T-79.3001 Logic in computer science: foundations Spring 20 (b) E=p [truely=x; y=x+x+y [y==3*x]

Exercise 12 ([Huth & Ryan, 2000], Chapter 4 . . . . .
May 2-3, 20g7 Y ! P ) Solution. Applying twise the assignment rule, we obtain:

[X+Xx+y==3*x]y=x+x+y [y==3*X]

. ) [X+X+x==3*X] y=X [x+x+y==3*]
Solutions to demonstration problems

N ) ] and furthermore using the rule for composition:
4. Use propositional logic to prove the equivalence of theofsihg state-
ments. [X+x+x==3*x]y=x; y=x+x+y [y==3*x].

(@) ! (a==h|| a<h) Statementx +x +x==3* x evaluates to true for all integers, and thus the

(b) a!=b&&! (b>a) claim holds.

C) p[x>1]a=1; y=x; y=y-aly>0&&x>
Solution. Boolean statements can be represented using basic cases, th (©) =px>1] y y=y-aly Y]

Solution.
a==b =qef ! (a>b) &&! (b>a) [y-a>08&x>y-a]y=y-a[y>0&8x>y]
[x-a>0&&x>x-aly=x[y- a>08&8&x>y- aJ
[x-1>0&&x>x- 1] a=1 [x- a>0&8&x>x- a].

and

a<b =ger b>a Now, the latter part ok- 1>0&&x>x- 1 evaluates to true for all integers

al=bh =ger !(a==b) andx - 1>0 is equivalent toc > 1. Thus the claim holds.

We chooséd =“a>b” and B="h>a" as atomic propositions. This way the
statement in item (a) is

—((-AA-B)VB)

and respectivelly, in item (b):

—‘(—\A/\ —\B) A—-B

Notice that the sesond proposition is obtained from thelfiysapplying de
Morgan'’s rule and thus the statements are logically egemntal

. Prove the partial correctness in the following cases.
(@) F=p x>0]y=x+1]y>1]

Solution. Starting from the postcondition and applying the rule fcsigis-
ment backwards, we obtajp+1>1] y=x+1 [y >1]

x>0 is equivalent tox+1>1, and the claim holds.

. Show that=p, [t rue] P [z==min(x,y) ], whereP is the following program:

if(x>y)then{
z=y
telse{
z=X
}

Solution.

[true&&! (x>y)][! (x>y)][x<=y][x ==min(x,y)] z=x [z==min(x,y)] and
[true&&(x>y)][(x>y)]ly ==min(x,y)] 2=y [z==min(x,y)].
Thus,

[true]
if(x>y)then{
z=y
telse{
z=X
} [z =min, y)]



7. Show that

(@) ':p [true] Sum[z==x+y]
(b) =t [0<=y] Sum[z==x+y]

whereSumis the following program:

Z=X;

vV=y;

while(! (v ==0)) {
z=z+1;
v=v-1

}

Solution. First, we need and invariant for the loop. Inspecting theegod
we note that the value of variabieincreases while the value for variable
v decreases. Moreover, the sumadéndv stays constant. This constant
is obtained for the initila values of andv, as thus we have invariaht
Z+vI=X+y.

We check that really is an invariant:

[z+v- 1==x+y]v=v-1[z+V==X+Y]
[z+v==x+y][z+1+Vv- 1==x+y|z=2+1 [2+V- 1==X+Y]

Thus:

[z +v ==x +y]
while(! (v ==0)) {
z=z2+1;
v=v-1
[z +v ==x +y &&v ==0]

Finally, we need to find the preconditions for the assignsiéefore the
loop:

[z+y==x+y]v=y [z+v==x+y]
[x+y==x+y]z=x [z+y==x+y]

Now x +y ==x +y evaluates to true for all integers.

(b) =t [0<=y] Sum[z ==x+y]

To prove total correctness, we need to make sure the progranmates.

[0 <=y][x +y ==X +y &&0 <=y]z=x[z +y ==X +y &&0 <=y]
[z +y ==x +y &&0 <=y]v=y [z +Vv ==x +y &&0 <=V]
while(!(v ==0)) {
[z +v ==x +y &&0 <=v -1 &&v -1 <n]z=z +1;
[z +v -1==x+y &0 <=v - 1 &&v -1 <n]
[z +v -1==x +y &&0 <=v -1 &&v -1 <n]jv=v -1
[z +v ==x +y &&0 <=v &&v <n]
[z +v ==x +y &0 <=v &&v ==0][z ==x+Y]



