T-79.3001 Logic in computer science: foundations Spring 20
Exercise 1 (preliminaries 3.1 — 3.2, propositional logic 1.— 1.5)
January 23-25, 2007

Solutions to demonstration problems

4. Show by induction that a set afelements has"subsets.

Basic case: A set of 0 elements (assumirgld), that is, the empty set, has
one subset, itself. In additior? 2= 1.

Induction hypothesis: We assume that the claim holdsferk, that is, a
set ofk elements has%subsets.

Induction step: Consider an arbitrary gethat hak+ 1 elements. Choose
arbitrarya € A. The subsets A divide into two cases: the ones that contain
a and the ones that don't contaan Let B be the set of subsets afcontain-
ing a andC be the set of subsets Afnot containinga. The seC is now the
set of subsets of lnelement set (consider why!) and by induction hypothe-

a) -A — =B, when
A="You help”
B ="l can finish my work”

b) AvBVC, when
A ="l walk to work”
B ="l ride a bicycle to work”
C ="“Sometimes | drive a car to work”

c) Either:A, when
A ="“Merja and Arto are coming to visit us”
or: AAB, when
A =“Merja is coming to visit us”
B = “Arto is coming to visit us”
d) For exampleA — —B or AA —B, when
A ="“You have been naughty”
B = “You will get dessert”

e) For exampleAA B, when

A ="“The manual was long”

sis|C| = 2k. On the other hand, each elemensgifithat is, a each subset of o .
B = “The manual was not long enough

A containinga) can be bijectively mapped into an elemen€dfy removing

a. Thus|B| = |C|. Since each subset éfbelongs to eitheB or C (but not f) AVv=A— -BVv(CAD), when
both!) the number of subsets Afis |B| +|C| = 2" 42" = 24 2" =2"1, A= "Somebody asks me”
B = “He should buy a car”
5. Prove the following claims (se#s, B andC are subsets of univergs: C = “He should live far from his workplace”

a) AU(BNC) = (AUB) N (AUC). D = “The price of benzine should get cheaper

b) E—(ANB) = (E—A)U(E—B). 7. Let» = {A,B,C} be the set of atomic statements. Which of the following

are propositional statements? Why?
6. Formalize the following statements using propositiongldo
a) A

b) ~(AAB))
c) (AA(B— (AAQC)))
d) Itis raining today.

a) | can't finish my work unless you help me.

b) I either walk, ride a bicycle, or sometimes drive a car tokvo
¢) Merja and Arto are coming to visit us.

d) Because you have been naughty you won't get dessert.

e) Even though the manual was long it was not long enough. Solution.
f) If somebody asks me — or even if anybody doesn't ask — helsinéiu a) Yes, an atomic proposition.
buy a car or he must live far from his workplace and the bergiireaild b) No, does not contain even number of parentheses.

become cheaper. c) Yes, give for example a parse tree for the proposition.

Solution. d) No, natural language.



8. Prove that all propositional statements have an even nuaflparenthesis.

Solution. We prove the claim using induction on the length of propositi

Basic case: A proposition of the length 1 is a propositioyattsol and it
contains 0 parentheses (0 is an even number).

Induction hypothesis: If the length of the proposition isdeham, then it
contains an even number of parenthesis.

Induction step: Let the length of the proposition torbén > 1). Then the
proposition is of the fornf—-a), (a V), (a AB), (a — B) or (a < B). Here
o andp are some propositions that are shorter thaBy induction hypoth-
esis they contain an even number of parenthesis and so thegition itself
contains also an even number of parenthesis. This complegsoof by
induction.

9. Remove unnecessary parenthesis so that the meaning of dhesfiion
does not change.

a) (A— ((BAC)VD))

b) ((A—B)A(B—C)) = (A—=C))
c) (AA(BVC))V(AA(CVD)))

d) (-(AAB)) = ((B—C)AA))

e) (-A)A(-B)) — ~(AVB))

Solution. Using the common definitions for connective precedence:
a) A— (BAC)VD
b)  A—-B)A(B—-C)— (A—C)
c) (AA(BVC))V(AA(CVD))
d) -(AAB) <~ (B—C)AA
e) ~AA—-B — —(AVB)

10.
Give their parse trees.

Solution. The form of a statement is obtained from its outermost connec

tive:

a) Implication.

What are the forms of the propositional statements in theique exercise?
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b) Implication.
c¢) Disjunction.
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d) Equivalence.
e) Implication.

11. List the components of the following propositional stateme

(-A—(-B—C)) = (=(-A—B) = C)

Solution. -A — (-B— C), =(-A — B) — C, -A, -B — C, =(-A — B),
C, A, -B, -A — B, B. In addition the propositional statement is its own
component.



