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à , 1 - - / ' * 3 > 4 A / . * - ∃, ∀

•

9 7 . 7 - ( )

H , : * . + + 7 ,

M

©

� � � � � � � 
 � � � � � N � O � � P � � � � � Q � � � � � � O � � R � � � � � � � �

AB

� � � � � � � � � � � 	 
 � � 
 � � � � � � 	 � � � � � � � � � � � � � � � � � � 
'

&

$

%

� � � x u � w � v � z

•

{ / + , * 3 ( . . , � 7 1 + - * / 3 > 4 A / . * . . , f ∈ F / 1 � �
� � � � � � � � n > 0

q H / + , 4 = = ' = = f k 1 , ' 0 7 4 ( 1
- - * ( 1 . 7 + 7 4 = = ' = 1 r %

•

� , 3 - , , ,̀ 3 - * : ' ( ) * + , , - - * 3 > 4 A / . ( * . . , P ∈ P / 1 : ,
* + + , . 7 7̀ - n ≥ 0 %

•

_ = = ' * - ( . . = = 1 Fn = {f ∈ F | f k 1 : ,
* + + , . 7 + 7 / 1 n}n
+ 7 1 n > 0n
H ,

Pn = {P ∈ P | P k 1 : ,
* + + , . 7 + 7 / 1 n}n
+ 7 1 n ≥ 0 %

•

< = - ( 1 F = ∪{Fn | n > 0}

H , P = ∪{Pn | n ≥ 0} %

� � � v u � u � � z

•

� L - = 3 7 7 ' 7 7 3 : ' ( ) * + , , - - * =∈ P / 1
+ , + 3 * : , * + + , * 1 ( 1 n (
. *

=∈ P2 %
•

� , + * / 3 > 4 A / . * ( 1 H / 7 + + / C /̀
* - , * 3 * * 1 ,̀ * L - / ( L - / * 3 ( 3 - * 4 = = ' * - ( . . =

� I : , * + + , * 3 - ( 1 � 7 1 + - * / 3 > 4 A / . * ( 1 H / 7 + + / 1 , F0 %

•

{ / 7 + / 1 P0

3 > 4 A / . * - ,̀ 3 - , , ,̀ - . , 7 3 ( . / 0 * * + , 1 , - / 4 * 3 * , . , 7 3 ( * - , %

M

©

� � � � � � � 
 � � � � � N � O � � P � � � � � Q � � � � � � O � � R � � � � � � � �

AB

� � � � � � � � � � � 	 
 � � 
 � � � � � � 	 � � � � � � � � � � � � � � � � � � �'

&

$

%

b
c
�  g � � � 	 ! " " � g f � � ! "

& ' ( ) * + , , - - * . / 0 * * + , 1 + * ( . ( 1 L 4
= = ' * - ( . 4 = / 1 + / . 4 * - , 3 / * 1 ( 1 k ( 1 3 * 1

4 = = ' * - ( . . = = 1 - ( ' 4 * - n 3
* - - ( 1 , - / 4 * + , , ,̀ - H , . / : 7 . - , ,̀ ' 3 * 1 , * 3 ( - + , , ,̀ - %

� � � x u � w � v � z

$
%
{ / + , * 1 ( 1 4 7 7 - - 7 H , 3 > 4 A / . * v ∈ V / 1
# $ % & � %

2
%
{ / + , * 1 ( 1 ,̀ + * / 3 > 4 A / . * c ∈ C / 1
# $ % & � %

5
%
{ / 3 f ∈ Fn

/ 1 n I : ,
* + + , * 1 ( 1 � 7 1 + - * / 3 > 4 A / . * H , t1, . . . , tn

/̀ , -

- ( ' 4 ( H = n 1
* * 1 4 > G 3 f(t1, . . . , tn) / 1
# $ % & � %

8
%

_ 7 * - , - ( ' 4 ( H = ( * / . ( %

s t u v w x y y uz xn cn f(x)n f(f(f(f(f(x)))))n g(f(x), g(f(x), g(x, c))) %

� � � x u � w � v � z

< ( ' 4 * n
H / 3 3 , ( * ( 3 * * 1 1 > 4 7 7 - - 7 H * , n / 1 & � � # # �
' � # ( ) # $ % & �

q ( 1 0 . % * % ( � )
+ # $ % & r %
M

©
� � � � � � � 
 � � � � � N � O � � P � � � � � Q � � � � � � O � � R � � � � � � � �

AB
� � � � � � � � � � � 	 
 � � 
 � � � � � � 	 � � � � � � � � � � � � � � � � � � ,'

&

$

%

� � � x u � w � v � z

$
%
{ / 3 t1

H , t2

/̀ , - - ( ' 4 ( H = n 1
* * 1 t1 = t2

/ 1 � # ( & � � � � - � %

2
%
{ / 3 P ∈ P0

/ 1 0 I : ,
* + + , * 1 ( 1 : ' ( ) * + , , - - * 3 > 4 A / . * n 1
* * 1 P / 1

� # ( & � � � � - � %

5
%
{ / 3 P ∈ Pn

/ 1 n I : ,
* + + , * 1 ( 1 : ' ( ) * + , , - - * 3 > 4 A / . * q 4 * 3 3 = n > 0

r

H , t1, . . . , tn

/̀ , - - ( ' 4 ( H = n 1
* * 1 P (t1, . . . , tn) / 1 �
# ( & � � � � - � %

8
%

_ 7 * - , , - / 4 * + , , /̀ H , ( * / . ( %

s t u v w x y y uz

} - / 4 * + , , /̀ H , /̀ , - 4 4 %

P (x1), Q, x1 = x2, g(x1, x2) = f(f(c1)),

R(c1, x1, y1)

H , S(x1, c1, f(x), h(f(x1), c1, x1), x2, x2, x3),

4 7 - - , ( 3 * 4 % f(R(x), c) (
* / . ( , - / 4 * + , , ,̀ q ( * + = ( ) ( 3 - ( ' 4 * r %

M

©

� � � � � � � 
 � � � � � N � O � � P � � � � � Q � � � � � � O � � R � � � � � � � �



AB

� � � � � � � � � � � 	 
 � � 
 � � � � � � 	 � � � � � � � � � � � � � � � � � � �'

&

$

%

� � � x u � w � v � z

$
%
{ / + , * 1 ( 1 , - / 4 * + , , ,̀ φ / 1
� � � - � %

2
%
{ / 3 φ

H , ψ /̀ ,
- + , , /̀ H , H , x / 1 4 7 7
- - 7 H , n 1
* * 1 4 > G 3

(¬φ)n (φ ∨ ψ)n (φ ∧ ψ)n (φ→ ψ)n (φ↔ ψ)n (∀xφ)n (∃xφ)

/̀ , - � � � - ( ' � %

5
%

_ 7 * - , + , , /̀ H , ( * / . ( %

s t u v w x y y uz

& ' ( ) * + , , - - * . / 0 * * + , 1 + , , /̀ H , k P (c)n (∀x(P (x) → Q(x)))n

(∀x(P (x) ∨ (∃yQ(x, y))))n (∃x(∀y(∀zP (x, y, z)))) %

9 > 4 A / . * H / 7 + + / * L * 1 V , C,F

H , P : ( ' 7 3
- 7 ,̀ : ' ( ) * + , , - - * . / 0 * * + , 1 � � $ � � L

4 = = ' * - ( . . = = 1 ( ) ( . . = , 1 1 ( - 7 * . . , : ( ' * , , - - ( * . . , 4 7 / ) / 3 - ( - - , *̀ 3 3 , / . (̀ * ( 1

+ , , /̀ H ( 1 H / 7 + + / 1 , %
M

©

� � � � � � � 
 � � � � � N � O � � P � � � � � Q � � � � � � O � � R � � � � � � � �

AB

� � � � � � � � � � � 	 
 � � 
 � � � � � � 	 � � � � � � � � � � � � � � � � � � � �'

&

$

%

� � � u v � y t w � t � � y w u � w � y � � � � t � �

•

a / 1 1 ( + - * *̀ * ( 1 : ' ( 3 ( ) ( 1 3 3 * . 7 / + , - /̀ , - 3 ( 7 ' , , ,̀ - k

$
% ¬n ∀v

H , ∃v

q 4 * 3 3 = v ∈ V

r /̀ , - ,̀ L *̀ 4 4 , - + / 1 1 ( + - * * *̀ - %

2
% ∨

H , ∧ /̀ ,
- 1 = * - = L ( * + / 4 : * , n 4 7 - - , ,̀
L (̀ 4 : * , + 7 * 1 →

H , ↔ %

5
% →

H , ↔ /̀ ,
- L ( * + / * 4 4 , - + / 1 1 ( + - * *̀ * - %

•

j , 7 3 ( . / 0 * * + , 1 > L - ( > ) ( 3 3 = + = > - - G G 1 / - ( - - 7 H , : ( ' * , , - - ( * - , 3 7 . + ( * ) ( 1

=̀ L ( 1 - = 4 * 3 ( + 3 * + = > - ( - = = 1 4 > G 3 + , , /̀ H , + * ' H / * - ( - - , ( 3 3 , %

s t u v w x y y uz

< = - ( 1 + , , ,̀

(∃x(∀y((∃z(P (x, z) ∧ P (z, y))) → ((Q(x) ∨Q(y)) ∨R(x, y)))))

/̀ * ) , , 1 + * ' H / * - - , , 3 ( . + ( = 4 4 * 1

∃x∀y(∃z(P (x, z) ∧ P (z, y)) → Q(x) ∨Q(y) ∨R(x, y)) %

M

©

� � � � � � � 
 � � � � � N � O � � P � � � � � Q � � � � � � O � � R � � � � � � � �

AB

� � � � � � � � � � � 	 
 � � 
 � � � � � � 	 � � � � � � � � � � � � � � � � � � � �'

&

$

%

� � � � � � w � � � t w � � � t � � � �

& ' ( ) * + , , - - * . / 0 * * + , 1 + , , /̀ * . . , / 1

> + 3 * + = 3 * - - ( * 1 ( 1 H = 3 ( 1 1 > 3 : 7 7 %

a , , ,̀ 1 ∀x(P (x) → Q(f(x, c)))

H = 3 ( 1 1 > 3 : 7 7 / 1 , 1 1 ( - - 7 / * + ( , . . , %

a > 3 ( * 1 ( 1 + , , ,̀ / 1 4 7 / ) / . - , , 1

� ) � - $ % 	 � � � � 	 # � � - � ) # � 
 ( � # � � � � - � %

∀x

→

P

x

Q

f

x c

� � � v u �z
{ = 3 ( 1 1 > 3 : 7 7 1 H 7 7 ' ( 3 3 , / . (̀ , + / 1 1 ( + - * * *̀ 4 = = ' = = ( ) ( . . ( ( 1 n 4
* - =

4 7 / - / , . , 7 3 ( / 1 %
p 3 * 4 ( ' + * + 3 * ∃xP (x) → ∀xP (x) / 1 4 7 /
) / . - , , 1

� & � � � � � � # � (n
+ 7 1 - , , 3 ∃x(P (x) → ∀yQ(y)) / 1 4 7 /
) / . - , , 1

$ � 	 � 	 # $ ) # � � � � � 	 $ 	 # � � - � ) # � 
 ( � # � � � � - � %

M
©

� � � � � � � 
 � � � � � N � O � � P � � � � � Q � � � � � � O � � R � � � � � � � �

AB
� � � � � � � � � � � 	 
 � � 
 � � � � � � 	 � � � � � � � � � � � � � � � � � � � �'

&

$

%

b
c
�  i i h e � � 	 ! 
 e � e 
 f i ! g 	 � 	

$
%
< 7 1 1 * 3 - ( - , , 1 + 7 ,̀ - - , ,̀ , 1 H = ' H ( 3 - ( . 4 = = 1 . * * - - >̀ = - / A H ( + - * - k

•

K - ( - , , 1 + = > - - G G 1 ,̀ + * / 3 > 4 A / . * H / + , * 3 ( . . ( / A H ( + - * . . ( n
H / L / 1 / 1

- , '̀ ( *̀ * - , - , ( ' * + 3 ( ( 1 n (
. * ) � & $ # � � ) - , '̀ * - - , ,̀ - / A H ( + - * - %

•

_ * + = . * / A H ( + - * ( 1 =̀ . * . . = / 1 � 7 1 + - * / 1 , , . * 3 * , ' * * : : 7 7̀ 7 + 3 * , n / - ( - , , 1

+ = > - - G G 1 ,̀ 3 - , , ,̀ - � 7 1 + - * / 3 > 4 A / . * - %

2
%
< 7 - + * - , , 1 4 * . . , * 3 * , ' ( . , , - * / * - , / A H ( + - * ( 1 =̀ . * . . = / 1 H , / - ( - , , 1

+ = > - - G G 1 1 = * - = ,̀ 3 - , , ,̀ - : ' ( ) * + , , - - * 3 > 4 A / . * - %

5
%
a 7 ,̀ - , , 1 ' ( . , , - * / * ) ( 1 =̀ . * 3 ( - ' * * : : 7 7̀ 7 ) ( - + * ' H / * - - , 4 , . . , 1 * * . . (

4 = = ' * - ( . 4 = - : ' ( ) * + , , - - * . / 0 * * + , 1 + , , /̀ * 1 , %

� � � v u �z
� 7 1 + - * / 3 > 4 A / . * 1 /̀ * - , '̀ * - - , ( 3 3 , + / '̀ , - , : ' ( ) * + , , - - * 3 > 4 A / . * . . , n

4 7 - - , - = . . G * 1 - = . . G * 1 4 = = ' * - ( . 4 = = 1 - 7 . ( ( . * * - - = = � 7 1 + - * / 1 , , . * 3 7 7 3 ( L - / %

M

©

� � � � � � � 
 � � � � � N � O � � P � � � � � Q � � � � � � O � � R � � � � � � � �



AB

� � � � � � � � � � � 	 
 � � 
 � � � � � � 	 � � � � � � � � � � � � � � � � � � � �'

&

$

%

s t u v w x y y uz

K . + / / 1 t =

o - 7 / . * mn h =

o L , - - 7 mn s =

o 3 , - ( ( 1 ,̀ ' H / m ,̀ + * / * - , H ,

P (x, y) =

o

x / 1 y k 1 :
= = . . = m + , + 3 * : , * + + , * 1 ( 1 : ' ( ) * + , , - - * %
< = . . G * 1 k

¬P (s, t) =

o 3 , - ( ( 1 ,̀ ' H / ( * / . ( - 7 / . * 1 : = = . . = m %

∃xP (x, h) =

o / 1 / . ( 4 , 3 3 , xn
H / + , / 1 L , - 7 1 : = = . . = mn

( . * o L , - 7 1 : = = . . = / 1 H / - , + * 1 m %

∃x∀y¬P (y, x) =

o / 1 / . ( 4 , 3 3 , x 3
* - ( 1 n ( - -
= 4 * + = = 1 y (
* / . ( x k 1 :
= = . . = m
n

( . * o H / 1 + * 1 : = = . . = ( * / . ( 4 * - = = 1 m %

∀x(P (x, h) → P (x, t)) =

o + , * + * . . ( x k
H / 3 x / 1
L , - 7 1 : = = . . = n 1
* * 1 x / 1
- 7 / . * 1 : = = . . = m n

( . * o + , * + + * L , - 7 1 : = = . . = / . (̀ , - /̀ , - - 7 / . * 1 : = = . . = m %

M

©

� � � � � � � 
 � � � � � N � O � � P � � � � � Q � � � � � � O � � R � � � � � � � �

AB

� � � � � � � � � � � 	 
 � � 
 � � � � � � 	 � � � � � � � � � � � � � � � � � � � |'

&

$

%

s t u v w x y y uz

a 7 ,̀ - , , 1 L ( 1 + * . G * ) ( 1 =̀ . * 3 * = 3 7 L - ( * - , : ' ( ) * + , , - - * . / 0 * * + , . . , %

N(e) → A(c, c)

∃x∃y(Y (x, y) ∧ Y (y, x))

∃x∃y(S(x) ∧ S(y) ∧ V (x, y))

∃xA(x, x) ∧ ∃x(S(x) ∧N(x))

¬∀x(S(x) → N(x))

∀x(Y (x, c) → V (a, x))

D

A

E

B C

NAISET

on velkaa

arvostaa

SAIRAANHOITAJAT ystävä

ystävä

ystävä

M

©

� � � � � � � 
 � � � � � N � O � � P � � � � � Q � � � � � � O � � R � � � � � � � �

AB

� � � � � � � � � � � 	 
 � � 
 � � � � � � 	 � � � � � � � � � � � � � � � � � � � �'

&

$

%

s t u v w x y y uz
� 7 1 + - * / 3 > 4 A / . * - - , ' H / , ,̀ - - , ,̀ 1 ( 3 * - - = = * 1 ) 7 + - * * *̀ 3 * ,

- * ( - / ' , + ( 1 - ( * - , - ( ' 4 * ( 1 , 7̀ . . , %

$
%
j 7 / 1 1 / . . * 3 ( - . 7 7̀ - k ,̀ + * / 3 > 4 A / . * 0

H , � 7 1 + - * / 3 > 4 A / . * s ∈ F1 %
•

< ( ' 4 * - 0, s(0), s(s(0)), . . . ,̀ 3
- , , ,̀ - . 7 / 1 1 / . . * 3 * , . 7 + 7 H , 0, 1, 2, . . .

2
%
j * 3 - , - k ,̀ + * / 3 > 4 A / . * e

q - > L H = . * 3 - , r H , � 7 1 + - * / 3 > 4 A / . * c ∈ F2 %

•

< ( ' 4 * - e, c(a, e), c(a, c(b, e)), . . . ,̀ 3
- , , ,̀ - . * 3 - / H , [ ], [a], [a, b], . . .

5
%
� * 1 = = ' * : 7 7 - k � 7 1 + - * / 3 > 4 A / . * - l ∈ F1

q . ( L - * 3 / . 4 7 - r H , t ∈ F2

q 3 * 3 = 3 / . 4 7 - r %

•

< ( ' 4 * - l(a), t(l(a), l(b)), t(l(a), t(l(b), l(c))), . . . ,̀ 3
- , , ,̀ - : 7 * - ,

an ◦

a b

n ◦

a ◦

b c

n % % %

M
©

� � � � � � � 
 � � � � � N � O � � P � � � � � Q � � � � � � O � � R � � � � � � � �

AB
� � � � � � � � � � � 	 
 � � 
 � � � � � � 	 � � � � � � � � � � � � � � � � � � � 
'

&

$

%

s t u v w x y y uz
p 3 * - ( - = = 1 A * 1 = = ' * : 7 7 - + 7 - ( 1 ( ) ( . . = � 7 1 + - * / 3 > 4 A / . * ( 1 l

H , t
, 7̀ . . , %
a * ' H / * - ( - , , 1 4 = = ' * - ( . 4 = 3 ( 7 ' , , ,̀ . . ( : ' ( ) * + , , - * . . ( k

P (x, y) l
o A * 1 = = ' * : 7 7 x / 1
A * 1 = = ' * : 7 7 1 y : (
* . * + 7 ,̀ m %

a / 3 + , A * 1 = = ' * : 7 7 - 4 7 / ) / 3 - , ,̀ - * 1 ) 7 + - * *̀ * 3 ( 1 - * ( - / ' , + ( 1 - ( ( 1 n / 1

. 7 / 1 - (̀ , , n ( - -
= : ' ( ) * + , , - * . . ( P (x, y)

H / 7 ) 7 - , , 1 + * ' H / * - - , 4 , , 1

* 1 ) 7 + - * * *̀ 1 ( 1 � ' ( + 7 ' 3 * * *̀ 1 ( 1 4 = = ' * - ( . 4 = 3 ( 7 ' , , ,̀ . . , - , ,̀ . . , %

•

& ( ' 7 3 - , : , 7 3 q : ( . + = 3 - = . ( L - * 3 / . 4 7 3 - , + / / 3 - 7 ,̀ - A * 1 = = ' * : 7 7 - r k

∀x(P (l(x), l(x))) %

•

� 1 ) 7 + - * / , 3 + ( . q 4 / 1 * 4 7 - + , * 3 ( 4 4 , - A * 1 = = ' * : 7 7 - r k

∀x∀y∀z∀v(P (x, y) ∧ P (z, v) → P (t(x, z), t(v, y))) %

=⇒

_ = = ' * - ( . 4 = + , - - , , + , * + + * A * 1 = = ' * : 7 7 - %

M

©

� � � � � � � 
 � � � � � N � O � � P � � � � � Q � � � � � � O � � R � � � � � � � �



AB

� � � � � � � � � � � 	 
 � � 
 � � � � � � 	 � � � � � � � � � � � � � � � � � � � �'

&

$

%

b
c
�  h i 	 f f e � � g � g 	 � g g f f � h g " ! " " � g f � � ! g "

a , , ,̀ 1 � � � � � � - � # 4 = = ' = > - >̀ = - 3 ( 7 ' , , ,̀ 3 - * k

•

} - / 4 * 3 ( 1 + , , ,̀ 1 ψ ,
* 1 / , , . * + , , ,̀ / 1 ψ

* - 3 ( %

•

a , , ,̀ 1 ∃xψ

q

∀xψ

r , . * + , , ,̀ - /̀ , - ∃xψ

q

∀xψ

r H , ψ k 1 ,
. * + , , ,̀ - %

•

j , 7 3 ( . / 0 * * + , 1 + / 1 1 ( + - * * *̀ - q¬,→,↔,∨,∧

r + = 3 * - ( . . = = 1 ,̀ 3 - , , ,̀ . . ,

- , ,̀ . . , q̀ ' - % ,
. * . , 7 3 ( * ) ( 1 4 = = ' * - ( . 4 = . , 7 3 ( . / 0 * * + , 1 - , : , 7 + 3 ( 3 3 , r %

s t u v w x y y uz

a , , ,̀ 1 φ = ∃xA(x, x) ∧ ∃x(S(x) ∧N(x)) ,
. * + , , /̀ H , /̀ , -

φn ∃xA(x, x)n ∃x(S(x) ∧N(x))n A(x, x)n S(x) ∧N(x)n S(x)

H , N(x) %

M

©

� � � � � � � 
 � � � � � N � O � � P � � � � � Q � � � � � � O � � R � � � � � � � �

AB

� � � � � � � � � � � 	 
 � � 
 � � � � � � 	 � � � � � � � � � � � � � � � � � � � ,'

&

$

%

� � � � � � � � t u � � � � � v � � � � � � � � y � � � � t t �

� � � x u � w � v � z

K . + / / - ∃xψ

H , ∀xφ : ' (
) * + , , - - * . / 0 * * + , 1 + , , /̀ H , %
} . * + , , ,̀ ψ

/ 1 +̀ , 1 - - / ' * 1 ∃x - �
� � � # � 	 � � � $ + , , ,̀ 3 3 , ∃xψ %
� , 3 - , , ,̀ 3 - * , . * + , , ,̀ φ / 1

+̀ , 1 - - / ' * 1 ∀x ,̀
* + 7 - 7 3 , . 7 ( + , , ,̀ 3 3 , ∀xφ %

s t u v w x y y uz

∀x

∀x
︷ ︸︸ ︷

(P (x) → ∃y Q(x, y)
︸ ︷︷ ︸

∃y

)

∃x

∃x
︷ ︸︸ ︷

(Q(x) ↔ ∀xP (x, z)
︸ ︷︷ ︸

∀x

) ∨∃x

∃x
︷ ︸︸ ︷

R(x)

M

©

� � � � � � � 
 � � � � � N � O � � P � � � � � Q � � � � � � O � � R � � � � � � � �

AB

� � � � � � � � � � � 	 
 � � 
 � � � � � � 	 � � � � � � � � � � � � � � � � � � � �'

&

$

%

� � � x u � w � v � z

_ 7 7 - - 7 H , 1 x ( 3
* * 1 - > 4 = + , , ,̀ 3 3 , φ / 1 	
� + ( # # �n
H / 3 3 (

3 * H , * - 3 ( ( +̀ , 1 - - / ' * 1 ∀x

q - , * ∃x

r ,̀ * + 7 - 7 3 , . 7 ( ( 3 3 , %
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H , g ∈ F2 %
K . + / / 1 3 - ' 7 + - 7 7 ' * 1 S 7 1
* (̀ ' 3 7 4 * 1 , U

. 7 / 1 1 / . . * 3 - ( 1

. 7 + 7 H ( 1 H / 7 + + / 0, 1, 2, . . . %
� , . * - , , 1 ( 4 % 3 > 4
A / . * ( 1 - 7 . + * 1 1 , - 3 ( 7 ' , , ,̀ 3 - * k

cS = 0,

fS = 3 ( 7 ' , , H , � 7 1 + - * / n (
. *

fS(n) = n+ 1,

H ,

gS = 3 7 4 4 , � 7 1 + - * / n (
. *

gS(n,m) = n+m.

< = . . G * 1 c 1 * 4 ( = = , . + * / 1 0,

f(c) 1 * 4 ( = = , . + * / 1 1,

fn(c) = f(f(. . . f
︸ ︷︷ ︸

n

+ : .

(c) . . .)) 1
* 4 ( = = , . + * / 1 n

H ,
g(f(c), f(f(c))) 1 * 4 ( = = , . + * / 1 3.
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%

� � � � � � w � � � � � � t � x � � � w � � � t y w v u � w � t � x � y � � � x u t t �

K . + / / 1 S 3
- ' 7 + - 7 7 ' * + * ( . ( . . ( L

H , U 3
- ' 7 + - 7 7 ' * 1 S 7 1
* (̀ ' 3 7 4 * %

� � � x u � w � v � z
9 ( 7 ' , , ,̀ 3 3 , 4 = = ' * - ( . . = = 1 n 4
* . . / * 1 + , , ,̀ φ ∈ L / 1
# ( 	 �

3 - ' 7 + - 7 7 ' * 3 3 , S

q 4 ( ' + % S |= φ

r H , 4 * . . / * 1 $ � � # ( 	 � q 4 ( ' + % S 6|= φ

r
%

$
% S |= t1 = t2 ⇐⇒ tS1

H , tS2

/̀ , - 3 , 4 , 7 1 *̀ ( ' 3 7 4 * 1 U ,
. + * /

q > . . = t1

H , t2

/̀ , - 4 * - = - , L , 1 3 , - ( ' 4 ( H = r %

2
% S |= P (t1, . . . , tn) ⇐⇒

〈t1, . . . , tn〉
S

q ( . * H / 1 / 〈tS1 , . . . , t
S
n〉

r + 7 7 . 7 7 - 7 . + * 1 - , , 1 PS

q > . . = n > 0n P ∈ Pn

H , t1, . . . , tn
/̀ , - 4 * - = - , L , 1 3 , - ( ' 4 ( H = r %

5
% S |= P ⇐⇒

- > L H = H / 1 / 〈〉
+ 7 7 . 7 7 - 7 . + * 1 - , , 1 PS

q 4 * 3 3 = P ∈ P0

r
%

8
% S |= ¬α ⇐⇒ S 6|= α %
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%

;
% S |= α ∧ β ⇐⇒ S |= α

H , S |= β %

?
% S |= α ∨ β ⇐⇒ S |= α

- , * S |= β %

B
% S |= α→ β ⇐⇒ S 6|= α

- , * S |= β %

E
% S |= α↔ β ⇐⇒

H / + / S |= α

H , S |= β n
- , * S 6|= α

H , S 6|= β %

J
% S |= ∃x α(x) ⇐⇒

S[x 7→ a] |= α(x)

' ( � � $ � � ) 7 1 *̀ ( ' 3 7 4 * 1 U ,
. + * / . . ( a ∈ U %

$ �
% S |= ∀x α(x) ⇐⇒

S[x 7→ a] |= α(x)

� � � � � � � $ 7 1 *̀ ( ' 3 7 4 * 1 U ,
. + * / * . . ( a ∈ U %

� � u � wz

a , * + * . . ( + , , /̀ * . . ( φ ∈ L :
= - ( ( H / + / S |= φ

- , * S 6|= φ %

� � u � wz
{ / 3 + , , ,̀ φ ∈ L / 1
. * 3 = + 3 * � � � 	 $n 3 ( 1 - / - 7 7 3 , '̀ / (
* ' * * : 7

4 7 7 - - 7 H * ( 1 v ∈ V

- 7 . + * 1 1 / * 3 - , 3 - ' 7 + - 7 7 ' * 3 3 , S %
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s t u v w x y y uz

< , ' + , 3 - ( . . , , 1 0 ' , , D 1 3 / . 4 7 H ( 1 H / 7 + + / , q 7 1 *̀ ( ' 3 7 4 * r H ,

( 3 * - ( - = = 1 + , , ' ( - + , + 3 * : , * + + , * 3 ( 1 : ' ( ) * + , , - * 1 K , 7̀
. . , %
6 > - ( 3 * 4 % 0 ' , ,
D ,

s0 s1 s2

,̀ 3 - , , 3 - ' 7 + - 7 7 ' * S n
H / 1 + , 7 1 *̀ ( ' 3 7 4 * / 1 U = {s0, s1, s2}

H , K k 1
- 7 . + * 1 - ,

KS = {〈s0, s1〉, 〈s1, s2〉, 〈s2, s2〉}

q

x

H , y /̀ ,
- - 7 . + * - - , *̀ 3 3 , ,̀ : , , 3 - * r %

$
% 〈s0, s1〉 ∈ KS =⇒ 〈x, y〉S[x7→s0,y 7→s1] ∈ KS[x7→s0,y 7→s1]

=⇒ S[x 7→ s0, y 7→ s1] |= K(x, y)

=⇒ S[x 7→ s0] |= ∃yK(x, y) %

2
%
� , 3 - , , ,̀ 3 - * 〈s1, s2〉 ∈ KS =⇒ S[x 7→ s1] |= ∃yK(x, y) %

5
%
� , 3 - , , ,̀ 3 - * 〈s2, s2〉 ∈ KS =⇒ S[x 7→ s2] |= ∃yK(x, y) %
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s t u v w x y y uz
q H , - + / , r

8
%
a / 3 + , S[x 7→ si] |= ∃yK(x, y)

H / + , * 3 ( . . ( 7 1 * (̀ ' 3 7 4 * 1 , . + * / . . ( si ∈ U n

/̀ * 4 4 ( - / ) ( - , n ( - -
=

S |= ∀x∃yK(x, y) %

;
%
j * 3 = + 3 * ( 3 * 4 %

〈s2, s2〉 ∈ KS =⇒ 〈x, x〉S[x7→s2] ∈ KS[x7→s2]

=⇒ S[x 7→ s2] |= K(x, x)

=⇒ S[x 7→ s2] 6|= ¬K(x, x)

=⇒ S 6|= ∀x¬K(x, x)

=⇒ S |= ¬∀x¬K(x, x) %

_ * ( - * 4 * . . , * 3 * , 0 ' , , D 1 / 4 * 1 , * 3 7 7 + 3 * , . , 7 3 ( ( - ∀x∃yK(x, y)
H ,

¬∀x¬K(x, x)

* - 3 ( , 3 * , 3 3 , - , ' + / * - - , ,̀ - �
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s t u v w x y y uz

< , ' + , 3 - ( . . , , 1 3 ( 7 ' , , *̀ , / : * 3 + ( . * H , - * ( - / + , 1 1 , 1 ' ( . , , - * / - , 7 . 7 H , k

K : q / : * 3 + ( . * H , r a / q + / 7 . 7 - 7 3 / L H ( . 4 , r

5 5 $ � � < , * 1 ,

8 E 2 � @ K - 3 /

J � ; ; � p . 3 *

8 5 ; E p C . H , 3

% % % % % %

8 5 ; E p < * ( - /

5 5 $ � � 9 = L + G

J � ; ; � a ( 4 * ,

8 E 2 � @ F , + ( 1 1 7 3

% % % % % %

$
%

� � 	 $ � � ) ∃x(

K :(x,

p . 3 *) ∧

a /(x,

< * ( - /)) $ - �
� � ( � ) # � - , ' + / * - - , , + > 3 ( * 3 ( 1

+ , , ,̀ 1 - / - 7 7 3 , '̀ / 1 . , 3 + ( 1 - , , ,̀ 3 - , , ,̀ 3 3 , 3 - ' 7 + - 7 7 ' * 3 3 , %

2
%
a > 3 ( . > > 1 ¬∀x(

K :(x,

p . 3 *) → ¬

a /(x,

< * ( - /)) 3 , ,
) , , 1 3 , 4 , ,̀ 3 - , 7 3 %

_ * - ( 1 - = 4 = / 1 : ( ' 7 3 - ( . - , *̀ 3 3 , �
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�
c
� � � ! i 	 f f g 
 � f � � � 
 
 � " 
 g f f � � f

•

9 ( 4 , 1 - - * 3 - ( 1 : ( ' 7 3 + = 3 * - - ( * ) ( 1 4 = = ' * - ( . 4 = - /̀ , - 4 7 / ) / . - , , 1 3 , 4 , - %

•

K . ( 1 1 , * 3 ( 1 , ( ' / 1 , . , 7 3 ( . / 0 * * + + , , 1 / 1 n ( - -
= . , 7 3 ( * ) ( 1 ' , + ( 1 1 ( / 1

4 / 1 * : 7 / . * 3 ( 4 : * H , ( - - = 3 - ' 7 + - 7 7 ' * - + / '̀ , , ,̀ - - / - 7 7 3 H , + ( . 7 - %

� � � x u � w � v � z
9 - ' 7 + - 7 7 ' * S / 1
. , 7 3 ( ( 1 α ∈ L & �
� � �
n
H / 3 3 . , 7 3 ( α / 1
- / 3 *

3 - ' 7 + - 7 7 ' * 3 3 , S (
. *

S |= α %

� � � x u � w � v � z
9 - ' 7 + - 7 7 ' * S / 1
. , 7 3 ( H / 7 + / 1 Σ ⊆ L 4 ,
. . *
n
H / 3 3 + , * + * . . (

. , 7 3 ( H / 7 + / 1 Σ

. , 7 3 ( * . . ( σ ∈ Σ :
= - ( ( S |= σ %
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%

� � � x u � w � v � z
j , 7 3 ( α ∈ L

q - , * . , 7 3 ( H / 7 + + / Σ ⊆ L

r / 1 # ( # $ � # � - �n
H / 3 3

, * 1 , + * 1 > + 3 * 3 - ' 7 + - 7 7 ' * S / 1 3 ( 1 4 ,
. . *
%

s t u v w x y y uz ∃x∀yP (x, y) / 1
- / - ( 7 - 7 ,̀ %

K . + / / 1 3 - ' 7 + - 7 7 ' * 1 S 7 1
* (̀ ' 3 7 4 * U = {1, 2}

H , PS = {〈1, 1〉, 〈1, 2〉} %

$
% 〈1, 1〉 ∈ PS =⇒ 〈x, y〉S[x7→1,y 7→1] ∈ PS[x7→1,y 7→1]

=⇒ S[x 7→ 1, y 7→ 1] |= P (x, y) %

2
% 〈1, 2〉 ∈ PS =⇒ 〈x, y〉S[x7→1,y 7→2] ∈ PS[x7→1,y 7→2]

=⇒ S[x 7→ 1, y 7→ 2] |= P (x, y) %

5
%
9 * * 3 S[x 7→ 1] |= ∀yP (x, y)

H , S |= ∃x∀yP (x, y) %
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%

� � � x u � w � v � z

a * ( . ( 1 L

. , 7 3 ( α / 1 �
� # $ - � q 4 ( ' + * - = = 1 |= α

r
n
H / 3 3 S |= α

+ , * + * 3 3 , L k 1 3
- ' 7 + - 7 7 ' ( * 3 3 , S %

s t u v w x y y uz

K 3 / * - ( - , , 1 |= ∀xP (x) ↔ ¬∃x¬P (x) %

a , * + * . . ( + * ( . ( 1 L 3
- ' 7 + - 7 7 ' ( * . . ( S

H , ,̀ 3 - , , *̀ . . ( 7 1 *̀ ( ' 3 7 4 ( * . . ( U :
= - ( ( k

S |= ∀xP (x)

⇐⇒ S[x 7→ a] |= P (x)

+ , * + * . . ( a ∈ U

⇐⇒ ( * / . ( 1 * * 1 n ( - -
=

S[x 7→ a] 6|= P (x)

H / . . ( + * 1 a ∈ U

⇐⇒ ( * / . ( 1 * * 1 n ( - -
=

S[x 7→ a] |= ¬P (x)

H / . . ( + * 1 a ∈ U

⇐⇒ S 6|= ∃x¬P (x)

⇐⇒ S |= ¬∃x¬P (x) %

9 * * 3 S |= ∀xP (x) ↔ ¬∃x¬P (x) 3
- ' 7 + - 7 7 ' * 3 - , S '
* * : : 7 4 , - - , %
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s t u v w x y y uz |= ∀xP (x) ∨ ¬∀xP (x)

K . + / / 1 S 4
* ( . *̀ , . - , * 1 ( 1 L k 1 3
- ' 7 + - 7 7 ' * %

6 > - S |= ∀xP (x) ⇐⇒ S 6|= ¬∀xP (x)n
H / - ( 1 S |= ∀xP (x) ∨ ¬∀xP (x) %

� � � x u � w � v � z

a * ( . ( 1 L

. , 7 3 ( α / 1
. , 7 3 ( H / 7 + / 1 Σ ⊆ L
� ( ( * � ) $ ) 	 $ � % � � 	

q 4 ( ' + * - = = 1 Σ |= α

r
n
H / 3 3 α / 1
- / 3 * H / + , * 3 ( 3 3 , . , 7 3 ( H / 7 + / 1 Σ 4 ,
. . * 3 3 , S %

s t u v w x y y uz {∀xP (x)} |= ∃xP (x)

K . + / / 1 S 3
- ' 7 + - 7 7 ' * 3 * - ( 1 n ( - -
=

S |= ∀xP (x) %
< = . . G * 1

=⇒

+ , * + * . . ( a ∈ U :
= - ( ( S[x 7→ a] |= P (x)

=⇒

H / . . ( + * 1 a ∈ U :
= - ( ( S[x 7→ a] |= P (x)

q 7 1 *̀ ( ' 3 7 4 * U / 1 (
* I - > L H = 3 - ' 7 + - 7 7 ' * 1 4 = = ' * - ( . 4 = 1 : ( ' 7 3 - ( ( . . , r

=⇒ S |= ∃xP (x) %
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�
c
� � i 
 f i ! i � � g f

� � 	 # � & � � � � ) + = 3 * - ( - - = + = > - ( - = = 1 4 > G 3 : ' ( ) * + , , - - * . / 0 * * + , 1 - , : , 7 + 3 ( 3 3 , %

K . + / / 1 φ ∈ L 4
* + = - , L , 1 3 , . , 7 3 ( H , Σ ⊆ L 4
* + = - , L , 1 3 , . , 7 3 ( H / 7 + + / %

•

{ / 3 6|= φn 1
* * 1 ,̀ 3 - , 4 , . . * / 1 3 - ' 7 + - 7 7 ' * S 3
* - ( 1 n ( - -
=

S 6|= φ %

•

{ / 3 Σ 6|= φn 1
* * 1 ,̀ 3 - , 4 , . . * / 1 4 , . . * S |= Σ 3
* - ( 1 n ( - -
=

S 6|= φ %

s t u v w x y y uz

{∀x(A(x) → B(x)), ∀yA(y) ∨ ∀y¬A(y)} 6|= ∀zB(z) ∨ ∀z¬B(z)n
+ / 3 + ,

/̀ * 4 4 ( 4 7 / ) / 3 - , , ( 3 * 4 % 3 ( 7 ' , , ,̀ 1 ,̀ 3 - , 4 ,
. . * 1 q 3 - ' 7 + - 7 7 ' * 1 r S k

U = {1, 2}n AS = ∅n
H , BS = {1} %

< = - ( 1 S |= ∀x(A(x) → B(x))n S |= ∀y¬A(y)n S |= ∀yA(y) ∨ ∀y¬A(y)n

S 6|= ∀zB(z)n S 6|= ∀z¬B(z)

H , ( ) ( . . ( ( 1 S 6|= ∀zB(z) ∨ ∀z¬B(z) %

q _ 7 7 - - 7 H * ( 1 xn y

H , z

- 7 . + * 1 1 , - /̀ * ) , , 1 ,̀ . * - , ,̀ : , , 3 - * 3 - ' 7 + - 7 7 ' * 3 3 , S

r
%
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s t u v w x y y uz
j 7 / + * - ( . . , , 1 *̀ * + / 1 : = * *̀ = 3 ( 7 ' , , ,̀ . . , . , 7 3 ( H / 7 + / . . , k

Σ =







- ( 1 - - *(

- * * 3 - , *),

- ( 1 - - *(

+ ( 3 + *̀ * * + + /),

. 7 ( 1 - /(

+ ( 3 + * *̀ * + + /),

∀x(¬

- ( 1 - - *(x) ∧ ¬

. 7 ( 1 - /(x) → ,̀ : , ,(x))







.

K 1 + / Σ |= ,̀ : , ,( : ( '
H , 1 - , *)

� � �
n
+ / 3 + , . G > - > > - � 	 # � & � � � � S n
H / 1 + ,

: ( ' 7 3 - ( ( . . , Σ 6|= ,̀ : , ,( : ( '
H , 1 - , *) (
. *

S |= Σ

H , S 6|= ,̀ : , ,( : ( '
H , 1 - , *)

�

K . + / / 1 7 1 *̀ ( ' 3 7 4 * U = {t, k, p}

H , 3 > 4 A / . * ( 1 - 7 . + * 1 1 , - 3 ( 7 ' , , ,̀ - k

- * * 3 - , *S = t,

+ ( 3 + * *̀ * + + /S = k,

: ( ' H , 1 - , *S = p,

- ( 1 - - *S = {t, k},

. 7 ( 1 - /S = {k, p}, ,̀ : , ,S = {}.

_ 7 - - , k Σ ∪ {¬

- ( 1 - - *( : ( '
H , 1 - , *),¬

. 7 ( 1 - /( : ( '
H , 1 - , *)} |= ,̀ : , ,( : ( '
H , 1 - , *) %
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• |= α ⇐⇒ ¬α / 1
- / - ( 7 - 7 4 , - / 1 %

• Σ |= α ⇐⇒ Σ ∪ {¬α} / 1
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• |= α ⇐⇒ ∅ |= α %

• {α1, . . . , αn} |= α ⇐⇒ |= α1∧ · · · ∧αn → α %

K . + / / 1

Cn(Σ) = {φ ∈ L | φ / 1
. , 7 3 ( H , Σ |= φ}

. , 7 3 ( H / 7 + / . . ( Σ ⊆ L k

• Σ ⊆ Cn(Σ)

H , Σ ≡ Cn(Σ) %
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_ / 1 / - / 1 * 3 7 7 3 k Σ1 ⊆ Σ2 =⇒ Cn(Σ1) ⊆ Cn(Σ2) %

• Cn(Cn(Σ)) = Cn(Σ) %
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Q1x1Q2x2 · · ·Qnxnφ,

4 * 3 3 = H / + , * 1 ( 1 Qi

/ 1 H / 4 : * + 7 4 : * +̀ , 1 - - / ' ( * 3 - , q∀
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r H ,

, . * + , , ,̀ φ (
* 3 * 3 = . . = +̀ , 1 - - / ' ( * - , %

s t u v w x y y uz
9 ( 7 ' , , ,̀ - . , 7 3 ( ( - /̀ , - : ' ( 1 ( � I 1 / ' 4 , , . * 4 7 / ) / 3 3 , k

P (a), ∀xP (x), ∀x∃y P (x, y)

H ,

∀x∃y∀z∀w(P (x, y, z) → (Q(y, z, w) → R(z, w, x))).

� � u � wz
{ / + , * 1 ( 1 : ' ( ) * + , , - - * . / 0 * * + , 1 . , 7 3 ( / 1 . / / 0 * 3 ( 3 - * ( +̀ * ,̀ . ( 1 - - * H / 1 + * 1

: ' ( 1 ( � I 1 / ' 4 , , . * 4 7 / ) / 3 3 , / . (̀ , 1 . , 7 3 ( ( 1 + , 1 3 3 , %
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$
%
& / * 3 - ( - , , 1 + / 1 1 ( + - * * *̀ - →

H , ↔ k

φ→ ψ ; ¬φ ∨ ψ

φ↔ ψ ; (¬φ ∨ ψ) ∧ (φ ∨ ¬ψ)

2
%
� * ( ) = = 1 1 ( 0 , , - * / - + , , ,̀ ' , + ( 1 - ( ( 1 3 * 3 = = 1 q , - / 4 * 3 - ( 1 + , , /̀ H ( 1 ( - ( ( 1 r

3 ( 7 ' , , *̀ ( 1 4 7 7 1 1 / 3 - ( 1 , 7̀ . . , k

¬¬ϕ ; ϕ

¬(ϕ ∧ ψ) ; ¬ϕ ∨ ¬ψ ¬∀yϕ ; ∃y¬ϕ

¬(ϕ ∨ ψ) ; ¬ϕ ∧ ¬ψ ¬∃yϕ ; ∀y¬ϕ
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∀yϕ(y) ∨ ψ ; ∀z(ϕ(z) ∨ ψ)

∀yϕ(y) ∧ ψ ; ∀z(ϕ(z) ∧ ψ)

ψ ∨ ∀yϕ(y) ; ∀z(ψ ∨ ϕ(z))

ψ ∧ ∀yϕ(y) ; ∀z(ψ ∧ ϕ(z))
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y
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∀xP (x) ∨ ∀xQ(x) ; ∀x(P (x) ∨ ∀xQ(x)) ; ∀x∀y(P (x) ∨Q(y)) %

q j , 7 3 ( ( - ∀xP (x) ∨ ∀xQ(x)

H , ∀x(P (x) ∨Q(x)) (
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_ 7 7 1 1 ( - , , 1 3 ( 7 ' , , ,̀ . , 7 3 ( : ' ( 1 ( � I 1 / ' 4 , , . * 4 7 / - / / 1 k
∀x(P (x) → ∃zR(z, x)) → ∃xQ(x)

; ¬∀x(P (x) → ∃zR(z, x)) ∨ ∃xQ(x)

; ¬∀x(¬P (x) ∨ ∃zR(z, x)) ∨ ∃xQ(x)

; ∃x¬(¬P (x) ∨ ∃zR(z, x)) ∨ ∃xQ(x)

; ∃x(¬¬P (x) ∧ ¬∃zR(z, x)) ∨ ∃xQ(x)

; ∃x(P (x) ∧ ∀z¬R(z, x)) ∨ ∃xQ(x)

; ∃x(∃x(P (x) ∧ ∀z¬R(z, x)) ∨Q(x))

; ∃x∃y((P (y) ∧ ∀z¬R(z, y)) ∨Q(x))

; ∃x∃y(∀z(P (y) ∧ ¬R(z, y)) ∨Q(x))

; ∃x∃y∀z((P (y) ∧ ¬R(z, y)) ∨Q(x)) %
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2
% , - / 4
* + , , /̀ H ( 1 1 ( 0 , , - * / * - , ¬P (~t)

q ( . * ) $ * � # � � - � 	 � � � � # $ % � � � $ ' � r %

� . . = ~t

- , ' + / * - - , , - ( ' 4 * ( 1 t1, . . . , tn

3 ( +̀ ( 1 3 3 * = + 7 1 P ∈ Pn %
{ / 3 P ∈ P0 n

3 ( +̀ ( 1 3 3 * / 1 - > L H = H , - = . . G * 1 4 > G 3 3 7 . 7 - H = - ( - = = 1 + * ' H / * - - , 4 , - - , 1 = + >̀ * * 1 %

� � � x u � w � v � z
j , 7 3 ( α / 1
+ / 1 H 7 1 + - * * *̀ 3 ( 3 3 , 1 / ' 4 , , . * 4 7 / ) / 3 3 , n 4
* + = . * 3 (

/ 1 / 1 : ' ( 1 ( � I 1 / ' 4 , , . * 4 7 / ) / 3 3 , Q1x1Q2x2 · · ·Qnxnφn

4 * 3 3 =

+̀ , 1 - - / ' ( * - , 3 * 3 = . - = 4 = - G 1 / 3 , φ = φ1 ∧ · · · ∧ φn

H , H / + , * 1 ( 1 + / 1 H 7 1 + - * / 1

H = 3 ( 1 φi

/ 1 4 7 / ) / . - , , 1 . * - ( ' , , . * ( 1 ) * 3 H 7 1 + - * / %

s t u v w x y y uz
9 ( 7 ' , , ,̀ . , 7 3 ( / 1 + / 1 H 7 1 + - * * *̀ 3 ( 3 3 , 1 / ' 4 , , . * 4 7 / ) / 3 3 , k

∀x∃y∀z((¬P (x, y) ∨Q(y, x)) ∧R(z) ∧ (¬R(x) ∨ P (y, z) ∨Q(x, z))) %
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/̀ * ) , , 1 H = ' H ( 3 - = = + / 1 H 7 1 + - * * *̀ 3 ( ( 1 1 / ' 4 , , . * 4 7 / - / / 1 3 ( 7 ' , , ,̀ 3 - * k

ϕ ∨ (φ ∧ ψ) ; (ϕ ∨ φ) ∧ (ϕ ∨ ψ)

(φ ∧ ψ) ∨ ϕ ; (φ ∨ ϕ) ∧ (ψ ∨ ϕ)

•

6 = * 1 / . . ( 1 /̀ * 4 4 ( - / ) ( - , 3 ( 7 ' , , ,̀ 1 - 7 . / + 3 ( 1 k

� � u � wz
{ / + , * 1 ( 1 : ' ( ) * + , , - - * . / 0 * * + , 1 . , 7 3 ( / 1 . / / 0 * 3 ( 3 - * ( +̀ * ,̀ . ( 1 - - * H / 1 + * 1

+ / 1 H 7 1 + - * *̀ * 3 ( 3 3 , 1 / ' 4 , , . * 4 7 / ) / 3 3 , / . (̀ , 1 . , 7 3 ( ( 1 + , 1 3 3 , %
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_ 7 7 1 1 ( - , , 1 ( ) ( . . = H / L ) ( - - 7 : ' ( 1 ( � I 1 / ' 4 , , . * 4 7 / - / ( ) ( . . ( ( 1

+ / 1 H 7 1 + - * *̀ * 3 ( + 3 * 1 / ' 4 , , . * 4 7 / ) / + 3 * k

∃x∃y∀z((P (y) ∧ ¬R(z, y)) ∨Q(x))

; ∃x∃y∀z((P (y) ∨Q(x)) ∧ (¬R(z, y) ∨Q(x))) %
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∃x∀y(x+ y = y) %
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∀y(0 + y = y) %
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* 3 3 , ,̀ . * - - , *̀ , 7 7 3 * , ,̀ + * / I
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s t u v w x y y uz
9 7 / ' * - ( - , , 1 9 + / . ( 4 / * 1 - * 3 ( 7 ' , , *̀ . . ( . , 7 3 ( * . . ( k

∃xP (x) ; P (c)

∃x∀y∃xP (x, y) ; ∀yP (f(y), y)

∀x∃y(P (x, y) ∧Q(y, x)) ; ∀x (P (x, f(x)) ∧Q(f(x), x))

∀x∃y∀z∃wP (w, z, y, x) ; ∀x∀zP (g(x, z), z, f(x), x)

∃x∃y∀zP (x, y, z, x) ; ∀zP (c1, c2, z, c1)

∀x∃y∃zP (x, y, z) ; ∀xP (x, f1(x), f2(x))
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+ / . ( 4 / * - 7 4 7 / - /

ϕ′ w u � � � � � � v � � � � � � w . / / 0 * 3 ( 3 - * ( +̀ * ,̀ . ( 1 - - * . , 7 3 ( ( 1 ϕ

+ , 1 3 3 , %

s t u v w x y y uz
j , 7 3 ( ∃xP (x)

H , 3 ( 1 3 + / . ( 4 / * - 7 4 7 / - / P (c) %

6 > - |= P (c) → ∃xP (x)n 4 7
- - , 6|= ∃xP (x) → P (c) %

� , 3 - , 4 , . . * S k 7 1
*̀ ( ' 3 7 4 * U = {1, 2}n cS = 1

H , PS = {2} %

6 > - S |= ∃xP (x)n 4 7
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