T-79.4301 Spring 2007
Parallel and Distributed Systems
Tutorial 3 — Solutions

Formally, the automata A;, As, A3z have the definitions

-Al - (217 Sla S?yAlyFl):

Zl = {CL, b}a
S1 =149, q1, 9},
S? = {a},

Al = {(q07 a, q1)7 (q07 b7 qQ)7 (q17 a, q2)7 (q17 b7 q0)7 (q27 a, q0)7 ((J27 b7 q1)}7 and
By ={q};

Ay = (227527537A27F2)1

Z:2 = {CL, b}7
Sy = {80,81752}7
Sg = {80}7

AZ - {(807 a, sl)a (807 bv 82)7 (sla b7 52)7 (827 a, 81)7 (527 b7 52)}7 and
Fy = {ss}; and

-A3 - (237 537 Si(’,)y A?n F3):

Z3 = {CL, b}a
S3 = {80,81752},
Sg = {80}7

A3 = {(807 a, 51)7 (807 a, 82)7 (517 b7 80)7 (817 b7 82)7 (527 a, 51)7 (827 b7 82)}7 and
F3 = {82}.

1. a) The union automaton .4, built from 4; and A, has the components

Aa = (ECL7 SCL7 527 ACL? FCL):

Za = {a’ b}>

Sa = S1U Sy = {q, q1, 2, 50, 51, S2},

Sy = SYUSY = {q, 50},

Ay = A1 UAy = {(q0,a,q1), (90, b: 42), (1, @, 42) (1, b, 40). (g2, @, qo),
(q2,b,q1), (50, a,s1), (S0, b, 82), (81, b, 82), (82, a, s1),
(82,0, 52)}, and

F,=FiUF;, ={q,s2}.
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1. b) The product automaton A, built from A; and A, is

Ay = (3, Sp, SP, Ay, Fy):
Eb = {a, b},

Sl()] = Sg X Sg = (%»50)},
Ay = {((0,50),a, (¢1,51)) ((0,50), b, (g2, 52))» ((q0,51), b, (g2, 52)).

(QO, 52), a, (Ch, 31)), ((CIO, 82)7 b, (Q2, 82)), ((Q1, so), a, (CI2, 81))7

((Q1, 50)> b, (C_Io, 82))7 ((Ch, 51), b, (QO, 52)), ((Q1, 82)> a, (C_I2, 81))>

((Qh 82), b, (%; 82))7 ((CI2, 50)7 a, (QO, 51)), ((Q2, 80), b, (Ch, 82))7

((Q2, 51),b, (q1, 82))7 ((C_I2, s2), @, (qo, 51))a ((Q2, s2), b, (q1, 82))}> and
Fy=F x F={(q,50)}.

a b b b
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1. ¢) Because ((qo,so),a, (Q1731)) € Ay, ((Q1,S1),b, (QO7S2)) € Ay, (q0,50) €
SY and (qo,s2) € Fp hold, the automaton A, has an accepting run
(90 50), (g1, 51), (qo, S2) on the input ab € 3}. Therefore ab € L(Ap) # ()
holds, and thus the language of A; is non-empty.

1.d) Tt is easy to see from the definition of Ay that {s' € S | (s,0,¢) €
A1} # 0 holds for all s € S; and o € X, that is, the deterministic
automaton A; has a completely specified transition relation. Therefore
the automaton A, can be obtained from the automaton A; by taking



the complement of the set of A;’s accepting states with respect to Si:

formally,

Ag = (24, Sa. 89, A, Fy):
Zd - Z1 - {aa b}>
Si=51=1{q0, 01,9},

Sg = S? = {QO}v
Ad = A1 = {(QOa a, ql)a (QOa b> q2)? (qla a, q2)7 ((ha bv q0)7 (q27 a, C]O),

(Q2>ba Ch)}a and
Fo=5\F ={q ¢, 0} \{w} ={an, ¢}
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1. e) The deterministic automaton built from the automaton A3 has the

components

Ae = (Eey Sea SS>A67F6):

Ze = 23 = {a, b},

Se = 253 = {@, {SQ}, {81}, {82}, {80, 81}, {SQ, 82}, {Sl, 82}, {SQ, S1, 82}},

S¢={53} = {{s0}},

Ae={(0,a,0),(0,b,0), ({s0},a, {s1,s2}), ({s0},5,0), ({s1},0, {50, s2}),
({51}7 a, (Z))v ({32}7 a, {31})7 ({82}7 b7 {32})7 ({507 51}7 a, {517 52})7
({50, s1},0, {30, 82})a ({30, sa},a, {s1, 52}), ({50, s2}, 0, {52})>
({s1,82},a, {s1}), ({51, 52}, b, {50, 52} ), ({50 51, 52}, @, {1, 52}),
({So, S1, 82},[), {80, 82})}, and

F.={seS.|snFy#0}={{s2}, {50, 52}, {51, 2}, {50, 51, 52} }.




1. f) For all w € {a,b}*, let #,(w) and #,(w) denote the numbers of a’s
and 0’s in w, respectively. In this notation,

L(A;) = {w € {a,b}" | #a(w) = #,(w) (mod 3)}
= {w € {a,b}" | #a(w) — #p(w) = 3k for some k € Z}.

Formally, this result can be proved as follows. Let w = 01,09,...,0, €
{a,b}* be a word over the alphabet {a,b} for some n > 0; because
A is a deterministic automaton with a completely specified transition
relation, it is easy to see that A; has a unique run r = sg, s1,..., S, on
w.

We claim that for all 0 <14 < n, s; = ¢; holds for some 0 < 57 < 2 such
that #,(01,09,...,0;) — #4(01,09,...,0;) = 3k + j for some k € Z.
The result then follows from this claim because w € L(.A;) holds iff the
run r is accepting iff s, € F} = {qo} holds.

Because r is a run of A;, so € SY = {qo} holds, and because #,(¢) =
#,(¢) = 0 = 3-0 holds', the claim holds for i = 0.

Let 0 < i < n, and let s; = g; for some 0 < 7 < 2. Assume that
#aolo1,09,...,0;) — F#p(01,09,...,0;) = 3k + j holds for some k € Z.
We show that the claim holds for ¢ + 1.

If 0,41 = a holds, then it is easy to see that #,(01,09,...,0i11) =
#a(Uh 02y, Ui) + 1 and #b(Uh 02y .. 7‘7i+1) = #b(Uh 02y ... ,Uz')-
Therefore,

#al(01,09,. .., 0041) — Fp(01,09, ..., 0411)

= #G(O'l,O'Q,...,O'Z‘)—Fl) —#b(O'l,O'Q,...,O'Z')
= (#al01,02,...,00) = #4(01, 02, ..., 03)) + 1
3k+1 for some k € Z if j =0
=¢Bk+1)+1=3k+2 for some k € Zif j =1
(Bk+2)+1=3k+3=3(k+1)+0 forsomekecZifj=2
=3k + ((j + 1) mod 3) for some k' € Z.

On the other hand, it is easy to check from the transition relation of
Ay that s;11 = ¢(j41) mod 3 holds. Therefore, the claim holds for i + 1
in this case.

Here, € denotes the empty word over the alphabet {a,b}.



If 0,41 = b holds, then

#a(017027-- Uz—l—l) _#b(017027---70i+1)
—#a 01,09, ... O'Z) (#b(dl,ag,...,di)—i—l)
#a 01,02, - .. ) #b(017027---70i)) -1
3k—1—3k 3+2=3(k—1)+2 forsomekeZifj=0

Bk+1)—1=3k+0 for some k € Zif j =1
3k‘+2—1—3k+1 for some k € Z if j =2
= 3K j—|—2 ) mod 3) for some k' € Z,

and it is again easy to check from the transition relation that also
Si+1 = q(j+2) mod 3 holds in this case.

The claim now follows by induction on 7 for all 0 < i < n. OJ



