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Outlineofthepresentation

•Part1:ReviewofMarkovchainsandlinearalgebra

–Irreducibility,ergodicity,reversibility....

–Eigenvectors,eigenvalues...

•Part2:EstimatesfortheconvergencespeedofMarkovChains

–Wewilllookatthewell-knownPerron-Frobeniustheoremonthe

speedofconvergence

–Thesecondlargesteigenvaluemodulusofthetransitionmatrix

turnsouttobeextremelyimportant

–Butoftenitcannotbecalculatedexplicitly.Wewilltherefore

derivevariousupperandlowerboundsforit.
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Material

•Themainreference:Chapter6ofP.Brémaud,MarkovChains:

GibbsFields,MonteCarloSimulation,andQueues.Springer-Verlag,

NewYork,1999.

•ThebasicconceptsarenicelyexplainedinO.Häggström,Finite

MarkovChainsandAlgorithmicApplications.CambridgeUniversity

Press,2002.Wewillcoverchapters1–6intheintroductorypartof

thepresentation.

•Asalinearalgebrareference,IwarmlyrecommendR.A.Horn,

C.R.Johnson,MatrixAnalysis.CambridgeUniversityPress,1985.
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Part1:

ReviewofMarkovchainsandlinearalgebra
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Markovchains

•LetP=(Pij)beakxkmatrix.Arandomprocess(X0,X1,...)

withfinitestatespaceS={s1,...,sk}issaidtobeahomogeneous

first-orderMarkovchainwithtransitionmatrixP,ifforalln,all

i,j∈{1,...,k},andalli0,...,in−1∈{1,...,k}wehave

P(Xn+1=sj|X0=si0,X1=si1,...,Xn−1=sin−1,Xn=si)

=P(Xn+1=sj|Xn=si)

=Pij

•EverytransitionmatrixPsatisfiesPij≥0foralli,j∈{1,...,k}

and
∑

k
j=1Pij=1foreveryi∈{1,...,k}.Thiskindofamatrixis

referredtoasastochasticmatrix.
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IrreducibleMarkovchain

•Statesicommunicateswithanotherstatesj,writtenassi→sj,

ifthechainhaspositiveprobabilityofeverreachingsjwhenstarted

fromsi.Inotherwords,thereexistsnsuchthat(P
n
)ij>0.

•Ifsi→sjandsj→si,wesaythatthestatesintercommunicate

andwritesi↔sj.

•AMarkovchainwithstatespaceSandtransitionmatrixPissaid

tobeirreducibleifforallsi,sj∈Swehavesi↔sj.Otherwise

thechainisreducible.
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AperiodicMarkovchain

•Theperiodd(si)ofastatesiisthegreatestcommondivisorofthe

setoftimesafterwhichthechaincanreturntosi,giventhatwe

startwithsi.

•Ifd(si)=1,wesaythatthestatesiisaperiodic.

•AMarkovchainissaidtobeaperiodicifallitsstatesareaperiodic.

Otherwisethechainissaidtobeperiodic.
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Markovchainsanddistributions

•Weconsideraprobabilitydistributionµ(0)onthestatespace

S={s1,...,sk}.Thatis,µ(0)=(µ1(0),µ2(0),...,µk(0))
T

=

(P(X0=s1),P(X0=s2),...,P(X0=sk))
T
.

•Afteronetimestep,thedistributionbecomesµ(1)
T

=µ(0)
T
P.

•Afterntimesteps,wehaveµ(n)
T

=µ(n−1)
T
P=µ(0)

T
P

n
.
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StationarydistributionofaMarkovchain

•Consideradistributionπthatdoesnotchangeintime:π
T

=π
T
P.

•Thiskindofadistributionisreferredtoasastationarydistribution

oftheMarkovchain.

•AnyirreducibleandaperiodicMarkovchainhasexactlyone

stationarydistribution.

•Inthecaseofundirectedtransitiongraph,thei:thelementofthe

stationarydistributionisproportionaltothedegreeofthei:thvertex

ofthegraph(correspondingtothei:thstate).

•Butinthegeneraldirectedcase,itismoredifficulttogetan

intuitionontheformofthestationarydistributionwithout

calculations.
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ConvergenceofMarkovchains

•Wewishtoconsidertheasymptoticbehaviorofthedistribution

µ(n)
T

=µ(0)
T
P

n
,whentheinitialdistributionµ(0)isarbitrary.

•Weneedtodefinewhatitmeansforasequenceofprobability

distributionsµ(0),µ(1),µ(2),...toconvergetoalimiting

probabilitydistributionπ.

•Thereareseveralpossiblemetricsinthespaceofprobability

distributions;theoneusuallyconsideredwithMarkovchainsisthe

so-calledtotalvariationdistance.
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ConvergenceofMarkovchains

•Letµ=(µ1,...,µk)
T

andν=(ν1,...,νk)
T

beprobability

distributionsonstatespaceS={s1,...,sk}.Wenowdefinethe

totalvariationdistancebetweenµandνas

dTV(µ,ν)=
1

2

k∑

i=1

|µi−νi|=
1

2
||µ−ν||1.

•Wesaythatµ(n)convergestoµintotalvariationasn→∞,

writingµ(n)
TV
→µ,iflimn→∞dTV(µ(n),µ)=0.

•Theconstant
1

2isdesignedtomakethetotalvariationdistancetake

valuesbetween0and1.
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TheMarkovchainconvergencetheorem

•Let(X0,X1,...)beanirreducibleaperiodicMarkovchainwith

statespaceS={s1,...,sk},transitionmatrixP,andarbitrary

initialdistributionµ(0).Then,forthestationarydistributionπ,we

haveµ(n)
TV
→π.

•Inotherwords,regardlessoftheinitialdistribution,wealwaysend

upwiththestationarydistribution.
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ReversibleMarkovchains

•ConsideraMarkovchainwithstatespaceSandtransitionmatrix

P.AprobabilitydistributionπonSissaidtobereversibleforthe

chainifforalli,j∈{1,...,k}wehave

πiPij=πjPji.

AMarkovchainissaidtobereversibleifthereexistsareversible

distributionforit.

•Theamountofprobabilitymassflowingfromstatesitostatesj

equalstothemassflowingfromsjtosi.

•Anyreversibledistributionisalsoastationarydistribution.

•Butastationarydistributionmightnotbeareversibledistribution.
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Reversibility-examples

Irreversible chain
Unique stationary distribution

Reversible chain that is not irreducible
No unique stationary distribution
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Ergodicity

•WearealmostdonewiththereviewofMarkovchains—buthow

aboutergodicitymentionedinthetitleofthepresentation?

•ErgodicityisanimportantconceptinthegeneraltheoryofMarkov

chains:Theergodicitytheoremtellsusthatanergodicchainhas

auniquestationarydistribution.

•Butinthiscourse,wearedealingwithchainsonfinitestatespaces

only.Thereforetheonlyconditionsneededforuniquenessofthe

stationarydistributionareirreducibilityandaperiodicity.
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Ergodicity

•Ingeneral,aMarkovchainisergodicifitisirreducible,aperiodic,

andpositiverecurrent.

•Achainispositiverecurrentifallitsstatesare.Statesiispositive

recurrentifitcanbereturnedtoinafinitenumberofstepswith

probability1,andiftheexpectedreturntimetosiisfinite.

•Agivenstateistransientifitcannotbereturnedtoinafinite

numberofstepswithprobability1.Ifastateisnottransientnor

positiverecurrent,itisnullrecurrent.

•Ifachainisfiniteandirreducible,itisalsopositiverecurrent.

Thereforeafinite,irreducible,andaperiodicchainisalsoergodic.
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ApreludetothePerron-Frobeniustheorem

•Incaseofafinitestatespace,aMarkovChainiswhollydefinedbya

transitionmatrixP.

•Theasymptoticbehaviorofthechaindependsonthebehaviorof

P
n
,whenthenumberofstepsnapproachesinfinity.

•ThebehaviorofP
n

dependsinturnontheeigenstructureofP.

•ThePerron-Frobeniustheoremrelatesthespeedofconvergenceof

thechaintotheeigenstructureofthetransitionmatrix.

•Wewillthereforegoontoreviewsomebasicsconceptsoflinear

algebra.
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Eigenvectorsandeigenvalues-areview

•TherighteigenvectorsvofamatrixParegivenbyPv=λv.

Hereλisthecorrespondingeigenvalue.

•Thelefteigenvectorsuaregivenbyu
T
P=µu

T
.Hereµisan

eigenvalueandu
T

standsforthetransposeofu.

•Thesetofeigenvaluesisthesamefortheleftandtheright

eigenvectors.

•Thealgebraicmultiplicityofaneigenvaluetellshowmanytimes

theeigenvalueappearsasarootofthecharacteristicpolynomial.

Thegeometricmultiplicityisthedimensionofthecorresponding

eigenspace.
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Eigenvectorsandeigenvalues-areview

•IfthematrixPhaseigenvalues{λi},thematrixP
n

haseigenvalues

{λ
n
i}(theeigenvectorsarethesame).

•IfthekxkmatrixPhasdistincteigenvalues,wehavethespectral

decompositionP=
∑

k
i=1λiviu

T
i.

•Furthermore,P
n

=
∑

k
i=1λ

n
iviu

T
i.
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Theeigenvaluesandeigenvectorsofthetransition

matrixP

•Recallthatthestationarydistributionisdefinedasπ
T

=π
T
P.

Thusthelefteigenvectorcorrespondingtoeigenvalue1isu1=π.

•Associatedwithaneigenvalue1wealsohavearighteigenvector

v1=1,thevectorofallones.
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Part2:

EstimatesfortheconvergencespeedofMarkovchains
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ThePerron-Frobeniustheorem

LetPbestochastic,irreducible,aperiodickxkmatrix.

Thenthereexistsarealeigenvalueλ1=1withalgebraicaswellas

geometricmultiplicityone.Foranyothereigenvalueλj(mightbe

complex-valued),λ1>|λj|.Weordertheeigenvaluesbymodulus,

i.e.λ1>|λ2|≥...≥|λk|.Letusdenotethealgebraicmultiplicityof

theeigenvalueλibymi.Now

P
n

=λ
n
1v1u

T
1+Θ(n

m2−1
|λ2|

n
)

=1π
T

+Θ(n
m2−1

|λ2|
n
)

HereΘ(f(n))representsafunctionofnsuchthatthereexistconstants

α,β,n0,0<α≤β<∞,suchthatαf(n)≤Θ(f(n))≤βf(n)forall

n>n0.
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ThePerron-Frobeniustheorem—intuition

•ConsiderhavingatransitionmatrixA=1π
T

andaninitial

distributionµ(0).

•Afteronetimestep,wehaveµ(1)
T

=µ(0)
T
A=µ(0)

T
1π

T
=π

T
,

thestationarydistribution.
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ThePerron-Frobeniustheorem—anexample

Considerthedoublystochasticmatrix

P=
1

12









066

435

831







.

Theeigenvaluesareλ1=1,λ2=−
1

2,λ3=−
1

3.

Therightandthelefteigenvectorsareu1=(1,1,1)
T
,v1=

1

3(1,1,1)
T
,

u2=
1

12(2,−1,−1)
T
,v2=(4,1,−5)

T
,u3=

1

4(−2,3,−1)
T
,and

v3=(0,1,−1)
T
.
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ThePerron-Frobeniustheorem—anexample

Now

P
n

=
∑

3

i=1λ
n
iviu

T
i=

1

3









111

111

111









+(−
1

2)
n1

12









8−4−4

2−1−1

−1055







+(−
1

6)
n1

4









000

−23−1

2−31









Theconvergenceisgeometricwithrelativespeed
1

2.
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ThePerron-Frobeniustheoreminpractice

•WeareabletoestimatethespeedofconvergenceofaMarkovchain

basedonthesecondeigenvaluemodulusofthetransitionmatrix.

•Butinpracticeitmaybeimpossibletocalculatetheeigenvalues.

•Forinstance,inaMCMCsimulation,wedonothavethemeansto

calculatethem.

•Butwewouldliketoknowhowlongtorunoursimulation—how

longdoesittaketogetclosetothestationarydistribution.

•Goodupperboundsforthesecondeigenvaluemoduluswouldbe

useful.
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Boundsforthesecondeigenvaluemodulus

•WewillassumethatourMarkovchainisreversibleinadditionto

beingfinite,aperiodic,andirreducible.Thismakestheanalysis

easier.

•Inordertoproceed,wewillneedsomenewdefinitions.

•IfπisastrictlypositiveprobabilitydistributiononthestatespaceS

withkstates,letl
2
(π)betherealvectorspaceR

k
endowedwith

theinnerproduct<x,y>π:=
∑

ix(i)y(i)π(i).

•Itfollowsthatthenormis||x||
2
π:=

∑

ix
2
(i)π(i).

•Aconvenientdefinitionfortheexpectationfollows:

Eπ(x):=<x,1>π.

•Similarlyforthevariance:Varπ(x):=||x||
2
π−E

2
π(x).
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Boundsforthesecondeigenvaluemodulus

•TheDirichletformEπ(x,x)associatedwithareversiblepair(P,π)

isdefinedby

Eπ(x,x)=<(I−P)x,x>π.

•WechangethenotationandordertheeigenvaluesofPas

λ1>λ2≥λ3≥...(byvalue,notbymodulus).

•Weareabletocalculateanupperboundforλ2.IfA>0issuch

thatforallx∈R
k
,Varπ(x)≤AEπ(x,x),thenλ2≤1−

1

A.

•Wealsoneedalowerboundforthesmallesteigenvalueλk.IfB>0

issuchthatforallx∈R
k
,<Px,x>π+||x||

2
π≥B||x||

2
π,then

λk≥B−1.

•Thesecondlargesteigenvaluemodulusρ=max(λ2,|λk|).
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BeyondthePerron-Frobeniustheorem

•Perron-Frobeniustheoremisnottheonlywaytoestimatethespeed

ofconvergence.However,thesecondlargesteigenvaluemodulus

keepsshowingup.

•Weagainconsiderreversible,irreducible,aperiodicMarkovchains

withstatespaceS={s1,...,sk},transitionmatrixPand

stationarydistributionπ.

•Forallnandalli∈{1,...,k}wehave

dTV(δ
T
iP

n
,π)

2
≤

Pii(2)

π(i)
ρ
2n−2

,

whereρisthesecondlargesteigenvaluemodulusofP,andδiisthe

Dirac’sdeltavector.

29



BeyondthePerron-Frobeniustheorem

•Foranyprobabilitydistributionµ,andforalln≥1,

||µ
T
P

n
−π

T
||1

π≤ρ
n
||µ−π||1

π
.

•Italsoholdsthat

dTV(δ
T
iP

n
,π)

2
≤

1−π(i)

4π(i)
ρ
2n

.

•Inbothbounds,wehavethefamiliarsecondlargesteigenvalue

modulusρ.Again,weneedtoderiveboundsforit.
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Eigenvalueboundswithweightedpaths

•Wewillcontinueconsideringreversible,finite,irreducible,aperiodic

Markovchains.

•Wewillconsiderorientededgeseofthetransitiongraphassociated

withP.

•Foreachorientededgee,defineQ(e)=π(i)Pij.

•Foreachorderedpairofdistinctstates(si,sj),selectarbitrarilyone

pathfromsitosj.Thatis,asequencei,i1,...,im,jwhichdoes

notusethesameedgetwice.

•LetΓbethecollectionofpathssoselected.Forapathγij∈Γ,

define

|γij|Q:=
∑

e∈γij

1

Q(e)
=

1

π(i)Pii1

+
1

π(i1)Pi1i2

+...+
1

π(im)Pimj

.

31



Eigenvalueboundswithweightedpaths

•DefinethePoincarécoefficient

κ=κ(Γ)=max
e

∑

γij3e

|γij|Qπ(i)π(j).

•AnupperboundforthesecondlargesteigenvalueofPisgivenby

λ2≤1−
1

κ
.

•Butagain,inordertoderiveanupperboundforthesecondlargest

eigenvaluemodulus,weneedalowerboundforthesmallest

eigenvalueλk.
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Eigenvalueboundswithweightedpaths

•Foreachstatesi,selectexactlyoneclosedpathσifromsitosi

suchthatitdoesnotpasstwicethroughthesameedge,andwithan

oddnumberofedges.

•LetΣbethecollectionofpathssoselected.Forapathσi∈Σ,let

|σi|Q=
∑

e∈σi

1

Q(e)
.

•Define

α=α(Σ)=max
e

∑

σi3e

|σi|Qπ(i).

•Thenwegetthelowerbound

λk≥
2

α
−1.
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Anaside:Theotheradventuresofthesecond

eigenvalue

•Themagicalsecondeigenvaluecomesupalsoincontextsthatare

notdirectlyrelatedtoMarkovchains.

•Thesecondeigenvalueoftheso-calledLaplacianmatrixofagraph

canbeutilizedinpartitioningthegraph.

•Spectralclusteringisbasedoncalculatingthesecond(orrelated)

eigenvalueofvariousmatricesderivedfromadataset.

•Spectralclusteringisobservedtobeavaluabletechnique,butsound

theoreticalresultsarerare.

•Moretheoryonthesecondeigenvalueisneeded.
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Summary

•ThespeedofconvergenceofaMarkovchaindependsgreatlyonthe

secondlargesteigenvaluemodulusofthetransitionmatrix.

•ThePerron-Frobeniustheoremisthemostfamoustheoremrelated

tothis.

•Ofteninpractice,forinstanceinMCMCapplications,itisimpossible

tocalculatethesecondlargesteigenvaluemodulusexplicitly.

•Boundsarethereforeneeded.Therearevariousapproachesto

derivingthem.Somewerepresented,manyotherscanbefoundin

Brémaud’sbook.
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