T-79.3001 Logic in computer science: foundations Spring 20 this, we get the conjunctive normal form for the original position
Exercise 5 ([Nerode and Shore, 1997], Chapters 4 and 8) by applying de Morgan rules.
February 20-22, 2007

A— (B—C) --(A— (B—C))

~(=(A—(B—C)))

Solutions to demonstration problems

= —-(AABA-C)
4. Find disjunctive and conjunctive normal forms for the fellag proposi- = -Av-BVC.
tions using (1) the transformation rules and (2) semantiketaix.
g(1) @ b) =A<« ((AV-B) — B)
Solution. One removes equivalence and implications first, then push
QA= (B-C) tions in front of atomi iti d finall di
Solution. Start by removing implications. negations in front of atomic propositions and finally, apfig dis-

tributivity of disjucntion over conjunction.

A—(B—C) = -AV(-BVvC) -A« ((AV-B)—B)

= TAVTBYC. = (A~ (AV-B)~B)A((AV-B)~B) = —A)  [-¢
This results in both the conjunctive and the disjunctivenmairform = (AV (=(AV-B) VB)) A (~(=(AV -B) VB) vV -A) [—¢
for the proposition. When using semantic tableaux for figdhe dis- = (AV((=AAB)VB)) A (((AV -B) A-B) vV -A) -9
junctive normal form forp, one starts withT¢). = (AV ((-AVB)A(BVB)))A((AV-BV-A)A(=BV=A)) [A U]
= (AV-AVB)A(AVB)A(AV-AVB) A (-AV —B) A U]

T(A—(B-0C) = (AVB) A (-AV-B).

f 1O

RN This is the conjunctive normal form. In the last step, we hamoved
F(B) T disjunctions of the forr\ vV ~AV B because these are always true, that
is,AV—-AVB=T. Now, to get the disjunctive normal form, we apply
Now one can reads the disjuncts from the open branches.dmcaise the distributivity of conjunction:

each of them only contains one literal. Thus we gétv -BV C,
which is (of course) the same as obtained by applying thetoama-

tion rules. (AVB) A (-AV-B)
For conjunctive normal form, one starts froffg). = (AA(-AV-B))V (BA(-AV -B)) [V u
= (AA-A)V(AA-B)V(-AAB)V(BA-B) [V U]
F(A—(B—C)) = (AA—B)V (-AAB)
T(A)

In the last step, we have eliminated multible occurenceamisliteral

F(B—C) in one conjunct and the conjuncts that are always false &iming
T(B) literal and its complement).
F(C)

We getAABA —C from the open branch, and this is the disjunctive
normal form for the negation of the original proposition. gdéng



Same with semantic tableaux.

T(-A<((AV-B)—B)) PIAP & T
e \F(ﬁ | = (PLAP, — T)A(T = PLARy) [~ ¢
=((PAP)VT)A(RTV(PLAR,)) [~ €
T((Av-B)—B) F((Av—-B)—B) = (=PLV-PVT)A(LVP)A(LVP)[- 5
F(A T(A) =PLAP..
/ I
F(AVZB)  T(B) T(AV-B) This is both CNF and DNF.
F(A) /FAB)\ 5. Use semantic tableaux to prove that the rules used to find ONIF/of a
F(-B) 1A T-B) proposition maintain logical equivalence.
é é Solution. Use semantic tableuax to proof the validity(of — B) < ((a —
T(B) F(B) B)A(B— a)), (@ — B) < (-aVP), a « ——a, etc.
From open braches we get the disjunctive normal fotfz —B) v 6. Find CNFs for the following propositions both by applyingtinansforma-
(-AAB). Conjunctive normal form can be obtained similarly to item tion rules and using semantic tableaux.
a).
¢) ~((A< —B) —C) a) (PA-P)V(QA-Q)
Solution. b) (PLA=PL) V.-V (PhA=Py)
-((A~-B) —=C) Use semantic tableaux to prove that CNF obtained for a) iatigfimble.
=-((A—>-B)A(-B—A)—C) [« € Solution.
=~ (~((-AV-B) A (--BVA) VC) [ ¢
= (-AV-B) A (AVB) A -C (¥) - s a)

This is the conjunctive normal form. We continue to obtaia ths- (PA=P)V(QA=Q)
junctive normal form. =((PA=P)VQ)A((PA=P)V-Q)
=(PVQA(=PVQA(PV-Q)A(=PV-Q)

(%) = (-AV-B)A((BA-C)V (AA—-C)) [V ul
= (-AA ((BA-C)V (AA-C)))V Semantic tableaux is used similarly to 4. a).
(-BA((BA=C)V (AA-C))) [V u] b)
= (-AABA-C)V (-ANAA-C)V
(-BABA-C)V (-BAAA-C) [V u] (PLA=PL) V-V (PhA—Py)
— (\AABA-C) Y (AA—BA-C). = (PLV--- VP A(RPLV PV V) Acs A(=PLV -V —Py)
d) PLAP, o (PL— Py) V (P, — P) Propositiong is unsatisfiable iff when starting frofT ¢p) all branches are

Solution. One can notice that the term on the right-hand side of the contradictory.

equivalence is valid (check!), and to ease the task we cdaaejit
with T.



T(PVQA(-PVQ) /\l(PVﬁQ) A(=PV=Q))
T(PVQ)

T(ﬁP\/Q)
T(P\l/ﬂQ)
TPV Q)
T —rs
T(-P T(Q) T(-F] T(Q)
| ~ é N
e Ie o ¢ P) 6 Lo
6 TLo Q) Tg ﬂQ FP) R Q)
FP) F(Q F%Q

. Find a clause form fofA — (A— A) — A)) — (A— (A— A)) — (A—
A)

Solution. Remove implications.

A= (A=A —A)
(A= ((A—>A)—A)
—\(—\A\/((A—>A)—> )
~(“AV (5(-AVA) V A)

(A= (A=A)— (A—A)
(A= (A—=A)— (A—=A)
(FAV(A—=A) — (A= A)
=(=AV (-AVA))V (-AVA))

<< < |

) (
) (
) (
) (

Push negations in front of atomic propositions.

—(-AV (=(-AVA)VA)) V (=(-AV(-AVA))V(-AVA))
= (-=AA-(=(-AVA)VA)) V ((-——AA=(-AVA))V(-AVA))
=  (AA(—=(-AVA)A-A)) vV ((AA=(=AVA))V(-AVA))
= (AA((FAVAA-A) Vv ((AA(AA-A)V (-AVA))

Use distributivity rules to push disjuctions inside of aamgtions.

(AA((FAVA)A-A)) VvV ((AAN(AN-A)) V (-AVA))
(AA((FAVA)A-A)) vV ((AV(SAVA)) A ((AAN-A)V (-AVA)))
(AAN((FAVA A-A)) VvV ((AV-AVA)A(AV-AVA) A (CAV-AVA))

(AV ((AV-AVA) A (AV-AVA) A (-AV AV A)) A
(=AVA)A-A)V ((AV -AVA) A (AV =AYV A) A (ZAV -AV A))
(AVAV-AVA)A(AVAV-AVA)A(AV-AV-AVA) A
(mAVAVAV-AVA)A(-AVAVAV-AVA) A
(
(

—SAVAV-AV-AVA)A (-AVAV-AVA) A (ZAVAV -AVA) A
—AV-AV -AVA)

When we eliminate the disjunctions that contain literal aed¢omplement,

we notice that all the 9 clauses areeliminated. Thus thdtimegiset of
clauses is emptydj. This should be the case, because the proposition is
valid (you can check this using, for example, semantic bt

. Consider the set of clauses:

{ {A07A1}7 {ﬁA07 jAl}v {A17A2}7 {ﬁAlv ﬁAZ}-/ cees
{An*hAn}a {_‘Anfﬁh ﬂ'A‘n}7 {An,AO}7 {_‘Am _‘AO} }

Give truth assignmem such thatz =S

Solution. Consider the two first clauses 8 We can interpret them as
proposition(Ag V A1) A (Ao V —Aq). This proposition has models; =
{Ao} andaz = {As}, that is, it models the exclusive-or operation (XOR).
Thus the set of claus&is equivalent to proposition

(AoVAL) A (AVA2) A -+ A (AnYA).

Now, we consider the models of the above propostion for twoesofn.
Whenn = 1 the proposition iAoVA1) A (A1VA). If Agis true, it implies
thatA; has to be false. Now both conjuncts are satisfied. On the béret,

if Ag is false,A; must be true. The models 8fare thus{Ao} and{A;}.

Now, if n= 2, the proposition is of the forfAoVA1) A (A1VA2) A (AxVAG).

If Ag is true, therA; must be false and furthermo#e has to be true. The
last XOR demands th#&; is false if A, is true and because of this contra-
diction there is no model such thag is true. Similar contradiction appears
if one assumes thdy is false. ThusShas no models fon = 2.

This can be generalized for all If nis odd,Shas two models,
{A0,Az,...,An 1}

and
{A1,As;. .., An},
and ifnis even,Shas no models (prove the general case!).



9. Horn-clause is a clause that has exactly one positive liteet 2, and .4,
be models for a set of Horn-claus8s Show that alsoz = 21N 43 is a
model ofS.

Solution. Assume the opposite, that ig, [~ S. Then there is a clause
{A,—Ba,...,—Bn} in Sthat is not satisfied. ThuB,...,Bn} C 4 (that s,
4 =Bjforall1<i<n)andA¢ a (thatis,a [~ A). Based on the definition
of intersection{By,...,Bn} C 41 and{By,...,Bn} C A2. Sincea; and 4,
are models of5, then alsoA € 41 andA € 4. This impliesA € 4 by the
definition of intersection, a contradiction. Thas=S. d



