T-79.3001 Logic in Computer Science: Foundations Spring 2D
Exercise 2 ([Nerode and Shore, 1997], Chapter I, Sections 2d 3)
February 5 — February 9, 2009

Solutions to demonstration problems

Solution to Problem 4

e We denote the proposition with and choose the truth values fArandB
according to4.

‘A‘B‘—\A‘—!B‘—!B—>—|A‘—|B—>A‘(—\B—>A)—>B‘(p‘
(FIF[TIT] T [ F | T [T

e Using the definition:
— According to the definitiorA ¢ 4 iff 4 [~ A. Similarly B ¢ 4 iff
A £ B.

— Based on the definition of negatioh~ Aiff 4 = -A andA |~ Biff
4 = -B.

— Since4 = —A, itholds 4 = —-B — —A.

— Since4 (£~ Aand4 = —B, we haveq [~ -B — A.

— Becauseq [« -B — A, itholds4 = (-B — A) — B.
— Since4 = (-B — A) — B, we haveq = o.

Solution to Problem 5

a) We usel and—

-A=A— 1

AvVB=-A—B=(A—1)—B
AAB=—=(-AV-B)=-(A—-B)=-(A—=(B— 1)) =
A—-B—1)—1

A-B=(A—-BAB—A) =
(A—=B)—=(B—A)—1))—L1

b) Sheffer stroke is defined &s| B= —(AAB).



-A=AlA

AANB=—=(A|B)=(A|B)| (A
AVB=—=(-AAN-B)=(-A|—~
A—B=-AVvB=-(AA-
A—~B=A—-BAB—A=(A|(B|B)
(A1 (B]B)| (B] (A|A) | (A] (B

Solution to Problem 6
All possibilities are listed in the following table.

Po t t f f Po t t f f
p1 t £t f p1 t ft f
PoV-po |t t t t| | polps fttt
povVpr |t t t f —(pp—p1) |f t t f
pr—po |t t f t —P1 ft ft
Po t t f f —(pp—p1) |f t f f
Ppo—p1 |t f t t —Po fftt
p1 t ft f —(pr—po) |f f t f
Po—pr [t F F t Po | P1 ffft
poApr |t f f f Po A\ —Po f fff

Solution to Problem 7

Definition of Sheffer strokeA | B= —(AAB).

Definition of Peirce arrowA | B= —(AV B).

-a = o]a.
(@AB) = ~(-av-B)=(-al|-B)=(ala)l(BlB)

ala)l
A[B = —(aAB) ((alo) L (BLB) L ((ala)l(BlB)).

Solution to Problem 8

a) We will use atomic propositiorf3l, K1 andV1 to denote respectively that
the lamp post 1 has red, yellow and green light on (the lettemse from the
initial letters of the colors in Finnish). L&2,K2 andV 2 be the correspond-
ing propositions for lamp post 2. Now we’ll go through eachuieement
and present the set of propositions that correspond to theresnent.

(i) Forlamp post 1 we need propositied\VK1VvV1 (atleastonelampis
alight) and propositionP1 — -K1A-V1,K1 — -P1A-V1,V1 —



—-P1A—-K1 (at most one lamp is alight). Also, corresponding propo-
sitions are needed for lamp post 2.

(i) The needed propositionis(V1AV2).
(iii) We need propositionP1 — (K2VvV2) andP2 — (K1VvV1).

b) Let's construct a truth table for the above set of propmsst. We'll use a
shorthand notation; for propositiongPi vV Ki V' Vi) A (Pi — =Ki A Vi) A
(Ki — =Pi A=Vi) A (Vi — —=Pi A=Ki) (which means that the lamp pdst
has exactly one light on). The rows marked with stars are tsadd¢he set
of propositions.
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| PLK1VIP2K2V2ay [0z | 7(VIAV2) [P1— (K2VV2) | P2— (K1VV]) |

FTTFFF|F

FTTFFET|F|T

FTTFTF|F|T

FTTFTT|F

FTTTFF|F|T

FTTTFT|F

FTTTTEF]|F

FTTTTT]|F

TFFFFF|[T|F

TFFFFT|T|T
TFFFTF|T|T
TFFFTT|T|F
TFFTFF|T|T

TFFTFT|T|F

TFFETTF|T|F

TFFTTT|T|F
TFTFFF|F

TFTFFT|F|T

TFTFTF|F|T

TFTFTT]|F

TFTTFF|F|T

TFTTFT]|F

TFTTTF]|F

TFTTTT]|F

TTFFFF|F

TTFFEFT|F|T

TTFFTF|F|T

TTFFTT]|F

TTFTFF|F|T

TTFTFT]|F

TTFTTF]|F

TTFTTT]|F

TTTFFF|F

TTTFFT|F|T

TTTFTF|F|T

TTTFTT]|F

TTTTFF|F|T

TTTTFT]|F

TTTTTF]|F
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There are seven models (out ¢f 2 64 valuations). The claim “both red
lights are not on at the same time” can be formalized @l A P2). Exam-
ining the models we can see that the propositidR1 A P2) is true in each
of them (check it), so it is a logical consequence of the setgpositions.

c) The claim “the yellow light is alight on both traffic lightsranslates into
propositionK1AK2. Let 4; be a truth assignment that maps andK?2 to
true and all other atomic propositions to false, thatlis—= {K1,K2}. Now,
4 = (KL1AK2), since4; = K1 ja 4; = K2). In addition4; = a holds
for all propositionsa in item (a) (check!). Thus4; is a model of the set
of propositions, wher&1 A K2 is true. Let4, be a truth assignment that
maps propositiony'1 andV2 to true and all other atomic propositions to
false, that is, 2 = {V1,V2}. Now 4, [~ —(V1AV2), and thus the set of
propositions is not satisfied ifl,.

d) The requirements are not sufficient, because in readdend yellow lights
may be on at the same time. It is possible to lighten the cammditof (i) to
allow this (think how this may be done by yourself). A worselgem is
that the propositions don't specify the working order of ligéts (e.g. that
the yellow light should follow the green one). It is quitefaifilt to model
this kind of behaviour with propositional logic.

Solution to Problem 9

a) Components gfA—B) — (B—C) — (A—C)) are:A,B,C, A—B,A—
C,B—C, (B—C)— (A—C) and itself (we denote it by). Proposition
@is valid iff @is true in all possible truth assignments.

|A|B|C|A—B|A—~C[B—~C|[(B—~C)—~(A=C)]|

||| | =)A= A
||| = ||| A
||| = || 1| A
—[ ||| || 4|4
—| || = || |4
||| A|A| 4|
||| || 4|
R e e I r

The last column only containB and thuspis valid.

b) The proposition is unsatisfiable iff all the values in tlwduenn of the truth table
corresponding to it arE.



[A[B[A=B][-A< B|

T[T] T T
T|F| F F
FIT| F F
FIF| T T

Since the columns foA — B and—A < —B are identical, the propositions
are logically equivalent.

d)
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The claim holds, becauseV (C A —B) has the valud in all the lines in
which (AAB) VvV (CAA) and(AAB) Vv —B get the valud (marked withx).

Solution to Problem 10

Proof by induction.

Basic caselet@be an atomic proposition, that i&t (@) = {¢}. By the definition
of intersection eithep € 4; and@ € 4,, which implies4; = @ and 4, = @, or

O ¢ A1 ande¢ Ao, which implies4; [~ @and 4, = @. Thus4; = o< 4, = o.
Induction hypothesis: The claim holds for allp that have at most connectives.
Induction step: Let ¢ a proposition that has+ 1 connectives. Let's do a case
analysis for different connectives.

1. Letgbe of the form—a. Now, by induction hypothesis, the claim holds for
propositiona. If 4; = a and4; |= a, then4; [~ —-a and 4, = —a. On the
other hand, it4; -~ a and 4, |~ a, then4; = -a and 4, |= —~a. Thus the
claim holds , ifgis of the form—a.

2. Let@be of the forma A B. The claim holds for botlx andf3 by the induction
hypothesis. There are four possible cases.



o If 41 Fa, 4 =a, 41 =B and4; = B, then it holds4; = a AP and
Ap = a AB.

o If 41 Fa, 4y =a, 41 |~ Band 4, ~ B, then it holds4; |~ a AP and
Ao = o AB.

o If 41 -, 4y [~ a, 41 =B and4; = B, then it holds4; |~ a AP and
Ao = o AB.

o If 41 =0, 4 (= a, A1 [~ Band A4, |~ B, then it holds4; = a A and
Ao = o AB.

Thus, the claim holds ipis of the forma A 3.

3. Go similarly through the other connectives based on thedinitions.



