T-79.3001 Logic in Computer Science: Foundations Spring 2D
Exercise 10 ([Nerode and Shore, 1997], Predicate Logic, Cheers 6 — 7))
April 16 — 20, 2009

Tutorial problems

1. Let strings consisting of letteesandb
wora, b, faa, “ab”, “ba’, “bb, ...
be represented by ground terms
e a(e), b(e), a(a(e)), a(b(e)), b(a(e)), b(b(e)), ...
consisting of constant symbelcorresponding to the empty string “”, and
unary functionsa(x) andb(x), which prepend the corresponding letseor

b to the stringk. For examplea(b(e)) is interpreted aa(b(*" )) = a(“b") =
“ab”.

Give a set of propositions which defines the predicates

a) Rx,y) = “string x is the prefix of the string”, and
b) S(x,y) = “string x is the suffix of the string”.

2. Give a modelS |= X on the basis of which it holds that
z [~ P(ale),e).

3. Prove the following claims using semantic tableaux and gfendions you
gave in the first problem:

a) 2 = P(a(e),a(b(e))).
b) 2 = S(b(e),a(b(e))).

Demonstration problems

4. Use semantic tableaux to see whether the following claintdsho
a) {Vxay(P(x) — Q(y)), VxP(X)} |= ¥xQ(X).
b) {vXvy(3z(R(x,2) AR(z Y)) — R(x,Y)),R(a,b),R(b,a)} = R(a,a).
€) = VXAyR(xy) — (Vy(=S(y) — —3IXR(X,y)) — IxS(X)).

5. We know that



(i) All guilty persons are liars.
(i) Atleast one of the accused is also a witness.
(i) No witness lies.

Use semantic tableaux to prove that all accused are noyguilt

6. We know that:

a) If a brick is on another brick, then it is not on the table.
b) Every brick is either on the table or on another brick.
¢) No brick is on a brick which is also on some other brick.

Use semantic tableaux to prove that if a brick is on anothiekpthe other
brick is on the table.

7. Letthe nodes of a directed graph be represented as congtambis{a, b, .. .}
and the edges with binary predicate

K(x,y) = “there is an edge from nodeto nodey”.

a) Define the predicates
Rn(X,y) = “there is a directed path fromto y consisting oh edges’

wheren € {1,2,... k}. Describe the graph below using the predicate
K.

—

a b — ¢
—

b) Show using semantic tableaux that from the above desumipt the
graph and the predicat& andRs follows logically

IX(R2(X,X) AR3(X,C)).

8. Let us represent binary trees using binary function syrefiaternal nodes)
and unary function symbal(leaf nodes). Hence the top tree of the below

figure is represented by the tests(l (c),l(a)),l(b)).



a) Let PKx,y) state that the binary treeis the
mirror image of the binary treg. Define the

predicate PK using predicate logic so that you
/<\ can infer whether any two binary trees (repre-
b sented as above) are mirror images of each ot-
o a her.
/>\ b) Show using semantic tableaux that the top bina-
b ry tree is the mirror image of the bottom binary
a c tree.

9. Quantifierd!x means, that “there is exactly oré The claim3!x@x can be
represented using predicate logic as follows:

(Ix@(x)) A (VXVY(P(X) A @y) — X=Y)).
Formalize the following sentences using predicate logic:

There is exactly one Father Christmas.

All Santa Clauses are Father Christmases.
All Father Christmases are Santa Clauses.
There is exactly one Santa Claus.
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Show using semantic tableaux that the sentence numberdautdgical
consequences of the sentences one to three.



