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INTRODUCTION TO MODAL LOGIC1. Modal logi
2. Example of logi
 of knowledge: muddy 
hildren3. Semanti
al treatment4. Proof theoreti
al treatment

M. Fitting: Basi
 Modal Logi
, s. 365�371.
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1. Modal Logi


• Modal logi
s are logi
s of 
on
epts su
h as ne
essary, obligatory,true after an a
tion, known, knowable, believed, provable, fromnow on, so far, sin
e, until, . . .

• What are the properties of su
h 
on
epts?� If you know that P, do you know that you know that P?� If you do not know that P, do you know that you do not knowthat P?� If you know that P, is P true?

• We employ a systemati
 approa
h based on possible worldsemanti
s (Kripke semanti
s)
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2. Example of Logi
 of Knowledge: Muddy Children
• Consider two 
hildren whi
h both have mud on their foreheads.
• The 
hildren see ea
h other.

• The mother says: �At least one of you has a muddy forehead.�
• The mother then asks: �Does either of you know whether yourown forehead is muddy?�
• Neither of the 
hildren reply.
• The mother then asks again: �Does either of you know whetheryour own forehead is muddy?�
• Both reply: �I know mine is.�Explain what happened?
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Formalization

• Children a and b.

A: a has a muddy forehead / B: b has a muddy forehead

KaB: a knows that b has a muddy forehead

• The mother says: �At least one of you has a muddy forehead.�True statements in the situation: A∨B, Ka(A∨B), Kb(A∨B)

KaKb(A∨B) (1)

• The 
hildren see ea
h other.

Ka(KbA∨Kb¬A) (2)

• The mother then asks: �Does either of you know whether yourown forehead is muddy?� Neither of the 
hildren reply.

Ka¬KbB (3)

• KaA is a logi
al 
onsequen
e of formulas 1�3!

☞ Why so/in whi
h logi
?
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3. Semanti
al TreatmentHow to present knowing and not knowing?

• Based on a set of possible worlds (truth assignments inpropositional logi
).

• Agent a knows that P (denoted by KaP) i� (if and only if) P istrue in every possible world that agent a 
onsiders possible.Example. Let the set of possible worlds for agent a be

{{P,Q},{Q}}. Then KaQ is true but KaP is not.

• For ea
h world s agent a 
onsiders possible (indistinguishable) aset of possible worlds.

☞ Hen
e, in su
h a possible world model of knowledge for ea
hagent a the 
olle
tion all worlds is partitioned into disjoint 
lusters ofpossible worlds su
h that for ea
h 
luster S agent a is not able todistinguish between the worlds in S.
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Possible World Model Based TreatmentWe show that KaA follows logi
ally from formulas 1�3, i.e. that for allworlds in a possible world model of knowledge where formulas 1�3 aretrue, also KaA is true.

• Let S be a 
luster of indistinguishable worlds for agent a and let sbe one of the worlds in S.

• Consider now the 
lusters T1,T2, . . . of indistinguishable worlds foragent b that interse
t with S. Note that ea
h world in S belongsto exa
tly one of the disjoint 
lusters T1,T2, . . ..Let formula Ka(KbA∨Kb¬A) (2) be true in s. Then
=⇒ (KbA∨Kb¬A) is true in every world in S.
=⇒ For all i = 1,2, . . . it holds thateither A is true in every world in Ti or A is false in every world in Ti.
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Possible World Model Based Treatment (
ont'd)Let formula KaKb(A∨B) (1) be true s.

=⇒ Kb(A∨B) is true in every world in S.
=⇒ For all i = 1,2, . . . it holds that

A∨B is true in every world in Ti.
=⇒ For all i = 1,2, . . . it holds thateither A is true in every world in Ti or

B is true in every world in Ti.
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Possible World Model Based Treatment (
ont'd)Let formula Ka¬KbB (3) be true in s.

=⇒ ¬KbB is true in every world in S.

=⇒ For all i = 1,2, . . .

B is false in some world in Ti.

=⇒ For all i = 1,2, . . .

A is true in every world in Ti.

=⇒ A is true in every world in S.

=⇒ KaA is true in s.
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4. Proof Theoreti
al TreatmentWhat prin
iples and laws of knowledge (inferen
e rules and axioms)are needed?

• Propositional logi
: tautologies + MP:

P, P → Q
Q

• Distributivity law:

Ka(P → Q) → (KaP → KaQ)

• Rule N:

P
KaP
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• Rule R:

P → Q
KaP → KaQObserve that this is a derived rule:1. P → Q2. Ka(P → Q) [N, 1℄3. Ka(P → Q) → (KaP → KaQ) [Distr℄4. (KaP → KaQ) [MP, 2,3℄

• Axiom T:

KaP → P

• We now show how to derive formula KaA from premises 1�3 byusing the axioms and inferen
e rules introdu
ed above.
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Derivation of KaA1. KaKb(¬A → B) [P1℄2. Ka(¬Kb¬A → KbA) [P2℄3. Ka¬KbB [P3℄4. Kb(¬A → B) →

(Kb¬A → KbB) [Distr℄5. KaKb(¬A → B) →

Ka(Kb¬A → KbB) [R, 4℄6. Ka(Kb¬A → KbB) [MP, 1, 5℄7. (Kb¬A → KbB) →

(¬KbB →¬Kb¬A) [Taut℄8. Ka(Kb¬A → KbB) →

Ka(¬KbB →¬Kb¬A) [R, 7℄
9. Ka(¬KbB →¬Kb¬A) [MP, 6, 8℄10. Ka(¬KbB →¬Kb¬A) →

(Ka¬KbB → Ka¬Kb¬A)[Distr℄11. Ka¬KbB → Ka¬Kb¬A [MP, 9, 10℄12. Ka¬Kb¬A [MP, 3, 11℄13. Ka(¬Kb¬A → KbA) →

(Ka¬Kb¬A → KaKbA) [Distr℄14. Ka¬Kb¬A → KaKbA [MP, 2, 13℄15. KaKbA [MP, 12, 14℄16. KbA → A [T℄17. KaKbA → KaA [R, 16℄18. KaA [MP, 15, 17℄


© 2008 TKK, Department of Information and Computer S
ien
e

AB
T-79.5101 / Spring 2008 ML-1 12

Summary
1. Modal logi
s are logi
s of 
on
epts (ne
essary, obligatory, trueafter an a
tion, known, believed, . . . )2. Possible world semanti
s gives a systemati
 semanti
al treatmentof su
h logi
s and it is the mathemati
al model on whi
h theappli
ation of su
h 
on
epts in 
omputer s
ien
e is typi
ally based.3. The 
ourse uses possible world semanti
s as the basis whenexplaining modal logi
s and their appli
ations
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