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1 Overview

As an asideto the more developedaspectf landscapdheory in Section3 we surwey the land-
scapepropertieghathave beenusedto prove convergenceof simulatedannealing.Additionally, in
Section4 someresultson the behaviour of local optimizationon a few differentrandomlandscape
classesrereviewed.

2 Definitions

We considerthe combinatorialoptimizationproblemof minimizing a costfunction f : S — R de-
finedon afinite setS. ThesetS is calleda configuiation space andits elementsareconfiguations
We denotetheset{z € S : f(z) = minyes f(y)} of globalminimaby S*.

Let eachconfigurationz € S be assigneda neighbourhoodV (z) C S with z ¢ N (z). The
neighbourhoodyraphis definedon the vertex setS by addingthe arcs(z, y) for eachz € S and
y € N(z). Theneighbourhoodjraphis assumedo be connectedandusuallywe alsoassumehat
y € N(z) impliesz € N (y), sothatthe neighbourhoodraphcanbetreatedasundirected.

3 Simulatedannealing

Simulatedannealingis a genericcombinatorialoptimizationapproachbasedon an analogywith
statisticaimechanicsfirstintroducedby Kirkpatrick etal. [6]. Simulatedannealinchasbeenpopular
amongpractitionerdueto its simpleimplementatiorandamongtheoreticianglueto its amenability
to theoreticalnalysis.

Let usconsiderthe genericsimulatedannealingalgorithmdefinedin Figurel. Thetemperature
sequence[T}},-, is consideredasinput to the algorithmin the definition, but in practicebe it
would becomputedstepby stepin theloop. Thenametemperatur@riginatesrom theanalogywith
statisticalmechanicsandaccordinglywe requirethatT}, > 0 for all k. Thetemperatursequencés
usuallyreferredto astempeature scheduleor ascoolingschedulewhenthetemperatur@pproaches
0 ask — oo. Thealgorithmis presentedvithout specifyingthe stopcondition; for now it sufiices
to assumehatthealgorithmcontinuesndefinitely, althoughfinite-time behaiour will bediscussed
lateron.

Thepresentedlgorithmis essentiallthesameasoriginally proposedy Kirkpatrick etal. [6]. In
theliterature[12, 1], variantsof thealgorithmwith differentacceptancerobabilitiesandwith differ-
entneighbourgeneratiorprobabilitieshave beenconsideredHowever, providedthatthe neighbour
generatiorprobabilitiesaresymmetric by a naturalmeasuref cornvergencespeedall thesevariants
areinferior to theform of the algorithmpresentedhere[12, Proposition3.2].



Givenaninitial statez, € S andatemperaturesequencgTy} - -

k:=0.
Repeat
Generatarandomy € N (z) by uniform probabilities.
Generatea randomnumberr ~ U(0, 1).
It r <exp (=(f(y) = f(z))/Tk)
Tk4+1 =Y.
Else
T4+l = Tk
Endif
k=Fk+1.
Until STOR.

Figurel: Pseudocodéor a simulatedannealingalgorithm.

3.1 Mark ov chains

The analysisof simulatedannealings basedon the theoryof Markov chains[4]. We presenthere
the mostbasicdefinitionsanda convergenceheorem.

Definition 1. A Markov chainon the statespacef? is a sequencef randomvariables X, € €,
k=0,1,... thatsatisfies

P[Xy =1 | Xo =20,..., Xp—1 = 2p_1] = P[Xp = 24 | Xp—1 = 1] 1)
forall k=1,2,... andall zg,z1,...,z € .

We shallassumehat (2 is finite. Condition(1) is calledthe Markov property andit essentially
saysthatthe future developmentof the processonly depend®n its currentstate,not on ary of the
previousstates.Thestate-dependemtansitionprobabilities Py (k) := P[Xp4+1 = y| X = 2] form
atransitionmatrix P(k) for eachk. A Markov chainis calledhomayenousf the transitionmatrix
P(k) doesnotdependbn k. Otherwise the chainis calledinhomaenous

A homogenou$darkov chainis calledirreducibleif for ary z,y € Q thereis a positive prob-
ability of reachingy from z in a finite numberof trials. A homogenousviarkov chainis called
aperiodicif for every statez € ) thegreatestommondivisor ged(D,,) = 1, whereD,, is thesetof
all integersn > 0 with positive probability of returningto statez on stepn whenstartingfrom z on
step0.

Theorem 1. Let P = (p.y).,yco bethetransitionmatrix associatedvith a homaenousMarkov
chain on statespacef?, and supposehat the Markov chainis bothirreducibleand aperiodic. Then
there existsa uniquestationarydistribution 7, := limy_, o, P[X; = z], z € Q, which is uniquely
determinedyy theequations

> mypye =7, forallzeQ )
YEN

and

S ome=1. (3)

z€EQ

It shouldbe clearthatthe stationarydistribution, considerecasa vectorin R'¥l, is aleft eigen-
vectorof the transitionmatrix P.



3.2 Simulated annealingasa Mark ov chain

Let usconsidertheinitial statex, of the simulatedannealingalgorithmasarandomvariableon the
statespaceS. Obsere thatfor afixedinitial statedistribution andtemperatureschedulethe state
sequencey, z1, - . . Of thesimulatedannealingalgorithmformsaMarkov chainontheconfiguration
spaces.

Thetransitionprobabilitiesof the processaregivenby

0 ify ¢ N(z)U{z},

Pwy(k) = |N(1z)\ exp (_ f(?/)qjkf(z)) ify € N(.Z’), 4)
J—u—lfz;kfw) if y = .

1= e LzeMz) P (‘

As a consequencef Theoreml, it is quite easyto shav thatif the neighbourhoodelationis
symmetricandthe neighbourhoodjraphis connectedthenusinga constantemperaturd” > 0 the
simulatedannealingorocessonvergesto a uniquestationarydistribution (7, (T') ) zc s givenby

exp(=f(z)/T)
> yeserp(—f(y)/T)

As T approache$, the above stationarydistribution approachesghe limit distribution (73),cs
definedasz} = 1/|S*| for z € S*, andr} = 0forz € S\ S*. Thisis thebasisfor the corver-
genceto S* of the simulatedannealingprocessOf course the stationarydistribution of the current
temperatureeannotactually be reachedbeforeT is decreasedNeverthelessif the temperatures
decreaseduficiently slowly, the processwill get“close enough”to the stationarydistribution of
eachtemperaturetep,andeventuallythe statedistribution will corvergeto (7). s. Thetheoryof
inhomogenou$iarkov chainsprovidesthenecessaryoolsfor this approachassketchedn both[1]
and[12]; unfortunatelythe proofsarerathertechnical,andmoreoer, theresultsarenot ascompre-
hensve asthetheoremdiscussedh thefollowing Subsection.

7o (T) = forz € S. (5)

3.3 Hajek’scorvergencetheorem

The corvergencebehaiour of the genericsimulatedannealingalgorithmfor cooling temperature
schedulesinderweak conditionshasbeencompletelycharacterizedby Hajek [3]. To presenthe
corvergencetheoremywe first needto definea numberof concepts.

Definition 2. A statey € S is reachablet heighth fromstatex € S if x = y and f(z) < h, or
if there is a sequencef statesz = zg, 1,-..,2, = y for somen sud that zx,1 € N (zy) for
k=0,1,...,n—1land f(zx) < hfork=0,1,...,n.

Definition 3. A simulatedannealingprocesswith a fixedcostfunctionis weaklyreversibleif for any
h € R andanytwo statese,y € S, z is reachableat heighth fromy if andonlyif y is reacableat
heighth fromz.

Notethatif the neighbourhoodelationis symmetric weakreversibility followsimmediately

Definition 4. AsetC C S isacupif therisanh € R sud thatfor everyx € C, it holdsthat
C = {y € S : yisreachableat heighth fromz}.

Definition 5. Thedepthd(C) of acupC is definedas
d(C) = min{f(y) : y ¢ C andy € N(z) for somer € C} — Inelél f(=) (6)

for C # S,andas+oo for C = S.

Definition 6. ThebottomofacupC istheset{z € C : f(z) = minyec f(y)}.



Notice thatthe bottomof anarbitrarycupis alwaysa setof local minima (which may be weak,
ie. have equal-cosheighbours)Theconcepbf acupis relatedto theconcepbf abasinof attraction
of alocal optimum: Generallythe basinof attractionof alocal minimumcontainsoneor morecups
assubsetsandthesecupssharea commonbottomsetthat containsthe local minimum (asthe only
elementjf thelocal minimumhasno equal-costeighbours).

Definition 7. Thedepthof alocal minimumz is the smallestd € R sud that somestatey € S
with f(y) < f(z) canbereahedfromz at heightf(z) + d, or +oo if nosud y exists.

Thedepthof alocal minimumcanbethoughtof astherelative heightof thelowesthill thatmust
be overcometo find a stateof bettercost. Intuitively it is clearthatthe depthof alocal minimumis
relatedto the probability thata simulatedannealingprocessanescapehe local minimum,andthe
relationis madeexactin thefollowing theorem.

Theorem 2 (Hajek). Letthetempeature schedule{T}},- , bestrictly positive nonincreasingand
satisfylimy_, ., Tx = 0. Suppos¢hat weakreversibility holds.
Then

1. For anystatez thatis nota local minimum Jimy_, ., P[X} = z] = 0.

2. Supposehatthe setof statesB is the bottomof a cup of depthd andthat the statesin B are
local minimaof depthd. Thenlimy_, ., P[X}, € B] = 0 if andonly if

> exp(-d/Ti) = oo. )
k=1

3. (Consequencef 1 and2.) Let D be the maximumof the depthsof all stateswhich are local
but not global minima,and.S* the setof global minima. Then

lim P[X; € S*] =1 (8)
k—o0
if andonly if
> exp(-D/T) = . ©)

Seg[3] for theproof. The Theoremimmediatelyyieldsafoundationfor logarithmictemperature
schedules.

Corollary 1. Supposehatthetempeature scheduleis of theform

C
Ty = ————— =0,1,... 10
k 10g(k+2)’ k 05 ) ) ( )

whete ¢ is constant.Thenthe simulatedannealingalgorithm corvergesasymptoticallyto the setS™
of globally optimal stateswith probability 1 if andonlyif ¢ > D.

Proof. Suppose: > D. Then

Zexp(—D/Tk) > ZeXP(_C/Tk ZeXp log(k +2)) = Z
k=0 k=0 k=2

k=0

(11

?rlv—~

andcorvergenceo S* follows.
Now supposédhate < D. Thenthereis a non-localminimum z suchthatits depthequalsD.
Since

D c
ZGXP(—D/Tk ; exp(—c/Ty)) / Z kD/C < 00, (12)
by part2 of the Theoremlimy,_, ., P[Xy € B] > 0 for the bottomB of the cupassociateavith z.
O



3.4 On the depth of a probleminstance

As regardscomputatiorof themaximumdepthD, Kern[5] hasshavn thatcomputingthemaximum
depthof a probleminstanceis NP-hardfor the problemMAX CUT (partitioningthe verticesof a
graphinto two partssuchthattheweightof theinter-partedgeds maximized) with thelocal search
neighbourhoodiefinedby moving singleverticesfrom a vertex setto the other

Also, Kernmakesthefollowing conjectures:

Conjecture 1. Computingthe maximundepthis at leastas hard assolvingthe optimizationprob-
lem.

Conjecture 2. Computingthe maximundepthis at mostas hard as solvingthe optimizationprob-
lem.

Neverthelessit is often easyto constructmoreor lesstight upperboundson D. As a generic
example,we have thefollowing bound.

Proposition 1. Let D bethe maximundepthof local minimathat are not global minima.Then

D<rA (13)
whele
A = max max 1f(y) — f(@)] (14)
and
"= Zin eyl @

S denoteghe setof all local minimaand d(z,y) is thedistanceof z andy in the neighbourhood
graph.

Proof. Lety bealocal,non-globaiminimumof maximumdepthD, let % € S\S’ reachtheminimum
in (15). Fix anarbitraryglobalminimumz*. Considerthe shortespathin the neighbourhoodraph
from g via Z to z*. By the definition of Z, the pathis at most2r stepslong. Let w be the first
configurationon the pathwith f(w) < f(%), andlet z be the highest-costonfigurationbetweenj
andw onthepath.

SupposehatD > rA. Thenby the definitionof the depthof alocal minimum

f()=f§) =D >rA (16)

and z mustbe at leastr + 1 stepsaway from g on the path. Now all the explicitly mentioned
configurationsnustlie onthe pathin theordery, Z, z, w, z*. Thusthepathfrom z to z* is lessthan
r stepdong, andwe get

f(z) = f(z*) < rA. a7
Combiningtheseinequalitiesyields f(z*) — f(§) > 0, implying thatz* is not globally optimal.
Thisis a contradictionandwe concludethatnecessarihyD < rA. (]

For the coolingschedulg10) with the constant givenby the above upperboundrA, the proof
approachby inhomogenou$arkov chaintheorymentionechttheendof SubsectiorB.2is sufficient
to showv that the simulatedannealingprocesscorvergesto the set.S* of global minima. Indeed
accordingto [1] thiswasoneof thefirst coolingscheduleshown to resultcorvergenceo S*.



3.5 Conductanceand finite-time simulated annealing

The propertyof conductancg8], definedasfollows, allows moresophisticatednalysisof the rate
atwhich aMarkov chainapproachets stationarydistribution.

Definition 8. Theconductancebp of a homaenousMarkov chain with statespacef?, transition
matrix P = (pgy)s,yeo andstationarybalanceprobabilitiesr,, « € €, is definedas

Bp— min D veA 2yes\A TaPay

ACQ : T
Soea TeS1/2 2aea

(18)

Roughlyspeakingthefractionalexpressiorin (18) measureghestationaryprobability of escap-
ing a subsebf statesweightedby the stationaryprobability of beingin the subsein thefirst place.
Thusconductanceanbethoughtof asa measuref how difficult statesetstherearein the process,
from the point of view of escapingsaidstatesets.

Let us now apply this to the randomwalk process(ie. simulatedannealing“at infinite tem-
perature)on the neighbourhoodyraphof the combinatorialoptimizationproblem. Assumingthe
neighbourhoodyraphis k-regular sothatthe stationarydistribution is the uniform distribution, the
conductanceanbesimplifiedto

2aea V(@) \ 4]
|4] '

$ = min
ACS:
|[A|<[S|/2

(19)

Using this conductancearameterNolte and Schradef9] claim the following boundon the finite
time behaiour of simulatedannealingusinga logarithmiccooling scheduleof the form (10), and
assuminga symmetricneighbourhoodelation.

Proposition2. Leté bethedifferencebetweertheminimalcostandthenextto leastcostvalue and
let p bethedifferencebetweerthe maximaland the minimal valuesof the costfunction. Thenthere
existconstants: , co € IN sud thatfor anarbitrary e > 0 and

1 —c1p/d
k> 5 () (20)
it holdsthat
D IP[Xg=a] -7 <. (21)
€S

The propositiongivesdirectly therequirednumberof iterationsto reacha global optimumwith
predeterminegrobability  The bound (20) is polynomialin ¢!, the inverseof the probability
distribution accurag, andin |\S|, the numberof configurations. Of course,the usefulnes®f the
propositionis limited by thefactthatin hardcombinatoriabptimizationproblems S| is exponential
in the problemsize.

4 Descenton random landscapes

In thesequelveidentify theconfiguratiorspaceS with thesetof NV-bit strings.Theneighbourhoods
aredefinedby single-bitflip operationssothateveryconfiguratiorhasexactly N neighboursAsthe
presensubjecthasbeenmostly studiedin the context of evolution theory someof the cited sources
developtheir resultsfor themoregenerakaseof length-V stringsoveranarbitraryalphabet.

The connectionto evolution theoryalsomeanghatthereis muchmorerelatedmaterialon the
behaiour of geneticalgorithms(sexual evolution) on the samelandscapenodels(seeeg. [11] for
references)hut thatis beyondthe scopeof the presentrticle.



4.1 Adaptive walks on uncorrelatedlandscapes

Let usfirst considethecompletelyrandomlandscapewherethecostsf(z), z € S, areindependent,
identically distributedrandomvariables. An adaptivewalk is definedasa randomwalk on S that
proceeddy uniformly choosinga randomneighbouy but thenacceptingthe neighbouronly if its
costis lessthanthe costof thecurrentconfiguration.If theneighbouiis notacceptedanew random
neighbouris chosenandthe acceptanceéestrepeated.In evolution theory the randomneighbour
choicerepresentsutation;howevertheresultsareapplicablenotonly to randomizecombinatorial
optimization,but generallyalsoto deterministidirst-descentocal optimization.

Note that qualitatvely one may considereven a correlatedlandscapeas uncorrelatedjf one
obseneswalksonthelandscap@nly atintervalslongerthanthelandscapeorrelationlength.

Flyvbjerg andLautrup[2] studythebehaiour of adaptie walkson largerandomlandscapesTo
begin with, they obsene thatfrom the point of view of descentethodsjnsteadof the actualcosts
it sufficesto considerthe sharedcumulative distribution function of the randomcosts,effectively
reducingthe coststo uniform randomvariableson (0, 1). We denotethis transformectostby F'.

The lengthof an adaptve walk is definedasthe numberof configurationsaccepteduring the
walk. The duration of an adaptive walk is definedasthe numberof configurationggeneratedin-
cludingthosethatareimmediatelyrejectedduringthewalk.

Heuristically the length of a walk can be characterizedhs follows. Considerthe stateof an
adaptve walk at a particularconfiguration.Assumethat adaptve walks aregenerallymuchshorter
than N steps,sothatthe randomstepdirectionschosenduring a walk areessentiallyall different,
andon eachstepthe currentconfigurationhasonly one neighbourthat hasbeenseenbefore. On
eachstepof the walk, a new costvalue F' is encounteredhatis otherwiseuncorrelatedvith the
currentcostF', exceptthatit is smallerthanthe currentone. Thus,on averageF’ is halvedon each
step. Startingthe walk with F' = 1, after] stepsthe expectedcostis 2~!. An adaptve walk stops
whenall neighbourconfigurationshave highercostthanthe currentconfiguration.On the average,
this occurswhenF ~ 1/N. Giventhat F decreaseas2~! andthewalk stopsat a final costvalue
F ~ 1/N, we have anestimatefor theaveragdength L of anadaptie walk: L = log, N.

Flyvbjerg andLautrupdo shov morerigorouslythe following propositions.However, it should
be notedthatall their resultsarederivedundertheassumptiorthatthe searctdoesnot visit configu-
rationsthathave beenpreviously seen(eitheracceptedor generateéndrejected) but they do give
gualitatve argumentdor the negligibility of the errorcausedy this approximation.

Proposition 3. ThelengthL of anadaptivewalk that startsfroma configurationzq with F'(z¢) = 1
is approximatelyPoisson-distriluted,with expectatiorof theformln N+ C; + O(1/N) andvariance
InN + C> 4+ O(1/N), where C; =~ 0.0991 andC, = 0.266 are constants.

Intuitively, it is clearthatatleaston theorderof N configurationsmustbetestedbeforeonecan
know thatalocal optimumhasbeenreachedThe next propositionconfirmsthis intuition.

Proposition4. Theduration of anadaptivewalk thatstartsfroma configuationzo with F/(z¢) = 1
is C3N + O(1) with varianceCyN? + O(N) whee Cs = 1.22 andCy =~ 1.72.

Theseresultsalsoindicatethatthe standarddeviation of the lengthof anadaptve walk is rela-
tively small,whereaghedurationvariesconsiderablymore.

In essentiallythe samemodel, Macken, Haganand Perelson[7] demonstratesimilar results,
notablywithoutevendiscussinghepossibility of the searctreturningin the neighbourhoodsf pre-
viously seenconfigurationsIn contrastto Flyvbjerg andLautrup,they do notrequirethattheinitial
configurationz satisfy F'(zo) = 1, but aresatisfiedwith N F(zo) > 1. They derive for the expec-
tation andvarianceof the lengthof anadaptie walk a resultotherwiseanalogougo Proposition3,
but they getC; = 1.10 + log(F(x¢)) andCy ~ 0.266 + log(F(zo)). NotethatMackenetal. get
a constantpartfor C; thatis approximatelyl unit greaterthanthe one derived by Flyvbjerg and
Lautrup. For the durationof an adaptve walk Macken et al. only derive the expectation,and get



exactly the sameresultasFlyvbjerg and Lautrup,with no additionaldependencen theinitial cost
value.
Additionally, Mackenetal. provide thefollowing results.

Proposition 5. The costof a randomlychosenlocal minimumis 1/N + o(1/N) with variance
1/N? + o(1/N?).

Proposition6. Thecostofthefinal configuationof anadaptivewalkthatstartsfroma configuiation
T With NF(x9) > 1is0.6243... /N + o(1/N) with variance0.8534 . .. /N? + o(1/N?).

Togethertheseresultsindicatethaton averageanadaptve walk resultsin alocal optimum38%
betterthana randomlychoserlocal optimum.

In evaluatingtheseresultsoneshouldkeepin mind thatthe only waysthe neighbourhoodtruc-
tureaffectsanadaptve walk on anuncorrelatedandscapere 1) by limiting the sizeof the setfrom
whichthenext configurationis chosenand?2) throughthe probability of returningto the neighbour
hoodof a previously seenconfiguration.Giventhatthe secondeffect wasignoredfor simplicity in
both of the cited analysesthe first effect is the only remainingdifferenceto unrestrictedlandom
samplingof the configurationspace.From this point of view, it may be of generalinterestto con-
sidertheresultsof Mackenetal. [7] in their original form on N-stringson arbitraryalphabetswith
thealphabesizeasa parameter

4.2 Adaptive walks on block modellandscapes

PerelsorandMacken[10] presenta simpleextensionof the uncorrelatedandomlandscapenodel,
in orderto studytheeffect of correlationson adaptve walks.

Theblock modelis definedasacollectionof B independentompletelyrandomliandscapesf the
type consideredn Subsectiort.1, calledblocks The configurationspace®f the individual blocks
may be of differentsizes,andthelengthof the bit stringsrepresentinghe configurationof block i
is denotedby n;. The configurationspaceof the whole modelis the setof N-bit strings,where
N = Zf‘: 1 N, consideredasthe Cartesiarproductof the configurationspacesof the individual
blocks. The costof a configurationin the block modelis definedasthe sumof the costsof the
individual blocks.

Whenall the blocksareof the samesize,the block modelreducedo a specialcaseof the N-k
landscapemodel,but in generalneithermodelsubsumeshe other In a similar fashionto the N-k
model, the ruggednes®f the block modellandscapecan be tunedby adjustingthe parameterB.
WhenB = N, the block modelhasa uniquelocal minimum, andwhen B = 1, the block model
degenerate$o therandomlandscapenodel.

Since the individual blocks are independentthe following result follows immediatelyfrom
Proposition3.

Proposition 7. Theexpectedengthof anadaptivewalkin theblock model,startingfroma configu-
rationzo with F'(z¢) = 1, is approximatelyzle In(n;) + BC, andthevarianceis Ele In(n;) +
BC?,whee C; ~ 0.0991 andC, = 0.266 are constants.

An analogousesultcanbe derivedfor the durationof anadaptive walk from Propositiord.

4.3 Descentwalks on N-k landscapes

Definition 9. An N-k landscapés definedon the configumtion spaceS of the setof N-bit strings
asfollows. Themovescomprisesingle-bitflip opemtions. Thecostfunctionis of theform f(z) =
Zﬁl fi(z'si(o)yxs,-(l)al's,-@); . ,.Z'Si(k)), whee S,(J), i=1,...,N,j = 0,...,k, determines
the interactionsbetweerbit i and k other bits. Thevaluesof the costcomponenfunctionsf; are
independenidentically distributedrandomvariables.



We shallassuménerethats;(0) =i foralli =1,...,N.

Whenk = 0, thelandscapdasa uniguelocal (andthusalsoglobal) minimumandthe expected
lengthof adownhill walk is N/2. At the otherextreme,whenk = N — 1 thelandscapés totally
randomandhasO(2" /N) local optima,andwalks to optimaare of expectediengthO(In N), as
seenin the previous Subsection.Generally the larger & grows, the lesscorrelatedthe landscape
becomes.

A gradientwalkis adeterministiovalk ontheconfiguratiorspacehatalwayschoosesheneigh-
bourwith the leastcost. This is alsoknown asthe steepest-descentethod. Thisis comparechere
with thefirst-descentnethod,e. adaptve walks.

Weinbeger[13] derivesseveral qualitative resultson local optimizationon N — k landscapes
with 1 € k < N. Becauseheresultsarebasedon the CentralLimit Theoremtherandomvalues
of the costcomponenfunctionsmustbe assumedo have finite meanandvariance.To give ataste
of thekind of heuristicreasoningapplied,for oneof theresultswe presenthejustificationgivenby
Weinbeger, slightly expanded.

Proposition 8. Theexpectechumberof local minimais O((2))"V) whee

1\ M)

As k grows, \ asdefinedby (22) approachegd, andthe numberof local minima approaches
0(2"). Ontheotherhand,k is boundedy theassumptiork < N andasnotedabove,in thecase
k = N — 1 theexpectechumberof local optimais only O(2V /N).

Proposition9. Theexpectedcostof a local minimumis approximately

2In(k + 1)\ />
p-o (ﬁ) @3)

whele p ando are respectivelyhe meanandstandad deviation of the costcomponents.

The expectedcostof a local minmumis a slowly increasingfunction of k. Hencethe more
correlatedhefitnesslandscapés, the steepewalleys onecanexpectto find in thelandscapeHere
we have a clear qualitative differencewith the uncorrelateccasek = N — 1 ascharacterizedn
Propositions.

In(k+1)

Proposition 10. Theexpectedengthof an adaptivewalkis approximatelyN ==

As expectedtheadaptivewalksbecomeshortewhenthelandscapeorrelationdecreasesigain,
the contraswith theuncorrelatedase describedn Proposition3, is marked.

Proposition 11. Theexpectedengthof a gradientwalkis approximately% — (%)1/2 whele

D = Nlogy(k+1)/(k+1). (24)

Justification. Fromtheexpectechumberof localminima,it is concludedhattheexpectedHamming
distanceD betweenlocal minima (which equalsthe expecteddiameterof a basinof attraction)is
asymptotically

D=1 2" =N-1 cenyN N
—ogz(W)— ~ log, (CN)N + o(N))

~ N —log,(C) — N + Nlog,(\) = Nlog,(A). (25)



Thegradientwalk is expectedo almostalwaysendupin thenearestocalminimum. The probability
thatthe randominitial stateis at Hammingdistanced from the nearestocal minimum, considering
bothof thetwo closestocal minima,is approximateds

()= 6) 6

N 1 (d—DJ/2)*>\ [ 8 1/2 )
7 2wD/4eXp<_W>_(ﬁ> exp (~2(d - D/2)*/D)  (26)

The meanHammingdistancefrom therandomstartto the choseroptimumcanthenbeapprox-
imatedas

0 8 \ /2 \
D - D/2r (7T_D> exp (=2(r — D/2)?/D) dr

D [® [ 4 2\ A

D/2
D = [ 2\ ) 1
_D+2Z-‘D/2 (W—D) exp (=2(r — D/2)*/D) = D -3
D D 2\ /2 D D\ /2
2 2 7D 2 27

O

Weinbegeralsopresentsiumericalresultsfrom computersimulationsof adaptve andgradient
walks on landscapesvith differentvaluesof N andk. The analyticalestimatedit the numerical
resultsrelatively well, andthe qualitative behaiour of the analyticalestimateds similar to that of
thenumericalresultsof the presentedestruns.
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