T-79.3001 Logic in Computer Science: Foundations Spring D
Exercise 11 ([Nerode and Shore, 1997], Predicate Logic, Cpgers 10 — 14)
May 5 — May 5, 2009

Solutions to demonstration problems

4. Define the Herbrand universe and Herbrand base for the foltpgets of
clauses.

a) {{-G(x.c)}},

b) {{P(f(y),¥)}},

c) {{P()}, {=P(a), =P(b)}},

d) {{=P(xy), =P(y,2), G(x,2)}},

e) {{-P(xy)}, {Q(ax),Q(b, f(y))}},ja
f) {{P(), Q(f(xy))}}

Solution to Problem 4
a) U ={c},B={G(c,c)}.
b) U={a f(a),f(f(a)),..},B={P(er,&)|e1€U, &€ U}.
c) U ={ab},B={P(a),P(b)}.
d) U={a},B={P(a,a),G(a,a)}.
e) U={a,b,f(a),f(b), f(f(a)), f(f(b)),..},
B={P(er,&)|e1 €U e c U} U{Q(ey1, &)
fy U={a f(aa),f(a f(aa),f(f(aa),a),f
B={P(e)lecU}U{Q(e)|ecU}.

lereU,epcU}.
(f(aa),f(aa), ...},

5. Consider

> = {WxP(x,a,x), -3Ix3Iy3z(P(x,y,2) A=P(x, f(y), f(2)))}.

a) TransformX into a set of clausesS.
b) Define the Herbrand universtand Herbrand bas® of S.

c) LetHerbrand structures be subsets of the Herbrand bemktHe sub-
set minimal and maximal Herbrand modelsSof

Solution to Problem 5



a) A clause{P(x,a,x)} is obtained from the senten&&P(x,a,x). and
the other sentence(3x3y3z(P(x,y,z) A =P(x, f(y), f(z))) results in

clause

S={{P(x,a,x)},{-P(x,y,2),P(x, f(y), f(2)) }}.

b) Herbrand-universkl = {a, f(a), f(f(a)),...} = {f"(a) | n> 0} and
Herbrand-basB = {P(e1,e,€3) | €1,e2,e3 € H}.

¢) The maximal Herbrand-model f&is B, since every term of the form
P(f"(a),a, f"(a)), n > 0 belongs toB (the first clause is satisfied),
and each term of the fori( f"(a), f™1(a), f¥*1(a)), forn,mk >0,
belongs tdB (the second clause is satisfied).

The minimal Herbrand-model igP(a,a,a),P(a, f(a), f(a))}.



6. Transform the problem of deciding the validity of sentence
IxIy(P(x) <« —P(y)) — Ix3Iy(=P(x) AP(y))

into the problem of satisfiability of a propositional logtatement and solve
the problem.

Solution to Problem 6

Find the set of clauseSwhich is the clausal form of the sentence (finite,
contains no function symbols), find the Herbrand univéisef Sand furt-
hermore, the finite set of Herbrand-instan8ed his can be interpreted as a
set of propositional clauses and for instance resolutiorbeaused to check
the validity of S.

7. Find the composition of substitutiofs/y,y/b, z/ f (x) } and{x/g(a),y/x,w/c}.
Solution to Problem 7

{y/b,z/t(9(a)),w/c}

8. Find the most general unifiers for the following sets of hler

Solution to Problem 8

a) 0g = € (empty substitution)
S ={P(x.9(y), f(a)),P(f(y),a9(f(2).2)}
D(S) ={x f(y)}
o1 ={x/f(y)}
0001 = {X/f(y)}
S ={P(f(y).9(y), f(a)),P(f(y).09(f(2),2)}
D(S) ={y, f(2)}
o2 =1{y/f(2)}
000102 = {x/ f((2)),y/f(2)}
S ={P(f((2),9((2)), f(a)),P(f(f(2),9(f(2).2)}
D(S)={f(a),z}
o3={z/f(a)}



MGU is 09010203.
b) op=¢

S = {P(x, f(x),9(y)),P(a, f(g9(a)),9(a)),P(y, f(y),9(a)) }
D(S) = {xay}

o1 = {x/a}

S = {P(a f(a),9(y)),P(a f(g(a)),g(a)),P(y, f(y),9(a))}
D(S1) ={ay}
o, = {y/a}

S ={P(a f(a),9(a)),P(a, f(9(a)),9(a))}
D(S) ={ag(@}

Termsa andg(a) cannot be unified.
C) Op=¢

So = {P(x, f(x,y)),P(y, f(y,a)),P(b, f(b,a))}
D(S) = {x,y, b}

o1 = {X/b}

S = {P(b7 f(bay))v P(y7 f(y7 a))a P(b7 f(b7 a))}
D(S) = {b,y}

o2 = {y/b}

S = {P(b, f(b,b)),P(b, f(b,a))}

D(S) = {b,a}

Termsb anda cannot be unified.
d) op=¢

S = {F’( Py, T(a),b), P(x,y, f(2)) }

S = {P(f(a), f(a),h),P(f(a), f(a), (b))}
D(S) = {b, f(b)}
Termsb and f (b) cannot be unified.



9. Show that

a) the composition of substitutions is not commutativet thathere are
substitutionsy andA such thaoA # Ao.

b) a most general unifier is not unique, that is, there is afsiteaals S
such that it has two most general unifierandA such thato # A.

Solution to Problem 9

a) Consideo = {x/a} andA = {x/b}. Now, O\ # AC.
b) S= {P(x),P(y)} has two MGUs{x/y} and{y/x}.

Solution to Problem 10

D/ F(wow),y/ £ (F (wow), f(w,w)),
z/f(F(f(ww), f(ww)), f(f(ww), f(w,w)))}.

11. Use resolution to prove that there are no barbers, when

a) all barbers shave everyone who does not shave himself, and
b) no barber shaves anyone who shaves himself.

Solution to Problem 11
DefineP(x) = “x is barber” andA(x,y) = “x shaves/".

a) YX(P(x) — VY(=A(Y,Y) — A(X,Y))),
b) VX(P(x) — YY(A(Y,Y) — —A(X,Y)))-

The clausal form:

a) VX(P(X) — Vy(-A(y,y) — A(X,Y)))
YX(=P(X) V YY(A(Y,Y) VA(X,Y)))
VXYY(=P(X) VA(Y,Y) VA, y))
—P(x) VA(Y,y) VA(X,Y)

{=P(x1), Aly1,y1), A(X1,y1)}



12.

b) VX(P(X) — VY(A(Y,y) — —A(X,Y)))
YX(=P(X) VVY(-A(Y,Y) V —A(X,Y)))
VXYY (=P(X) V -A(Y,Y) V —A(X,Y)
—P(X) V=AY, y) V -AXY)
{=P(x2), ~A(y2,¥2), "A(X2,Y2)}
We want to show-3xP(x), and thus consider its negatiaixP(x). In the
clausal form:{P(a)}.
From clauses

{-P(x1), Aly1,y1), Alxi,y1)}  and  {=P(x2), ~A(Y2,¥2), 7A(X2,Y2) }

we get

{—\P(Xg)} (SUbStitUtiOﬂ{Xl/Xg, X2/X3, y]_/Xg, y2/X3})

From clausegP(a)} and{—P(x3)} we obtain the empty clause (substitu-
tion {x3/a}). Thus the set of clauses is unsatisfiable aggP(x) is a logical
consequence of the premises.

We use groud terms 8(0), s(s(0)), ..., to represent natural numbers 0, 1,
2, ..., where 0 is a constants asig a unary function such thatx) = x+1
for all natural numbers.

a) Let predicated2(x),J3(x) andJ6(x) represent that a natural number
is divisible by two, three and six, respectively. Define thpeedicates
with sentences in predicate logic using the definitiond2&ndJ3 to
defineJ6.

b) Use resolution to prove that if a natural numkies divisible by two
and three, then natural number 6 is divisible by six.

Solution to Problem 12
We start with the base cases, that is, 0 is divisible by twothrek:



Finally, divisibility by six:

VXx(J2(X) AJI3(X) — J6(X)).

We transform the sentences into clausal form. For the defmaf predicate
J2(x) we get:

VX(J2(x) — J2(s(s(X))))

VX(—=J2(x) v I2(s(s(X)))

{=J2(x),32(s(s(x))) }-

Similarly for the definition of predicaté3(x) we obtain{ -J3(x), J3(s(s(s(x))))}.
The sentence defining predicai®(x) results in the following:

VX(J2(x) A JI3(x) — JI6(X))
VX(=(32(x) AJ3(X)) V I6(X))
VX(=J2(x) vV =JI3(x) vV I6(X))
{=J2(x), 7J3(x), J6(x) }

From the negation of the query we obtain the following threeses:

°(¥)))
(32(x) AJ3(x)) v I6(s%(x)))
J2(x) vV —=J3(x)) vV IB(s°(x)))
J2(x) vV =J3(x) v I6(°(x)))
Ix(J2(x) A IB(x) A —~J6(s°(x)))
{32(c)}, {33(c)} and{~J6(s°(

=VX(J2(x) AJI3(X) — J6(S
—VX(—
=VX(—
X (=

c))}-



The resolution refutation:

1. {J2(c)}, P

2. {=J2(x1),32(s(s(x1))) }, P
3. {J2(s(s(0)))}, 1 & 2,x1/c

4. {=J32(x2),J2(s(s(x2)))}, P
5. {32(s*(c))}, 3 & 4, x2/s(s(c))
6. {=J2(x3),J2(s(s(x3))) }, P

7. {32(%(c))}, 5 & 6, x3/%(c)
8. {J3(c)}, P

9. {=J3(xa),J3(s(s(s(x4)))) }, P

10. {J3(s(s(s(c))))}, 8 & 9, xs/c

11. {~J33(xs),J3(s(s(s(xs)))) }, P

12. {33(s%(c))}, 10 & 11,x4/5(s(s(c)))

13. {~J2(x6), ~J3(x6),I6(x6) }, P

14. {-J3(s°(c)),36(s°(c))}, 7 & 13, %6/5°(c)
15. {J6(s%(c))}, 12 & 14

16. {-J6(s°())}, P

17. 0,15 & 16



