T-79.3001 Logic in Computer Science: Foundations Spring D
Exercise 10 ([Nerode and Shore, 1997], Predicate Logic, Cheers 6 — 7))
April 16 — 20, 2009

Solutions to demonstration problems

Solution to Problem 7
a) Define predicatelR,(x,y) as follows:

VXRo (X, X)
VXVWZ(RO(Xv y) N K(yv Z) - R]_(X, Z))
VXVWZ(RI(Xa y) N K(ya Z) - RZ(X7 Z))

Wxvyz(Re1(%.Y) AK(Y.2) — Re(%,2))
The graph can be representedds, b), K(b,a) andK (b, c).
b) 1. T(VxRo(X,X))
2. T (Vxvyvz(Ro(x,y) AK(Y,2) — Ri(x,2)))
3. T(vxvyvz(Ry(x,y) AK(Y, 2) — Ra(x,2)))
4. T (YXvW2z(Ra (X, y) AK (Y, 2) — Ra(x,2)))

5. T(K(a,b))

T(K(b,c))

8. F (IX(Ra(x,X) AR3(x,C)))

9. F(Ra(b,b) ARs(b,c)), 8. x/b
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10. T(Ro(b,b) AK(b,a) —>| Ri(b,a)), 2. x/b,y/b,z/a
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11 F(Ro(b,b) AK(b,a)), 10. 11 T(Ry(b,a)), 10
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12.F(Ro b, ), 11

13 T(Ro(b b)), 1.
®



The subtree from node 11 continues in the next page.
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The finished tableau is contradictory and the claim holds.



Solution to Problem 8
Define predicat®K as follows:

YXPK (1(x),1(X))
VXYYWWW(PK (X, V) A PK (y,W) — PK(s(X,Y),S(W,V)))

We show that

PK(s(s(l(c),!(a)),1(b)),s(l(b),s(l(a),1(c))))

is a logical consequence of the definitionRK with the semantic tableau given
in the next page.



Tvyvzyv(PK(s(l(c),1(a)), y)/\PK(Z| V) — PK(s(s(l(c);1(a)),2),8(vY)))
Tvzov(PK(s(I(c),1(a)),s(l (@), 1(c))) A PK(z |V)H PK(s(s(l(c),1(a)),2),s(v.s(I (), 1(c))))
TW(PK(s(l(c),1(a)),s(l(a),1(c))) APK(I(b), |)*PK( (s(l(c),1(a)),1(b)),s(v,s(l (@), I(c))
T(PK(s(l(c),1(a)),s(l(a),1(c))) APK(I(b), (b)) — PK(s(s(l (c),I(a)),l(b)),s(l(b),s(l(a),(c)))))
/ \
F(PK(s(I(c),1(a)),s(I(a), |(Ck( (b),1(b)))  TPK(s(s(I(c),I(a)),1(b)),s(l(b),s(I(a);!(c))))
/
FPK(s(l(c), (6})) (1 (a),1(c))) FPK('(@Q) (b))
Twyvzvv(PK(I (), y)/\PK(Z| V) — PK(s(l(c), 2),8(v,y)))
TvZ7v(PK(l(c),1(c)) APK(zV) — PK(s(I(c),2),s(v1(c))))

TW(PK(l(c),I(c)) APK(l(a), V>*PK( (I(c),1(a)),s(v1(c))))

T(PK(I(c),1(c)) APK(l(a),l(a)) — PK(s(l(c),I(a)),s(l(a),l(c))))
F(PK(l(c), ! ())Apm a))) Tml()) s(l(a),1(c)))

FPRA(ET(e)  FPRUI@)1(@)



Solution to Problem 9
Let predicateK(x) denote thak is Father Christmas and predicalé) denote
thatx is Santa Claus. Thus we get the following sentences:

1. IXK(X) AVXVY(K(X) AK(Y) — x =),
2. Yx(J(x) — K(x)), ja
3. WX(K(X) — J(X)).

Sentence 4 is of the formuxJ(x) A Vxvy(J(x) A J(y) — X =Y). The semantic
tableau:

1. T (IXK(X) AVXVY(K(X) AK(Y) = X=Y))
2. T(vx(J(x (|) K(x)))
3. T(vx(K (|) J(3)))
4. F (3xI) Avxvy(I(x) AJ(y) — x=Y))
5. T(3IxK(x)), 1.
6. T(VXVY(K(X) AK(y) — X=Y))
7. F(3xJ(x)) 7. F(WXYY(J(X) AJ(Y) = X=Y))
8. T(K(a)), 5.x/a 8. F(Vy(J(b) A (y%—>b y)), 7.X/b
9.F(J(a)), 7.x/a 9.F(J(b)AJ(c) - b=c), 8.y/c
(

),
11 Fg( a }T(J( ) 11 F%b c)
&
12. T(J(b))
13. T:(J(c))
14. T(K(b) AK(c) = b=c), 6. x/b,y/c
\
15. F(K(b) AK(c)) 15) Tg):c)
_— T~
16. FﬁK(b)) 16 F|(K(c)
17. T(J(b) — K(b)),2.x/b  17.T(J(c) — K(c)),3. x/c
P I
18. F@(@J(b)) 18. Té{)K(b)) 18 Fé;](c)) 18 Té@K(C))



