T-79.3001 Logic in Computer Science: Foundations Spring D
Exercise 9 ([Nerode and Shore, 1997], Predicate Logic, Chagrs 4 and 9)
April 2 — 6, 2009



Solutions to demonstration problems

Solution to Problem 4

a) Tableau proof:

(Vxﬂy(Pl(X) —Q(Y)))
T (VxP(x))
(V|XQ( X))
F(Q (c))| X/c uusi
(P(C|)) 2.x/c
6. T(3y(P(c) — | Q(y))) 1. x/c
7.T(P(c) — Q|( d)) 6. y/d uusi
8. F(%C)) 7. 8T(Q)7
9. T(P(d)) 2. x/d
It seems that the tableau cannot be finished. We read a ceaxgeiples

from an open branch: domadih= {1, 2}, interpretations for constant$ =
1 andd® = 2, and interpretations for predicate$ = {1,2} andQ® = {2}.

Since thetableau is not finishedwve need to check the counter-example
Now, we getS = Vxay(P(x) — Q(y)), S E VxP(x) andS F~ VxQ(x) for S.



b) Tableau proof:

1. T(vvy(3Z(R(x,2) AR(zY)) — R(X,Y)))

2. T(F\l(a, b))
3 T(F\l(b, a))
4. F(Rl(a, a))

All the branches in the tableau are contradictory and the€im holds.

Solution to Problem 5
We choose the following predicates:

G(x) = “xis guilty”,

L(x) = *“xisliar”,

A(x) = *“xisaccused”, and
W(x) = *“Xiswitness”.

The sentences are:
(i) YX(G(X) — L(x)),
(i) IX(AX) AW(X)), ja
(ii)) YX(W(x) — —L(x)).

and we want to show thatvx(A(x) — G(x)). The tableaux proof is as follows.
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Solution to Problem 6
We use the following predicates:

“brick x is on bricky”, and
“pbrick x is on the table”.

The set of sentences is:

{vx(FyT(xy) = =P(x)), Vx(P(X) V3Iy T(X,y)),
VXYY (32 T(y,z) — —T(X,Y))}

and we want to show thaxvy (T (x,y) — P(y)).
Tableau proof:

L T(VX(FYT(xy) — ~P(x)))
2. T(Wx(P(X) vV IyT(x,y)))
3. T(Vxvy(3zT(y,2) — —T(x,y)))
4. F (vxvy(T (|X’ y) — P(y)))

5. F(#(T(c.y) - P(y)))* /e Uus
| 5. y/d UUSI

10. T(g(d))g 10. T(ale(d,y))g'
11 T(T(d,e|)>lo y/e UUSI
12. T(3zT(d,2) — —T(c,d))3 ¥/ey/d
T~
13 F(3zT(d,2)2 13 T(~T(c.d))12

14.F(T(d,e))® % 14 F(Té)c,d))la

d,
&
Note: 1) can be equivalently statedwe&'y(T (x,y) — —P(X)) and 3) a&xvyvz(T (y,z) —
—T(X,y)). How would the tableau look if you used these sentences?



