊥, then M ′
,s ||− Z i� M ,s ||− σ(Z).

• If Z is of the form ¬Z′, then M ′
,s ||− ¬Z′ i� M ′

,s ||6 − Z′. By theindu
tive hypothesis this hold exa
tly when M ,s ||6 − σ(Z′) whi
hholds i� M ,s ||− ¬σ(Z′)[= σ(¬Z′)].
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Proof. (
ont'd).

• If Z is of the form Z′ → Z′′, then M ′
,s ||− Z′ → Z′′ i� M ′

,s ||6 − Z′or M ′
,s ||− Z′′ i� M ,s ||6 − σ(Z′) or M ,s ||− σ(Z′′) [IH℄ i�

M ,s ||− σ(Z′) → σ(Z′′)[= σ(Z′ → Z′′)].

• If Z is of the form 2Z′, then M ′
,s ||− 2Z′ i� for all t ∈ S su
hthat sRt it holds that M ′

, t ||− Z′ i� for all t ∈ S su
h that sRt itholds that M , t ||− σ(Z′) [IH℄ i� M ,s ||− 2σ(Z′)[= σ(2Z′)].Hen
e, if M , t ||6 − σ(X), then M ′
, t ||6 − X . This implies that X is not

F-valid.
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Normal Modal Logi
sCorollary. If L is a non-empty set of frames, then the set of L-validformulas is a propositional modal logi
.From now on we use the notation L in a double way: L 
an refer to(1) a 
olle
tion of frames or(2) the set of formulas that are valid in L.De�nition. Propositional modal logi
 is 
alled normal if it in
ludes (i)all formulas of the form 2(P → Q) → (2P → 2Q) and (ii) the formula
2P whenever P is in
luded.De�nition. A set of formulas L is 
alled a frame logi
 is L is the setof L-valid formulas for some non-empty 
olle
tion of frames L.We use L to denote a logi
 and the 
orresponding 
olle
tion of frames.
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Summary

• The language of propositional modal formulas with one modaloperator (2) is introdu
ed and the notion of 
lassi
al tautologiesis de�ned.

• Di�erent modal logi
s in this language are identi�ed by the validformulas in the logi
.

• The possible world semanti
s for modal formulas is introdu
ed andkey 
on
epts are presented: truth in a model and validity.

• Some basi
 properties of the possible world semanti
s are proved.The notion of stru
tural indu
tion is illustrated through anexample use of it in one of the proofs.
• The notion of normal modal logi
s is introdu
ed.
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