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1 Overview

As an asideto the moredevelopedaspectsof landscapetheory, in Section3 we survey the land-
scapepropertiesthathave beenusedto proveconvergenceof simulatedannealing.Additionally, in
Section4 someresultson thebehaviour of local optimizationon a few differentrandomlandscape
classesarereviewed.

2 Definitions

We considerthecombinatorialoptimizationproblemof minimizing a costfunction
���������

de-
finedonafinite set

�
. Theset

�
is calledaconfigurationspace, andits elementsareconfigurations.

We denotetheset 	�
� ������� 
��������������� ���"! �$# of globalminimaby
��%

.
Let eachconfiguration
&� � be assigneda neighbourhood' � 
(�*) � with 
,+��' � 
(� . The

neighbourhoodgraph is definedon the vertex set
�

by addingthe arcs
� 
.- ! � for each
�� � and! �/' � 
�� . Theneighbourhoodgraphis assumedto beconnected,andusuallywe alsoassumethat! �*' � 
(� implies 
�*' �0! � , sothattheneighbourhoodgraphcanbetreatedasundirected.

3 Simulatedannealing

Simulatedannealingis a genericcombinatorialoptimizationapproachbasedon an analogywith
statisticalmechanics,first introducedby Kirkpatrick etal. [6]. Simulatedannealinghasbeenpopular
amongpractitionersdueto its simpleimplementationandamongtheoreticiansdueto its amenability
to theoreticalanalysis.

Let usconsiderthegenericsimulatedannealingalgorithmdefinedin Figure1. Thetemperature
sequence	�132�#5427698 is consideredas input to the algorithm in the definition, but in practicebe it
wouldbecomputedstepby stepin theloop. Thenametemperatureoriginatesfrom theanalogywith
statisticalmechanics,andaccordinglywerequirethat 1 2;:�< for all = . Thetemperaturesequenceis
usuallyreferredto astemperaturescheduleor ascoolingschedulewhenthetemperatureapproaches< as = �?>

. Thealgorithmis presentedwithout specifyingthestopcondition;for now it suffices
to assumethatthealgorithmcontinuesindefinitely, althoughfinite-timebehaviour will bediscussed
lateron.

Thepresentedalgorithmis essentiallythesameasoriginallyproposedbyKirkpatricketal. [6]. In
theliterature[12, 1], variantsof thealgorithmwith differentacceptanceprobabilitiesandwith differ-
entneighbourgenerationprobabilitieshavebeenconsidered.However, providedthattheneighbour
generationprobabilitiesaresymmetric,by anaturalmeasureof convergencespeedall thesevariants
areinferior to theform of thealgorithmpresentedhere[12, Proposition3.2].
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Givenaninitial state
 8 � � anda temperaturesequence	51 2 # 427698 .= � � < .
Repeat

Generatea random
! ��' � 
�� by uniformprobabilities.

Generatea randomnumber@BADC � < -FE�� .
If @;GIHFJLK �NMB�0���"! � M���� 
(2O�P�P+�132O�
(2RQTS � � ! .
Else 
(2RQTS � ��
�2 .
Endif= � �U=WV�E .

Until STOP.

Figure1: Pseudocodefor a simulatedannealingalgorithm.

3.1 Mark ov chains

Theanalysisof simulatedannealingis basedon the theoryof Markov chains[4]. We presenthere
themostbasicdefinitionsanda convergencetheorem.

Definition 1. A Markov chainon the statespaceX is a sequenceof randomvariables Y 2 �ZX ,=*� < -�E[-F\�\F\ that satisfies]_^ Y*2`�&
(2Wa$Y�8b�&
�8[-�\F\�\F-cYd25e3Sf�g
�25e9SRh�� ]_^ Yd2`��
(2Wa$Yd25e3Sf�&
(25e3S$h (1)

for all =i�jE[-$kL-�\F\F\ andall 
 8 -P
 S -F\F\�\F-P
 2 �lX .

We shallassumethat X is finite. Condition(1) is calledtheMarkov property, andit essentially
saysthat thefuturedevelopmentof theprocessonly dependson its currentstate,not on any of the
previousstates.Thestate-dependenttransitionprobabilities mTn5� � =�� � � ]_^ Y 2RQTS � ! aoY 2 �&
�h form
a transitionmatrix m � =�� for each= . A Markov chainis calledhomogenousif the transitionmatrixm � =�� doesnot dependon = . Otherwise,thechainis calledinhomogenous.

A homogenousMarkov chainis called irreducibleif for any 
.- ! ��X thereis a positive prob-
ability of reaching

!
from 
 in a finite numberof trials. A homogenousMarkov chain is called

aperiodicif for everystate
l�pX thegreatestcommondivisor q�rFs �ut n ���vE , where
t n is thesetof

all integerswyx < with positiveprobabilityof returningto state
 onstepw whenstartingfrom 
 on
step < .
Theorem 1. Let mz� �|{ n�� � nO} �~�[� be the transitionmatrix associatedwith a homogenousMarkov
chain on statespaceX , andsupposethat theMarkov chain is bothirreducibleandaperiodic.Then
there existsa uniquestationarydistribution � n � �������d2R� 4 ]b^ Yd2d��
�h , 
���X , which is uniquely
determinedby theequations ����[� � � { �Rn ��� n for all 
l�X (2)

and �nO�[� � n �vE�\ (3)

It shouldbeclearthat thestationarydistribution,consideredasa vectorin
�l� � � , is a left eigen-

vectorof thetransitionmatrix m .
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3.2 Simulatedannealingasa Mark ov chain

Let usconsidertheinitial state
 8 of thesimulatedannealingalgorithmasa randomvariableon the
statespace

�
. Observe that for a fixed initial statedistribution andtemperatureschedule,thestate

sequence
�8�-c
�S~-F\�\F\ of thesimulatedannealingalgorithmformsaMarkov chainontheconfiguration
space

�
.

Thetransitionprobabilitiesof theprocessaregivenby

m�n�� � =���� ���� ��� < if
! +��' � 
��3��	�
.#�-S� ��� n�� � HRJLK/� M�� � �R� e � � n���~� � if
! ��' � 
���-E M S� ��� n5� �"�&� � ��� n�� HRJLK/� M�� � � � e � � n5��~� � if
! ��
.\ (4)

As a consequenceof Theorem1, it is quite easyto show that if the neighbourhoodrelationis
symmetricandtheneighbourhoodgraphis connected,thenusinga constanttemperature1vx < the
simulatedannealingprocessconvergesto a uniquestationarydistribution

� �(n � 1b�c�cnO�� givenby� n � 1b��� HFJLK �NM_��� 
(�P+~1b�� ���� f� 
 {T�cM_���u! �P+~1b� for 
l� � \ (5)

As 1 approaches< , theabove stationarydistribution approachesthe limit distribution
� � %n � nO�� 

definedas � %n ��E�+�a � % a for 
I� � % , and � %n � < for 
�� �y�_� % . This is thebasisfor theconver-
genceto

��%
of thesimulatedannealingprocess.Of course,thestationarydistribution of thecurrent

temperaturecannotactuallybe reachedbefore 1 is decreased.Nevertheless,if the temperatureis
decreasedsufficiently slowly, the processwill get “close enough”to the stationarydistribution of
eachtemperaturestep,andeventuallythestatedistributionwill convergeto

� � %n �cnO�� . Thetheoryof
inhomogenousMarkov chainsprovidesthenecessarytoolsfor thisapproach,assketchedin both[1]
and[12]; unfortunatelytheproofsarerathertechnical,andmoreover, theresultsarenot ascompre-
hensiveasthetheoremdiscussedin thefollowing Subsection.

3.3 Hajek’s convergencetheorem

The convergencebehaviour of the genericsimulatedannealingalgorithmfor cooling temperature
schedulesunderweakconditionshasbeencompletelycharacterizedby Hajek [3]. To presentthe
convergencetheorem,we first needto definea numberof concepts.

Definition 2. A state
! � � is reachableat height � from state 
�� � if 
 � ! and

��� 
��B¡�� , or
if there is a sequenceof states
g��
 8 -c
 S -F\�\F\�-c
£¢ � ! for somew such that 
 27QTS � ' � 
 2 � for=*� < -�E[-F\�\F\7-Pw M E and

��� 
 2 �¤¡�� for =*� < -FE�-F\�\F\R-Pw .

Definition 3. A simulatedannealingprocesswith a fixedcostfunctionis weaklyreversibleif for any�� � andanytwo states
T- ! � � , 
 is reachableat height � from
!

if andonly if
!

is reachableat
height � from 
 .

Notethatif theneighbourhoodrelationis symmetric,weakreversibility follows immediately.

Definition 4. A set ¥§¦ � is a cup if there is an ��� � such that for every 
���¥ , it holdsthat¥v�Z	 ! � �I�O! is reachableat height � from 
3# .
Definition 5. Thedepth ¨ � ¥W� of a cup ¥ is definedas¨ � ¥W���&�����3	 ���u! � �O! +�p¥ and

! �*' � 
�� for some
�l¥;# M �����nO�[© ��� 
�� (6)

for ¥«ª� � , andas V > for ¥¬� � .

Definition 6. Thebottomof a cup ¥ is theset 	�
�¥ ����� 
���������� ���[© ���u! �7# .
3



Noticethatthebottomof anarbitrarycupis alwaysa setof local minima(which maybeweak,
ie.haveequal-costneighbours).Theconceptof acupis relatedto theconceptof abasinof attraction
of a localoptimum:Generally, thebasinof attractionof a localminimumcontainsoneor morecups
assubsets,andthesecupssharea commonbottomsetthatcontainsthelocal minimum(astheonly
element,if thelocal minimumhasno equal-costneighbours).

Definition 7. Thedepthof a local minimum 
 is the smallesẗ� � such that somestate
! � �

with
���"! ��G ��� 
�� canbereachedfrom 
 at height

��� 
(�TV�¨ , or V > if no such
!

exists.

Thedepthof a localminimumcanbethoughtof astherelativeheightof thelowesthill thatmust
beovercometo find a stateof bettercost. Intuitively it is clearthatthedepthof a local minimumis
relatedto theprobability thata simulatedannealingprocesscanescapethelocal minimum,andthe
relationis madeexactin thefollowing theorem.

Theorem 2 (Hajek). Let thetemperatureschedule	�1 2 # 427638 bestrictly positive, nonincreasingand
satisfy������2R� 4 192`� < . Supposethatweakreversibility holds.
Then

1. For anystate
 that is not a local minimum,������2R� 4 ]_^ Y*2`�&
�h�� < .
2. Supposethat thesetof states® is thebottomof a cupof depth ¨ andthat thestatesin ® are

local minimaof deptḧ . Then�����d2R� 4 ]b^ Yd2¯�p®Bh�� < if andonly if4�276TS HRJLK �NM ¨L+�1 2 ��� > \ (7)

3. (Consequenceof 1 and2.) Let ° bethemaximumof thedepthsof all stateswhich are local
but not globalminima,and

� %
thesetof globalminima.Then�����2R� 4 ]b^ Yd2;� � % h��jE (8)

if andonly if 4�27698 HRJLK �cM °/+�1 2 ��� > \ (9)

See[3] for theproof. TheTheoremimmediatelyyieldsafoundationfor logarithmictemperature
schedules.

Corollary 1. Supposethat thetemperaturescheduleis of theform1 2 � ±��²[q � =BVIk[� -³=�� < -�E[-F\�\F\R- (10)

where ± is constant.Thenthesimulatedannealingalgorithmconvergesasymptoticallyto theset
��%

of globallyoptimalstateswith probability E if andonly if ± : ° .

Proof. Suppose± : ° . Then4�27698 HRJLK �cM °/+�1 2 � : 4�27698 HRJLK �NM ± +�1 2 ��� 4�2R698 HFJ´K �NM ��²�q � =BV�k��c��� 4�2R63µ E= � > (11)

andconvergenceto
� %

follows.
Now supposethat ± G,° . Thenthereis a non-localminimum ¶
 suchthat its depthequals° .

Since 4�27638 HRJLK �cM °/+�1 2 ��� 4�27698 � HFJ´K �cM ± +�1 2 �P�c·�¸$¹�� 4�2763µ E= ·�¸$¹ G > - (12)

by part2 of theTheorem������2R� 4 ]b^ Yd2���®Bh�x < for thebottom ® of thecupassociatedwith ¶
 .
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3.4 On the depth of a problem instance

As regardscomputationof themaximumdepth° , Kern[5] hasshown thatcomputingthemaximum
depthof a probleminstanceis NP-hardfor the problemMAX CUT (partitioningthe verticesof a
graphinto two partssuchthattheweightof theinter-partedgesis maximized),with thelocalsearch
neighbourhooddefinedby moving singleverticesfrom a vertex setto theother.

Also, Kernmakesthefollowing conjectures:

Conjecture 1. Computingthemaximumdepthis at leastashard assolvingtheoptimizationprob-
lem.

Conjecture 2. Computingthemaximumdepthis at mostashard assolvingtheoptimizationprob-
lem.

Nevertheless,it is often easyto constructmoreor lesstight upperboundson ° . As a generic
example,we havethefollowing bound.

Proposition1. Let ° bethemaximumdepthof local minimathatarenot globalminima.Then°º¡�@O» (13)

where »¼�g�*½~Jn[�� �*½OJ��� ��� n5� a ���"! � M���� 
(��a (14)

and @W�¾�����nO�� ´¿(À �*½OJ�~�� ¨ � 
.- ! �7- (15)

¶� denotesthe setof all local minimaand ¨ � 
.- ! � is the distanceof 
 and
!

in the neighbourhood
graph.

Proof. Let ¶! bealocal,non-globalminimumof maximumdepth° , let Á
l� �¤� ¶� reachtheminimum
in (15). Fix anarbitraryglobalminimum 
 % . Considertheshortestpathin theneighbourhoodgraph
from ¶! via Á
 to 
 % . By the definition of Á
 , the path is at most k~@ stepslong. Let Â be the first
configurationon thepathwith

��� Âb�`G ��� ¶! � , andlet Ã bethehighest-costconfigurationbetween ¶!
and Â on thepath.

Supposethat °ºxI@O» . Thenby thedefinitionof thedepthof a localminimum��� Ã�� M��� ¶! � : °ºxI@O» (16)

and Ã must be at least @iVÄE stepsaway from ¶! on the path. Now all the explicitly mentioned
configurationsmustlie onthepathin theorder ¶! -[Á
.-ÅÃ�-PÂB-c
 % . Thusthepathfrom Ã to 
 % is lessthan@ stepslong,andweget ��� Ã�� M��� 
 % �ÆGI@O»�\ (17)

Combiningtheseinequalitiesyields
��� 
 % � Mg��� ¶! �dx < , implying that 
 % is not globally optimal.

This is a contradiction,andweconcludethatnecessarily°Ç¡I@O» .

For thecoolingschedule(10) with theconstant± givenby theaboveupperbound@O» , theproof
approachby inhomogenousMarkov chaintheorymentionedat theendof Subsection3.2is sufficient
to show that the simulatedannealingprocessconvergesto the set

� %
of global minima. Indeed

accordingto [1] this wasoneof thefirst coolingschedulesshown to resultconvergenceto
��%

.
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3.5 Conductanceand finite-time simulatedannealing

Thepropertyof conductance[8], definedasfollows,allows moresophisticatedanalysisof therate
at which aMarkov chainapproachesits stationarydistribution.

Definition 8. TheconductanceÈ�É of a homogenousMarkov chain with statespaceX , transition
matrix mv� �|{ n��O�cnO} �~�[� andstationarybalanceprobabilities �(n , 
�X , is definedas

È É � �i���Ê�Ë �iÌÍ�Î7ÏFÐÒÑ Î~Ó S ¸ µ � n[�
Ê � ���� ´¿ Ê �(n { n��� nO� Ê �£n (18)

Roughlyspeaking,thefractionalexpressionin (18)measuresthestationaryprobabilityof escap-
ing a subsetof states,weightedby thestationaryprobabilityof beingin thesubsetin thefirst place.
Thusconductancecanbethoughtof asa measureof how difficult statesetstherearein theprocess,
from thepointof view of escapingsaidstatesets.

Let us now apply this to the randomwalk process(ie. simulatedannealing“at infinite tem-
perature”)on the neighbourhoodgraphof the combinatorialoptimizationproblem. Assumingthe
neighbourhoodgraphis = -regularso that thestationarydistribution is theuniform distribution, the
conductancecanbesimplifiedtoÈI� �����Ê�Ë  �Ì� Ê � Ó �  � ¸ µ � n[� Ê a '

� 
(� ��Ô aa Ô a \ (19)

Using this conductanceparameter, Nolte andSchrader[9] claim the following boundon the finite
time behaviour of simulatedannealingusinga logarithmiccooling scheduleof the form (10), and
assumingasymmetricneighbourhoodrelation.

Proposition2. Let Õ bethedifferencebetweentheminimalcostandthenext to leastcostvalue, and
let Ö bethedifferencebetweenthemaximalandtheminimalvaluesof thecostfunction.Thenthere
exist constants± S - ± µ �p× such that for anarbitrary Ø_x < and

= : EÈ ¹ÚÙ Û a � aØÝÜ e ¹NÞOß7¸Åà (20)

it holdsthat �nO�� a ]b^ Yd2`��
�h M � %n a´¡�Ø5\ (21)

Thepropositiongivesdirectly therequirednumberof iterationsto reacha globaloptimumwith
predeterminedprobability. The bound(20) is polynomial in Ø e3S , the inverseof the probability
distribution accuracy, and in a � a , the numberof configurations.Of course,the usefulnessof the
propositionis limited by thefactthatin hardcombinatorialoptimizationproblemsa � a is exponential
in theproblemsize.

4 Descenton random landscapes

In thesequelweidentify theconfigurationspace
�

with thesetof á -bit strings.Theneighbourhoods
aredefinedby single-bitflip operations,sothateveryconfigurationhasexactly á neighbours.As the
presentsubjecthasbeenmostlystudiedin thecontext of evolution theory, someof thecitedsources
developtheir resultsfor themoregeneralcaseof length-á stringsoveranarbitraryalphabet.

Theconnectionto evolution theoryalsomeansthat thereis muchmorerelatedmaterialon the
behaviour of geneticalgorithms(sexual evolution) on thesamelandscapemodels(seeeg. [11] for
references),but thatis beyondthescopeof thepresentarticle.

6



4.1 Adaptivewalks on uncorrelatedlandscapes

Let usfirst considerthecompletelyrandomlandscape,wherethecosts
��� 
(� , 
�� � , areindependent,

identically distributedrandomvariables.An adaptivewalk is definedasa randomwalk on
�

that
proceedsby uniformly choosinga randomneighbour, but thenacceptingthe neighbouronly if its
costis lessthanthecostof thecurrentconfiguration.If theneighbouris notaccepted,anew random
neighbouris chosenandthe acceptancetest repeated.In evolution theory, the randomneighbour
choicerepresentsmutation;howevertheresultsareapplicablenotonly to randomizedcombinatorial
optimization,but generallyalsoto deterministicfirst-descentlocaloptimization.

Note that qualitatively one may considereven a correlatedlandscapeas uncorrelated,if one
observeswalkson thelandscapeonly at intervalslongerthanthelandscapecorrelationlength.

Flyvbjerg andLautrup[2] studythebehaviour of adaptivewalksonlargerandomlandscapes.To
begin with, they observe that from thepoint of view of descentmethods,insteadof theactualcosts
it sufficesto considerthe sharedcumulative distribution function of the randomcosts,effectively
reducingthecoststo uniformrandomvariableson

� < -�E5� . We denotethis transformedcostby â .
The lengthof an adaptive walk is definedasthe numberof configurationsacceptedduring the

walk. The duration of an adaptive walk is definedasthe numberof configurationsgenerated,in-
cludingthosethatareimmediatelyrejected,duringthewalk.

Heuristically, the length of a walk can be characterizedas follows. Considerthe stateof an
adaptive walk at a particularconfiguration.Assumethatadaptivewalksaregenerallymuchshorter
than á steps,so that the randomstepdirectionschosenduringa walk areessentiallyall different,
andon eachstepthe currentconfigurationhasonly oneneighbourthat hasbeenseenbefore. On
eachstepof the walk, a new costvalue âWã is encounteredthat is otherwiseuncorrelatedwith the
currentcost â , exceptthat it is smallerthanthecurrentone.Thus,on averageâ is halvedon each
step. Startingthe walk with âÇ�ÇE , after ä stepstheexpectedcostis k e£å . An adaptive walk stops
whenall neighbourconfigurationshave highercostthanthecurrentconfiguration.On theaverage,
this occurswhen â¼AæE�+7á . Giventhat â decreasesas k e£å andthewalk stopsat a final costvalueâvAjE�+7á , wehaveanestimatefor theaveragelength ç of anadaptivewalk: ç è&��²�q µ á .

Flyvbjerg andLautrupdo show morerigorouslythefollowing propositions.However, it should
benotedthatall their resultsarederivedundertheassumptionthatthesearchdoesnotvisit configu-
rationsthathave beenpreviously seen(eitheraccepted,or generatedandrejected),but they do give
qualitativeargumentsfor thenegligibility of theerrorcausedby this approximation.

Proposition3. Thelength ç of anadaptivewalkthatstartsfroma configuration 
 8 with â � 
 8 ���jE
is approximatelyPoisson-distributed,withexpectationof theform ���fá�Vi¥ S Vié � E�+Rá�� andvariance���fá�VI¥Òµ�V�é � E�+7áÝ� , where ¥¤Sfè < \ <[ê�ê E and ¥�µbè < \ëkOì[ì are constants.

Intuitively, it is clearthatat leaston theorderof á configurationsmustbetestedbeforeonecan
know thata local optimumhasbeenreached.Thenext propositionconfirmsthis intuition.

Proposition4. Thedurationof anadaptivewalkthatstartsfroma configuration 
 8 with â � 
 8 ���jE
is ¥�íFá«V�é � E5� with variance ¥Òî�á µ V�é � á�� where ¥ÒíïèvE�\ k�k and ¥ÒîïèZE�\ëð[k .

Theseresultsalsoindicatethat thestandarddeviation of the lengthof anadaptive walk is rela-
tively small,whereasthedurationvariesconsiderablymore.

In essentiallythe samemodel, Macken, Haganand Perelson[7] demonstratesimilar results,
notablywithoutevendiscussingthepossibilityof thesearchreturningin theneighbourhoodsof pre-
viouslyseenconfigurations.In contrastto Flyvbjerg andLautrup,they do not requirethattheinitial
configuration
 8 satisfy â � 
 8 ���vE , but aresatisfiedwith á�â � 
 8 ��ñòE . They derive for theexpec-
tationandvarianceof thelengthof anadaptive walk a resultotherwiseanalogousto Proposition3,
but they get ¥¤SWè«E[\�E < VI��²[q � â � 
�8~�c� and ¥�µ;è < \ k[ì[ì_VI��²[q � â � 
�8~�c� . Note thatMackenet al. get
a constantpart for ¥¤S that is approximatelyE unit greaterthanthe onederived by Flyvbjerg and
Lautrup. For the durationof an adaptive walk Macken et al. only derive the expectation,andget
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exactly thesameresultasFlyvbjerg andLautrup,with no additionaldependenceon the initial cost
value.

Additionally, Mackenet al. providethefollowing results.

Proposition 5. The cost of a randomlychosenlocal minimumis E~+7áóVvô � E�+Rá�� with varianceE~+7á µ V�ô � E~+7á µ � .
Proposition6. Thecostof thefinal configurationof anadaptivewalkthatstartsfromaconfiguration
 8 with á�â � 
 8 ��ñòE is < \ ì�kOõ�ö¤\�\F\c+7á«V�ô � E�+Rá�� with variance < \ ÷�øOö[õf\F\�\c+7á µ V�ô � E~+7á µ � .

Together, theseresultsindicatethatonaverageanadaptivewalk resultsin a localoptimum38%
betterthana randomlychosenlocaloptimum.

In evaluatingtheseresultsoneshouldkeepin mind thattheonly waystheneighbourhoodstruc-
tureaffectsanadaptivewalk onanuncorrelatedlandscapeare1) by limiting thesizeof thesetfrom
which thenext configurationis chosen,and2) throughtheprobabilityof returningto theneighbour-
hoodof a previously seenconfiguration.Giventhat thesecondeffect wasignoredfor simplicity in
both of the cited analyses,the first effect is the only remainingdifferenceto unrestrictedrandom
samplingof theconfigurationspace.Fromthis point of view, it maybeof generalinterestto con-
sidertheresultsof Mackenet al. [7] in their original form on á -stringson arbitraryalphabets,with
thealphabetsizeasa parameter.

4.2 Adaptivewalks on block model landscapes

PerelsonandMacken[10] presenta simpleextensionof theuncorrelatedrandomlandscapemodel,
in orderto studytheeffectof correlationson adaptivewalks.

Theblockmodelis definedasacollectionof ® independentcompletelyrandomlandscapesof the
typeconsideredin Subsection4.1,calledblocks. Theconfigurationspacesof the individual blocks
maybeof differentsizes,andthelengthof thebit stringsrepresentingtheconfigurationsof block ù
is denotedby w3ú . The configurationspaceof the whole model is the setof á -bit strings,whereáû�ü�&ýú�6TS w3ú , consideredas the Cartesianproductof the configurationspacesof the individual
blocks. The costof a configurationin the block model is definedas the sumof the costsof the
individualblocks.

Whenall theblocksareof thesamesize,theblock modelreducesto a specialcaseof theN-k
landscapemodel,but in generalneithermodelsubsumestheother. In a similar fashionto theN-k
model, the ruggednessof the block model landscapecanbe tunedby adjustingthe parameter® .
When ®þ�«á , the block modelhasa uniquelocal minimum,andwhen ®ÿ�zE , the block model
degeneratesto therandomlandscapemodel.

Since the individual blocks are independent,the following result follows immediatelyfrom
Proposition3.

Proposition7. Theexpectedlengthof anadaptivewalk in theblock model,startingfroma configu-
ration 
 8 with â � 
 8 ���jE , is approximately��ýú�6TS ��� � w ú �LVl®;¥ S andthevarianceis ��ýú�6TS ��� � w ú �LV®i¥ µ , where ¥ S è < \ <�ê[ê E and ¥ µ è < \ëkOì�ì are constants.

An analogousresultcanbederivedfor thedurationof anadaptivewalk from Proposition4.

4.3 Descentwalks on N-k landscapes

Definition 9. An N-k landscapeis definedon theconfiguration space
�

of thesetof á -bit strings
as follows. Themovescomprisesingle-bitflip operations. Thecostfunctionis of theform

��� 
��_����ú�6TS � ú � 
���� � 8 � -c
���� � S � -P
���� � µ � -F\F\�\R-c
���� � 2 � � , where � ú �	� � , ùp� E[-�\F\�\R-Pá ,
� � < -�\F\F\F-Å= , determines

the interactionsbetweenbit ù and = other bits. Thevaluesof the costcomponentfunctions
� ú are

independentidenticallydistributedrandomvariables.
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We shallassumeherethat ��ú � < ���gù for all ù �ZE�-F\F\�\R-Pá .
When =*� < , thelandscapehasa uniquelocal (andthusalsoglobal)minimumandtheexpected

lengthof a downhill walk is ád+Ok . At theotherextreme,when =l��á M E the landscapeis totally
randomandhas é � k � +7á�� local optima,andwalks to optimaareof expectedlength é � ���bá�� , as
seenin the previous Subsection.Generally, the larger = grows, the lesscorrelatedthe landscape
becomes.

A gradientwalk is adeterministicwalk ontheconfigurationspacethatalwayschoosestheneigh-
bourwith theleastcost. This is alsoknown asthesteepest-descentmethod.This is comparedhere
with thefirst-descentmethod,ie. adaptivewalks.

Weinberger [13] derivesseveral qualitative resultson local optimizationon á M = landscapes
with E�
ò=�
 á . Becausetheresultsarebasedon theCentralLimit Theorem,therandomvalues
of thecostcomponentfunctionsmustbeassumedto have finite meanandvariance.To give a taste
of thekind of heuristicreasoningapplied,for oneof theresultswepresentthejustificationgivenby
Weinberger, slightly expanded.

Proposition8. Theexpectednumberof local minimais é �c� k�£� � � where

�è Û E=WV&E Ü S ¸ � 27QTS � \ (22)

As = grows,  asdefinedby (22) approachesE , and the numberof local minima approachesé � k � � . On theotherhand,= is boundedby theassumption=�
�á andasnotedabove, in thecase=*�Dá M E theexpectednumberof localoptimais only é � k � +7áÝ� .
Proposition9. Theexpectedcostof a local minimumis approximately� M�� Û k���� � =BV�E��=BV&E Ü S ¸ µ (23)

where � and
�

are respectivelythemeanandstandard deviationof thecostcomponents.

The expectedcost of a local minmum is a slowly increasingfunction of = . Hencethe more
correlatedthefitnesslandscapeis, thesteepervalleys onecanexpectto find in thelandscape.Here
we have a clearqualitative differencewith the uncorrelatedcase =��þá M E ascharacterizedin
Proposition5.

Proposition10. Theexpectedlengthof an adaptivewalk is approximatelyá�� � � 27QTS �27Q�S .

Asexpected,theadaptivewalksbecomeshorterwhenthelandscapecorrelationdecreases.Again,
thecontrastwith theuncorrelatedcase,describedin Proposition3, is marked.

Proposition11. Theexpectedlengthof a gradientwalk is approximately · µ M�� ·µ Ñ�� S ¸ µ where°�è&áZ��²�q µ � =BV&E5�P+ � =WV&E5�7\ (24)

Justification. Fromtheexpectednumberof localminima,it is concludedthattheexpectedHamming
distance° betweenlocal minima (which equalsthe expecteddiameterof a basinof attraction)is
asymptotically

°��g��²[q µ Û k �é �P� k�£� � � Ü �&á M ��²�q µ � ¥ � k�£� � V�ô � á�� �èDá M ��²[q µ � ¥W� M áæV�áZ��²[q µ � (��èDáZ��²�q µ � £�R\ (25)
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Thegradientwalk is expectedto almostalwaysendupin thenearestlocalminimum.Theprobability
that therandominitial stateis at Hammingdistancë from thenearestlocal minimum,considering
bothof thetwo closestlocalminima,is approximatedas

k�� Û ° ¨ Ü � k · �Uk Û ° ¨ Ü Û Ek Ü · e�� Û Ek Ü �èUk E� kO�3°/+�õ HFJLK Û M � ¨ M °/+[k[� µk��F° +�õ Ü � Û ÷�3° Ü S ¸ µ HFJLK �cM k � ¨ M °/+Ok�� µ +~° � (26)

.
ThemeanHammingdistancefrom therandomstartto thechosenoptimumcanthenbeapprox-

imatedas

° M � 4·�¸ µ @
Û ÷�3°Ü S ¸ µ HFJ´K � M k � @ M °/+Ok�� µ +O° � ¨�@�D°vVIk ° õ � 4·�¸ µ

Û M õ° @fVIk Ü Û k�3° Ü S ¸ µ HFJ´K � M k � @ M °/+[k[� µ +~° � ¨�@M k ° õ k � 4·�¸ µ
Û k�3° Ü S ¸ µ HRJLK � M k � @ M °/+Ok�� µ +O° � ¨�@��°�VIk ° õ �"!!! 4·�¸ µ Û k�3° Ü S ¸ µ HFJ´K �PM k � @ M °/+Ok�� µ +~° � M °#� Ek� ° k V ° k%$ < M Û k�3° Ü S ¸ µ'& � ° k M Û °k~� Ü S ¸ µ \ (27)

Weinbergeralsopresentsnumericalresultsfrom computersimulationsof adaptiveandgradient
walks on landscapeswith differentvaluesof á and = . The analyticalestimatesfit the numerical
resultsrelatively well, andthequalitative behaviour of the analyticalestimatesis similar to thatof
thenumericalresultsof thepresentedtestruns.

References

[1] Emile H. L. Aarts,JanH. M. Korst,andPeterJ. M. vanLaarhoven. Simulatedannealing.In
Local Search in CombinatorialOptimization, chapter4, pages91–120.JohnWiley & Sons,
1997.

[2] Henrik Flyvbjerg andBenny Lautrup. Evolution in a ruggedfitnesslandscape.Phys.Rev. A,
46:6714–6723,1992.

[3] B. Hajek.Coolingschedulesfor optimalannealing.Math.OperationsRes., 13:311–329,1988.

[4] DanielP. HeymanandMatthew J.Sobel.StochasticModelsin OperationsResearch VolumeI:
StochasticProcessesandOperatingCharacteristics. McGraw-Hill, 1982.

[5] W. Kern.Onthedepthof combinatorialoptimizationproblems.DiscreteAppliedMathematics,
43:115–129,1993.

[6] S.Kirkpatrick, C. D. Gelatt,andM. P. Vecchi.Optimizationby simulatedannealing.Science,
220:671–680,1983.

10



[7] C. A. Macken, P. S. Hagan,andA. S. Perelson.Evolutionarywalks on ruggedlandscapes.
SIAMJ. Appl.Math., 51:799–827,1991.

[8] Milena Mihail. Conductanceandconvergenceof Markov chains– a combinatorialtreatment
of expanders. In Proceedingsof the 30th annual Symposiumon Foundationsof Computer
Science, Washington,DC, USA, 1989.IEEE.

[9] AndreasNolteandRainerSchrader. A noteonthefinite timebehaviourof simulatedannealing.
In OperationsResearch Proceedings, pages175–180.SpringerVerlag,1996.

[10] A. S. PerelsonandC. A. Macken. Proteinevolution on partially correlatedlandscapes.Proc.
Natl. Acad.Sci.USA, 92:9657–9661,1995.

[11] ChristianM. ReidysandPeterF. Stadler. Combinatoriallandscapes.SIAMReview, 44:3–54,
2002.

[12] Fabio Romeoand Alberto Sangiovanni-Vincentelli. A theoreticalframework for simulated
annealing.Algorithmica, 6:302–345,1991.

[13] E. D. Weinberger. Local propertiesof kauffman’s n-k model: A tunablyruggedenergy land-
scape.Phys.Rev. A, 44:6399–6413,1991.

11


