T-79.3001 Logic in computer science: foundations Spring 20
Exercise 3 (propositional logic 3.6 — 3.8)
February 6-8, 2007

Solutions to demonstration problems

4. Define Sheffer stroke using Peirce arrow.

Solution.
Definition of Sheffer strokeA | B= —(AAB).
Definition of Peirce arrowA | B= —(AV B).

-0 = aja.
(aAB) = ~(-av-B)=(-al-B)=(ala)l(BLlB).
A|B = =(anB) ((ala) L (BLR) L ((ala)l (BLR)).

5. Show, that
a) if Z = @andZ = —~@for someg, thenZ is unsatisfiable.

Solution. Assume that for someit holdsZ = @andZ = —¢. We useproof
by contradiction, that is, we assume thatis satisfiable and show that this
leads to contradiction. [E is satisfiable then there is a truth assignment
such that for alb € Z, 2 = 0. SinceX = @, it holdsa = ¢. On the other
hand, sinc& |= -, it holdsa = -, which is equivalent tor [~ @. Since
no proposition can be true and false at the same time, thisast@adiction
and the original claim holds, that i5,is unsatisfiable. O

b) if set of proposition has exactly one model, then for gllit holds
2 = @or Z = - (but not both).

Solution. Let 2 be the only model fok. For each propositiop it holds
that@is either true ina or @is false in4, that is, eithera = @or 2 % @
(equivalentlya = —q). If 2 = @, it holdsZ = @, and if 2 = -, it holds

6. Proof the following properties of logical consequences.
a) ZCCn(%).
b) Monotonicity:X; C X = Cn(Z1) C Cn(Xy).
C) ZE@=Cn(Z) =Cn(Zu{e}).

Solution. Cn(X) denotes the set of logical consequences of a set of propo-
sitionsZ, that is, CiiZ) = {¢| Z |= ¢}.

a) Assume thak Z Cn(X). ThenX containsa such that there is a model
4 of Z that is not a model ofi, that is,2 [~ a. On the other hand,
sincea is a model ofZ it holds 2 |= o for all 0 € X. Sincea € %, we
havea = a. This is a contradiction, and th@sC Cn(X). O

Consider arbitrargt € Cn(Z1). o is true in all the models af;, that
is, in all the truth assignments in which all the proposi§iagmX; are
true. Becaus&; C %, every model o, is also a model of;. This
implies thata is true in every model ofy, that is,a € Cn(Z>). O
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Assume thak |= @, that is, for allz such thata = o forall o € Z,
it holds 2 |= @. Based on item b) it holds G&) C Cn(ZU {¢}) and
it suffices to show that GZ U {¢}) C Cn(Z). Consider arbitrary €
Cn(Zu{g}). It holdsZU{¢} = a, that is,a is true in every model
of ZU{@}. But these are exactly the same as the models tfat is,
2 = aanda € Cn(Z). O

7. Model with propositional logic a voting system for three exst, where the

models give the positive or negative voting result. How dihessystem
change if there are four voters and the vote chair decidease of a tie.

Solution. We choose the following atomical propositions.

“person 1 votes yes”
“person 2 votes yes”
“person 3 votes yes”
“majority of yes-votes”
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Two yes-votes results in majority for yes.
AANB—Y AAC—-Y BAC—-Y
Two no-votes results in minority of yes votes.
“AA-B—-Y —-AA-C—-Y -BA-C—-Y

When there are three persons and a chairperson, we take itioadte
following atomical propositions.

p
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“chair votes yes”
“result of the vote depends on the vote of the chair”



Three yes or no votes gives the result directly.
AABAC—-Y —-AA-BA-C— =Y
Otherwise, the vote of the chairperson impacts the outcdrtieoote.

AAN-BA-C—IC -AABA-C—IC -AA-BAC—IC
AABA-C—IC AA-BAC—IC —-AABAC—IC

The impact of the chairperson’s vote.

ICAP—=Y ICA=-P— Y

Naturally, there are also several other possibilities hmwodel the voting

system.
. The card reader of the Helsinki area travel card work asviglo

1. Green light: a valid period ticket / value ticket / transieket.

2. Green and yellow light: less than or equal to 3 full daysqakon the

travel card / less than or equal to 5 euros value on the travdl ¢
3. Red light: period / transfer not valid or other error.

Formalize the system using propositional logic and find obétkind of

models the set of propositions has.
Solution. Choose for example the following atomical propositions.

A = “avalid period ticketonthecard” D = “period< 3days”
B = *avalid value ticket on the card” E = *“value<5 euros”
C = “avalid transfer ticket onthe card” F = “other error”

V = “green lightin the reader”

K = ‘“yellow lightin the reader”

P = “red lightin the reader”

Now the system can be formalized for example as follows.

1. AvBvC—V
2. DVE—= KAV
3. - AV-CVF - P



