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Exercise 5 ([NS, 1997], Chapters 4 and 8)
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Solutions to demonstration problems

Solution to Problem 4
a) A— (B—C)
Start by removing implications.
A—(B—C) = -Av(-BVC)
-AV-BVC.

This results in both the conjunctive and the disjunctivenmalrform for
the proposition. When using semantic tableaux for findirgdisjunctive
normal form for, one starts withT ).
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Now one can reads the disjuncts from the open branches.drcdlse each
of them only contains one literal. Thus we geAv =BV C, which is (of
course) the same as obtained by applying the transformaties.

For conjunctive normal form, one starts frofg).

F(A— (B—C))

We getAABA —=C from the open branch, and this is the disjunctive normal
form for the negation of the original proposition. Negatthgs, we get the



b)

conjunctive normal form for the original proposition by &ppg de Morgan
rules.

A~ (B—C) = —~(A-(B—0C)
-(~(A— (B—C)))
—-(AABA—C)

= -Av-BVC.

-A < ((AV-B) — B)

One removes equivalence and implications first, then pugatioas in front
of atomic propositions and finally, apply the distributwinf disjucntion
over conjunction.

A~ ((A\/ —\B) — B)

= (-A— ((AV-B) — B)) A (((AV =B) — B) — —A) [ ¢

= (AV (=(AV-B)VB))A (=(—~(AV-B)VvB)V-A) [— €]

= (AV ((-AAB)VB)) A (((AV-B) A=B)V -A) BE
= (AV ((-AVB)A(BVB)))A((AV-BV—-A)A(=BV-A)) [A U]
= (AV-AVB)A(AVB)A(AV-AVB)A(-AV —B) A U]
= (AVB)A(-AV-B).

This is the conjunctive normal form. In the last step, we heammoved
disjunctions of the formAV —AV B because these are always true, that is,
AV -AVvB=T. Now, to get the disjunctive normal form, we apply the
distributivity of conjunction:

(AVB) A (-AV -B)

(AN (-AV-B))V (BA(-AV—B)) [V u]
= (AAN-A)V (AAN-B)V(-AAB)V(BA-B) [V U]
= (AAN-B)V (-AAB)

In the last step, we have eliminated multible occurenceswfesliteral in
one conjunct and the conjuncts that are always false (acontaliteral and
its complement).



The same with semantic tableaux.

T(-A< ((Av-B) — B))

T(-A F(-A)
T((Av]B) —B) F((Av-B)—B)
F(A T(A)
F(Avé) kT(B) T(AV-B)
F(A) FJB)
. & e
T(B) F(B)

From open braches we get the disjunctive normal fofAn —B) vV (-AA
B). Conjunctive normal form can be obtained similarly to item a

c) ~((A«~ —-B) —C)

~((A<-B) = C)
“(A=-BJA(-B—A)=C)  [—¢]
=(=((-AV-B)A(-—BVA))VC) [— €
(=AV-B) A (AVB) A=C (%) [— 9

This is the conjunctive normal form. We continue to obtaia tlisjunctive
normal form.

(*) = (-AV-B) A ((BA-C) V (AA-C)) [V ul
= (-AA ((BA=C)V (AA—-C)))V
(-BA((BA-C)V (AA-C))) [V ul
= (-AABA-C)V (-AANAA-C)V
(-BABA—C)V (-BAAA—-C) [V ul
= (-AABA-C)V (AAN-BA-C).

d) PLAP < (PL— P) VvV (P, — P3)

One can notice that the term on the right-hand side of thevatgpnice is
valid (check!), and to ease the task we can replace it With



PLAPy — T

= (PLAP, — T)A(T = PLAR,) [ €
(C(PLARP)VTIA(=TV (PLAR,)) [ €]
=(-PLV-PRVT)A(LVP)A(LVP)[- 9
=P APs.

This is both CNF and DNF.

Solution to Problem 5
Use semantic tableuax to proof the validity(of < B) < ((a — B) A (B — a)),
(a —B) < (-aVB), a«— —-a, etc.

Solution to Problem 6

a)
(PA=P)V(QA-Q)
= ((PA=P)VQ)A((PA=P)V-Q)
=(PVQ)A(-PVQ)A(PV-Q)A(-PV-Q)
Semantic tableaux is used similarly to Problem 4 a).
b)

(PLA=P) V-V (PhA—Py)
=(PLV---VP)A(mPLVP V- - VP) A A(mPL V-V =Py)

Propositiong is unsatisfiable iff when starting froT ¢) all branches are contra-
dictory.
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Solution to Problem 7
Remove implications.

A= (A=A =A) — (A— ) — )
(A= (A=A —=A) VvV (A=(A=A)—=(A—=A)
-(-AV((A—A)—A)) VvV (
—(-AV (=(-AVA)VA)) VvV (=(-AV(-AVA)
Push negations in front of atomic propositions.
—\(—|A\/(—|(—\A\/A)\/A)) V (—|(—\A\/(—\A\/A))\/(—|A\/A))
(—|—|A/\—\(—|(—\A\/A)\/A)) V ((—\—\A/\—!(—\A\/A))\/(—!A\/A))
(AN (—==(-AVA)A-A)) VvV ((AA=(-AVA)) V (HAVA))

(AN ((FAVA)A=A)) vV ((AAN(AAN-A)) V (-AVA))

Use distributivity rules to push disjuctions inside of aamgtions.

(AN ((FAVA)A=A)) V ((AN(AAN-A)) V (-AVA))
((FAVA)A=A)) V((AV (SAVA)) A ((AAN-A)V (SAVA)))
)V

~—

V(-AVA))

AN
AN ((AV—-AVA) A (AV-AVA)A(-AV-AVA))
AvV

(AN ((

(AN ((FAVA)A-A)
(AV ((AV-AVA)A(AV-AVA) A (SAV-AVA)) A
(“AVA)A-A)V ((AV-AVA) A (AV-AVA) A (SAV —AVA))
(AVAV-AVA)A(AVAV-AVA)A(AV-AV-AVA) A
(
(
(

-AVAVAV-AVA)A(-AVAVAV-AVA) A
—AVAV-AV-AVA)A(-AVAV-AVA)A(-AVAV -AVA) A
-AV-AV-AVA)



When we eliminate the disjunctions that contain literal #sccomplement, we
notice that all the 9 clauses areeliminated. Thus the iagu#tet of clauses is
empty @). This should be the case, because the proposition is wabid ¢an

check this using, for example, semantic tableaux).

Solution to Problem 8

Consider the two first clauses 8f We can interpret them as propositioig Vv
A1) A (—AgV—Ay). This proposition has model = {Aq} and4, = {A1}, that s,
it models the exclusive-or operation (XOR). Thus the setaigesSis equivalent
to proposition

(AoVAL) A (ALVA2) A=+ A (AnVAD).

Now, we consider the models of the above propostion for twoesofn. When

n =1 the proposition igAoVA1) A (A1VAg). If Ag is true, it implies tha#; has

to be false. Now both conjuncts are satisfied. On the otheatt,hBAg is false,A1
must be true. The models 8fare thus{Ag} and{As }.

Now, if n= 2, the proposition is of the forfiAgVvAL) A (A1VA2) A (A2VAg). If

A is true, themA; must be false and furthermofe has to be true. The last XOR
demands thady is false if Ay is true and because of this contradiction there is no
model such tha#g is true. Similar contradiction appears if one assumesAh &
false. ThusShas no models fon = 2.

This can be generalized for all If nis odd,S has two models,

{Ao,Az,... . An1}

and
{A17A37 cee 7An}7

and ifn is even Shas no models (prove the general case!).

Solution to Problem 9

Assume the opposite, that ig,}= S. Then there is a claugé\, —Bg,...,—Bp} in S
that is not satisfied. ThugB;,...,By} C 4 (thatis, 4 = B; for all 1 <i < n) and

A ¢ A4 (thatis, A [~ A). Based on the definition of intersecti¢By,...,Bn} C 41
and{By,...,Bn} C 4. SinceA4; and 4, are models of, then alsoA € 4; and
A€ 4. ThisimpliesA € A4 by the definition of intersection, a contradiction. Thus
4ES O



