EIGENVECTORS AND SPECTRA OF CAYLEY GRAPHS^∗

PETTERI KASKI

1. Introduction

This manuscript illustrates from first principles how linear representation theory of finite groups enables the computation of the spectrum and an eigenvector basis for Cayley graphs [defined in Section 4]. Applications for such methodology include • the analysis of random walks on Cayley graphs [1, 2, 10]; and • algebraic graph theory: the spectrum of the adjacency matrix of a regular graph is related to several important graph-theoretic quantities such as connectivity and expansion [5, 10]; and • the study of combinatorial landscapes [11] using fast Fourier transform techniques [12].

The organization of this manuscript is as follows: Section 2 gives a brief introduction to the fundamental concepts of linear representation theory. The irreducible linear representations for some specific groups are given as examples in Section 3. Cayley graphs are defined with examples in Section 4. Section 5 surveys the results of Diaconis and Shahshahani [1] and Rockmore et al. [12] that connect the inequivalent irreducible linear representations of a group to the eigenvalues and eigenvectors of a Cayley graph derived from the group. The spectra of a few selected Cayley graphs is computed as an example with the help of the representations given in Section 3.

2. Linear representation theory

This section follows Part I of Serre’s textbook [15] to a large extent. More recent textbooks are [3] and [8]. For preliminaries in linear algebra and group theory see e.g. [6, 14].

2.1. Assumptions and notation. All vector spaces are over the complex field C and have finite dimension. For a finite group G we denote by C [G] the complex vector space of dimension |G| with base {e_g}_{g∈G}. Thus, an element ϕ ∈ C [G] has the form ϕ = ∑ g∈G μ_g e_g, μ_g ∈ C . We identify C [G] with the vector space of all complex-valued functions on G. Namely, a function ϕ : G → C corresponds to the vector ϕ = ∑ g∈G ϕ(g)e_g and vice versa. In particular, the vectors {e_g}_{g∈G} of the standard base correspond to the functions

e_g (h) = { 1 if g = h; and 0 otherwise.

∗Accompanying manuscript to the seminar presentation given in “T-79.300 Postgraduate Course in Theoretical Computer Science”, Helsinki University of Technology, Spring term 2002. 1

The inner product of two vectors ϕ, ψ ∈ C [G] is defined by ⟨ϕ, ψ⟩ = 1 |G| ∑ g∈G ϕ_gψ̄_g, (1) where ψ̄_g denotes the complex conjugate of ψ_g .

We use the symbol δ for the Kronecker delta, that is, δ_{ij} = { 1 if i = j; and 0 if i ≠ j. 2.2. Linear representations. Let G be a finite group, and let V be a finitedimensional complex vector space. A linear representation of G on V is a group homomorphism ρ : G → GL(V ), where GL(V ) denotes the group of bijective linear transformations on V . The degree of a representation is the dimension of V .

Example 2.1. Let G be a finite group. The (left) regular representation ρ_{reg} of G on C [G] is defined by its action on the base {e_h}_{h∈G}: for all g, h ∈ G ρ_{reg}(g)e_h = e_{gh}.

The regular representation has degree |G|.

Two representations ρ_1 : G → GL(V_1) and ρ_2 : G → GL(V_2) are equivalent if there exists a bijective linear map T : V_1 → V_2 such that ρ_2(g) = T ρ_1(g)T^{−1} for all g ∈ G. 2.3. Matrix representations. Let ρ : G → V be a degree d linear representation of G and let B = {b_1, . . . , b_d} be a base for V . The matrix representation of ρ relative to B is a map ϱ that associates to each g ∈ G the d × d matrix ϱ(g) of ρ(g) relative to B. For 1 ≤ i, j ≤ d, we write ϱ_{ij} (g) for the row-i, column-j coefficient of ϱ(g). In other words, the ϱ_{ij} (g) are the unique complex numbers that satisfy ρ(g)b_j = d∑ i=1 ϱ_{ij} (g)b_i for all 1 ≤ i, j ≤ d.

A matrix representation ϱ defines a collection of d^2 vectors in C [G]. Namely, for all 1 ≤ i, j ≤ d ϱ_{ij} = ∑ g∈G ϱ_{ij} (g)e_g is a vector in C [G].

2.4. Subrepresentations, irreducibility. Let ρ : G → GL(V ) be a linear representation and let W be a vector subspace of V . The subspace W is ρ-invariant if for all g ∈ G and w ∈ W it holds that ρ(g)w ∈ W .

If W is a ρ-invariant subspace of V , then the restriction ρ|_W of ρ to W is a representation of G on W . Such a representation is said to be a subrepresenation of ρ.

A representation ρ : G → GL(V ) is said to be irreducible if it has no ρ-invariant subspaces other than the trivial subspaces V and 0. Otherwise a representation is said to be reducible.

Recall from linear algebra that a vector space V is the direct sum of vector subspaces W and W^′, denoted V = W ⊕ W^′ if every v ∈ V decomposes uniquely to a sum v = w + w^′ with w ∈ W and w^′ ∈ W^′. The subspace W^′ is called the complement of W in the decomposition V = W ⊕ W^′. Recall further that the complements of W (and thus the decompositions of V into a direct sum involving W ) are in a bijective correspondence with projections onto W . Namely, a projection P of V onto W associated with the decomposition V = W ⊕ W^′ is the linear map defined by P v = w for all v ∈ W . Conversely, the kernel of a linear map P with image W and P w = w for all w ∈ W is a complement of W in V .

Theorem 2.2 (Maschke’s Theorem). Let ρ : G → GL(V ) be a representation of a finite group G on a finite-dimensional complex vector space V and let W be a ρ-invariant subspace of V . Then, there exists a ρ-invariant complement W^′ of W .

Proof. Let P be the projection associated with any complement of W in V . Define a linear map P^′ by setting

P^′ = 1 |G| ∑ g∈G ρ(g)P ρ(g)^{−1}. Since W is ρ-invariant and P w = w for all w ∈ W , we have that P^′w = w for all w ∈ W . Moreover, W must be the image of P^′ since W is the image of P and both ρ(g) and ρ(g)^{−1} map W onto W for all g ∈ G. Thus, P^′ is a projection onto W that corresponds to some complement W^′ of W . Let now w^′ ∈ W^′. It suffices to show that P^′ρ(g)w^′ = 0 for all g ∈ G to establish that W^′ is ρ-invariant. For each g ∈ G we have

ρ(g)P^′ρ(g)^{−1} = 1 |G| ∑ h∈G ρ(gh)P ρ(gh)^{−1} = P^′. Thus, P^′ρ(g)w^′ = ρ(g)P^′w^′ = ρ(g)0 = 0.

The above theorem states that a reducible representation decomposes into a direct sum of subrepresentations acting on ρ-invariant subspaces of V . Namely, let W be a ρ-invariant subspace of V . Then, the above theorem states that there exists a ρ-invariant complement W^′ of W . Thus ρ(g)v = ρ(g)(w +w^′) = ρ(g)w +ρ(g)w^′ = ρ(g)|_W w + ρ(g)|_W ′ w^′ for all v ∈ V and hence ρ is simply the direct sum of two subrepresentations ρ|_W and ρ|_W ′ acting on W and W^′. We indicate this by writing ρ = ρ|_W ⊕ ρ|_W ′ . 2.5. Characters. Let A : V → V be a linear map with a matrix (a_{ij} ). Recall from linear algebra that the trace of A is the scalar

Tr A = ∑ i a_{ii}, which is independent of the choice of base for V relative to which the matrix (a_{ij} ) is constructed.

Let ρ : G → GL(V ) be a representation of G on V . The character χ_ρ : G → C of ρ is defined by

χ_ρ(g) = Tr ρ(g)

for all g ∈ G.

Lemma 2.3. Let χ be the character of a representation ρ of degree d. Then, (i) χ(1) = d; and (ii) χ(g^{−1}) = χ(g) for all g ∈ G; and

(iii) χ(ghg^{−1}) = χ(h) for all g, h ∈ G.

Proof. Items (i) and (iii) follow immediately from the definition of a representation and the properties of the trace operator. For Item (ii), let g ∈ G, and observe that g ∈ G has finite order, that is, there exists a positive integer m such that g^m = 1. Thus, ρ(g)^m = ρ(1) = I, where I denotes the identity map on V . But this implies that every eigenvalue λ of ρ(g) must satisfy λ^m = 1, so the eigenvalues λ are mth roots of unity. Consequently, since the trace of a linear map is the sum of its eigenvalues, we have

χ(g) = Tr ρ(g) = ∑ λ̄_i = ∑ λ^{−1}_i = Tr ρ(g)^{−1} = Tr ρ(g^{−1}) = χ(g^{−1}).

Recall that we write ρ = ρ_1 ⊕ ρ_2 if ρ : G → GL(V ) is the direct sum of subrepresentations ρ_i : G → GL(V_i) acting on subspaces V_i of V such that V = V_1 ⊕ V_2.

Theorem 2.4. Let ρ_1 : G → GL(V_1) and ρ_2 : G → GL(V_2) be two linear representations of G, and let χ_1 and χ_2 be their characters. Then, the character of ρ_1 ⊕ ρ_2 is χ_1 + χ_2.

Proof. Let B_1 = {b^{(1)}_i }^{d1}_{i=1} be a base for V_1 and let B_2 = {b^{(2)}_j }^{d2}_{i=1} be a base for V_2. Thus, the union B_1 ∪ B_2 is a base for the (external) direct sum V_1 ⊕ V_2. The trace χ(g) = Tr(ρ_1⊕ρ_2)(g) relative to B_1∪B_2 is clearly Tr ρ_1(g)+Tr ρ_2(g) = χ_1(g)+χ_2(g), which proves the claim since trace is independent of base.

2.6. Schur’s lemma and orthogonality relations.

Theorem 2.5 (Schur’s Lemma). Let ρ_i : G → GL(V_i), i = 1, 2, be two irreducible representations of G and let T be a linear map of V_1 into V_2 such that ρ_2(g)T = T ρ_1(g) for all g ∈ G. Then,

(i) if ρ_1 and ρ_2 are inequivalent, we have T = 0. (ii) if V_1 = V_2 and ρ_1 = ρ_2, then T = λI for some λ ∈ C .

Proof. We prove the contrapositive of (i). Suppose T ≠ 0. Put W_1 = Ker T . Then, for w ∈ W_1 we have T ρ_1(g)w = ρ_2(g)T w = ρ_2(g)0 = 0 for all g ∈ G. Thus, W_1 is ρ_1-invariant. Since ρ_1 is irreducible, we must have either W_1 = 0 or W_1 = V_1. The latter alternative is impossible since T ≠ 0. Next, put W_2 = Im T . Then, for w = T v ∈ W_2 we have ρ_2(g)w = T ρ_1(g)v for all g ∈ G. Thus, W_2 is ρ_2-invariant and we must have either W_2 = V_2 or W_2 = 0. The latter is impossible since T ≠ 0. Now, because Ker T = 0 and Im T = V_2, it must be that T is bijective and hence ρ_1 and ρ_2 are equivalent.

For item (ii) let λ be an eigenvalue of T . Put T^′ = T − λI. Since λ is an eigenvalue, Ker T^′ ≠ 0. Since ρ_2T^′ = T^′ρ_1, item (i) now shows that this is possible only when T^′ = 0, so we must have T = λI.

Corollary 2.6. Assume ρ_1 and ρ_2 are as above. Let T be a linear map of V_1 into V_2 and put

T^′ = 1 |G| ∑ g∈G ρ_2(g)T ρ_1(g)^{−1}.

Then,

(i) if ρ_1 and ρ_2 are inequivalent, we have T^′ = 0.

(ii) if V_1 = V_2 and ρ_1 = ρ_2, then T^′ = λI for λ = (1/d) Tr T , where d is the degree of ρ_1.

Proof. The following calculation shows that ρ_2(g)T^′ = T^′ρ_1(g) holds for all g ∈ G:

ρ_2(g)T^′ρ_1(g)^{−1} = 1 |G| ∑ h∈G ρ_2(g)ρ_2(h)T ρ_1(h)^{−1}ρ_1(g)^{−1} = 1 |G| ∑ h∈G ρ_2(gh)T ρ_1(gh)^{−1} = T^′,

Now, Item (i) follows directly from Item (i) of Schur’s Lemma. Similarly, Item (ii) of Schur’s Lemma implies that T^′ = λI for some λ ∈ C . It remains to calculate λ. Observe that

Tr T^′ = 1 |G| ∑ g∈G Tr ρ_1(g)T ρ_1(g)^{−1} = Tr T

and Tr T^′ = Tr λI = dλ. Solving for λ yields λ = (1/d) Tr T .

Corollary 2.7. Assume ρ_1 and ρ_2 are as above. Fix arbitrary bases for V_1 and V_2 and denote by ϱ^{(1)} and ϱ^{(2)} the corresponding matrix representations of ρ_1 and ρ_2. Then,

(i) if ρ_1 and ρ_2 are inequivalent, we have ∑ g∈G ϱ^{(1)}_{ij} (g)ϱ^{(2)}_{rs} (g^{−1}) = 0 (2) for all i, j, r, s. (ii) if V_1 = V_2 and ρ_1 = ρ_2, then 1 |G| ∑ g∈G ϱ^{(1)}_{ij} (g)ϱ^{(2)}_{rs} (g^{−1}) = δ_{is}δ_{jr} d , (3) where d is the degree of ρ_1 = ρ_2.

Proof. Assuming the notation of the previous corollary, let (t_{ab}) and (t^′_{ab}) be the matrices of T and T^′ relative to the bases chosen for V_1 and V_2. Straightforward computation gives then t^′_{is} = 1 |G| ∑ g,a,b ϱ^{(2)}_{ia} (g)t_{ab}ϱ^{(1)}_{bs} (g^{−1})

for all i, s. Item (i) of the previous corollary gives t^′_{is} = 0 for all matrices (t_{ab}); in particular this holds for the matrix t_{ab} = δ_{aj} δ_{br}, which proves Item (i). Similarly, Item (ii) of the previous corollary gives t^′_{is} = δ_{is}(1/d) ∑ a,b t_{ab}δ_{ab} in the case ρ_1 = ρ_2 and V_1 = V_2. Setting t_{ab} = δ_{aj} δ_{br} now gives 1 |G| ∑ g ϱ^{(2)}_{ij} (g)ϱ^{(1)}_{rs} (g^{−1}) = (1/d) ∑ a,b δ_{is}δ_{aj} δ_{br}δ_{ab} = (1/d)δ_{is}δ_{jr} .

The relations (2) and (3) are known as the Schur relations.

Theorem 2.8.

(i) If χ is the character of an irreducible representation, then ⟨χ, χ⟩ = 1.

(ii) If χ and χ^′ are the characters of two inequivalent irreducible representations, then ⟨χ, χ^′⟩ = 0.

Proof. Recall from Lemma 2.3 that χ(g^{−1}) = χ(g). Thus, ⟨χ, χ^′⟩ = 1 |G| ∑ g∈G χ(g)χ^′(g^{−1}) = ∑ i,j 1 |G| ∑ g∈G ϱ_{ii}(g)ϱ^′_{jj} (g^{−1}) =

= { 1 if ρ and ρ^′ are equivalent; 0 otherwise,

where the last equality follows from the Schur relations (2) and (3).

Theorem 2.9. Let ρ be a linear representation of G on V and let ρ = ρ_1⊕· · ·⊕ρ_n be a decomposition of ρ into irreducible subrepresentations. Then, for any irreducible representation ρ^′ of G on V , the inner product ⟨χ_ρ, χ_ρ′ ⟩ gives the number of ρ_k equivalent to ρ^′ in the chosen decomposition.

Proof. Recall that ρ = ρ_1⊕· · ·⊕ρ_n implies by Theorem 2.4 that χ_ρ = χ_{ρ1} +· · ·+χ_{ρn} . Since the ρ_k are irreducible, the claim follows from the previous theorem.

Corollary 2.10.

(i) The number of ρ_k equivalent to ρ^′ does not depend on the chosen decomposition.

(ii) Two representations with the same character are equivalent. (iii) Suppose that ρ decomposes as ρ = ⊕^n_{k=1}m_kρ_k, where m_k indicates the multiplicity of the irreducible representation ρ_k in ρ, and the ρ_k are pairwise inequivalent. Then, ⟨χ_ρ, χ_ρ⟩ = n∑ k=1 m^2_k. (4) In particular, ⟨χ_ρ, χ_ρ⟩ = 1 if and only if ρ is irreducible.

2.7. Number of irreducible representations. A function ϕ : G → C is called a class function if ϕ(ghg^{−1}) = ϕ(h) for all g, h ∈ G. Denote by cf(G) the vector space of all complex-valued class functions on G. Clearly, cf(G) is a subspace of C [G]. Theorem 2.11. The dimension of cf(G) is equal to the number of conjugacy classes of G.

Proof. A class function must be constant on each conjugacy class of G; the values on the conjugacy classes may be chosen arbitrarily.

Corollary 2.12. The number of inequivalent irreducible representations of G is finite.

Proof. The character of a representatation of G is a class function by Lemma 2.3. The characters of the inequivalent irreducible representations of G form by Theorem 2.8 an orthonormal set in cf(G). The cardinality of such a set is bounded by the dimension of cf(G), which is finite.

Lemma 2.13. Let ϕ be a class function on G and let ρ : G → GL(V ) be a linear representation of G. Define a linear map ρ̂(ϕ) of V into itself by

ρ̂(ϕ) = ∑ g∈G ϕ(g)ρ(g). (5) Then, if ρ is irreducible and has degree d, we have

ρ̂(ϕ) = |G| d ⟨ϕ, χ̄_ρ⟩I, where I denotes the identity map on V .

Proof. Let g ∈ G and observe that ρ(g)ρ̂(ϕ)ρ(g)^{−1} = ∑ h∈G ϕ(h)ρ(ghg^{−1}) = ∑ h∈G ϕ(g^{−1}hg)ρ(h) = ρ̂(ϕ) since ϕ is a class function. Item (ii) of Corollary 2.6 now implies that

ρ̂(ϕ) = 1 |G| ∑ g∈G ρ(g)ρ̂(ϕ)ρ(g)^{−1} = λI for λ = (1/d) Tr ρ̂(ϕ). Since

Tr ρ̂(ϕ) = ∑ g∈G ϕ(g) Tr ρ(g) = ∑ g∈G ϕ(g)χ_ρ(g) = |G|⟨ϕ, χ̄_ρ⟩, the claim follows.

Theorem 2.14. The characters of the inequivalent irreducible representations of G form an orthonormal base for cf(G). [Hence, the number of inequivalent irreducible representations of G is equal to the number of conjugacy classes of G by Theorem 2.11.]

Proof. By Theorem 2.8 the characters χ_1, . . . , χ_n of the inequivalent irreducible representations of G form an orthonormal system in cf(G), so it suffices to show that their linear span is cf(G). For this it suffices to show that ⟨ϕ, χ̄_k ⟩ = 0 for all k = 1, . . . , n implies ϕ ≡ 0. [Note that the χ_k form an orthonormal base if and only if the χ̄_i do.] Let ϕ be a class function that satisfies ⟨ϕ, χ̄_k⟩ = 0 for all k = 1, . . . , n. Then, any representation ρ of G satisfies ρ̂(ϕ) = 0 because each of its irreducible constituents ρ_k satisfies ρ̂_k(ϕ) = (|G|/d_k)⟨ϕ, χ̄_k ⟩I = 0 by Lemma 2.13. In particular, for the left regular representation ρ_{reg} [Recall Example 2.1] we have, for all g ∈ G,

ρ̂_{reg}(g)e_1 = ∑ g∈G ϕ(g)ρ_{reg}(g)e_1 = ∑ g∈G ϕ(g)e_g = 0, which implies ϕ ≡ 0.

2.8. Unitarity. Recall from linear algebra that a linear map T of a finite dimensional complex inner product space V into itself is unitary if it preserves the inner product, that is, for all v, v^′ ∈ V , ⟨T v, T v^′⟩ = ⟨v, v^′⟩. This is equivalent to saying that T is bijective and T^{−1} = T^∗, where T^∗ is the Hilbert adjoint operator defined by ⟨T v, v^′⟩ = ⟨v, T^∗v^′⟩ for all v, v^′ ∈ V . Recall further that if (t_{ij} ) is a matrix of T relative to an orthonormal base of V , then (t̄_{ji}) is the matrix of T^∗ relative to that base. In particular, if T is unitary, then the inverse of (t_{ij} ) is simply its complex conjugate transpose (t̄_{ji}).

Theorem 2.15. Let ρ : G → GL(V ) be a linear representation of G. Then, there exists an inner product on V relative to which the map ρ(g) is unitary for every g ∈ G. Proof. Let ⟨·, ·⟩ be an inner product on V . [An inner product always exists since V has finite dimension.] It is straightforward to verify that (v|v^′) = ∑ g∈G ⟨ρ(g)v, ρ(g)v^′⟩ is an inner product on V relative to which any ρ(g) is unitary.

Let ρ_k : G → GL(V_k ), k = 1, 2, be inequivalent irreducible representations of G and let d_k be the degree of ρ_k.

Corollary 2.16. For k = 1, 2, fix a base for V_k that is orthonormal in an inner product relative to which ρ_k(g) is unitary for every g ∈ G. Denote by ϱ^{(k)} the matrix representation of ρ_k relative to this base. Then, ⟨ϱ^{(k)}_{ij} , ϱ^{(t)}_{rs} ⟩ = δ_{ir}δ_{js}δ_{kt} d_k (6) for all 1 ≤ k, t ≤ 2, 1 ≤ i, j ≤ d_k, and 1 ≤ r, s ≤ d_t. Proof. By unitarity the entries of the matrices ϱ^{(k)}(g) satisfy ϱ^{(k)}_{ij} (g)^{−1} = ϱ^{(k)}_{ji} (g) for all g ∈ G and 1 ≤ i, j ≤ d_k. Thus, (6) simply combines the Schur relations (2) and (3).

We call a matrix representation ϱ^{(k)} that meets the conditions of the above corollary a unitary matrix representation.

2.9. Decomposition of the regular representation. Recall the regular representation ρ_{reg} of G on C [G] from Example 2.1.

Theorem 2.17. The character χ_{reg} of the regular representation ρ_{reg} of G satisfies

χ_{reg}(g) = { |G| if g = 1; and 0 if g ≠ 1. (7) Proof. For every g ∈ G the matrix of ρ_{reg}(g) relative to base G is a permutation matrix defined for all h_1, h_2 ∈ G by

ϱ_{h2h1} (g) = { 1 if h_2 = gh_1; and 0 otherwise.

Now observe that χ_{reg}(g) = ∑ h ϱ_{hh}(g) and that ϱ_{hh}(g) = 1 if and only if g = hh^{−1} = 1.

Denote by χ_1, . . . , χ_n the characters of the irreducible inequivalent representations ρ_1, . . . , ρ_n of G, and let d_1, . . . , d_n denote the degrees of the representations. Corollary 2.18. For all k = 1, . . . , n, we have ⟨χ_{reg}, χ_k⟩ = d_k.

Proof. Recall from Lemma 2.3 that χ_k(1) = d_k. Now,

⟨χ_{reg}, χ_k⟩ = 1 |G| ∑ g∈G χ_{reg}(g)χ_k(g) = 1 |G| χ_{reg}(1)χ_k(1) = 1 |G| |G|d̄_k = d_k.

Thus, ρ_{reg} decomposes into the direct sum ρ_{reg} = ⊕^n_{k=1}d_kρ_k. Corollary 2.19. The degrees d_k satisfy the relation ∑_n k=1 d^2_k = |G|.

Proof. By Theorem 2.9, we have |G| = χ_{reg}(1) = n∑ k=1 d_kχ_k(1) = n∑ k=1 d^2_k.

Corollary 2.20. For k = 1, . . . , n, let ϱ^{(k)} be a unitary matrix representation of ρ_k. Then, the vectors ϱ̄^{(k)}_{ij} ∈ C [G], 1 ≤ k ≤ n, 1 ≤ i, j ≤ d_k (8) form an orthogonal base for C [G].

Proof. Pairwise orthogonality [and hence linear independence] was demonstrated in Corollary 2.16. The vectors span C [G] by the previous corollary.

The base (8) incorporates a convenient factorization of C [G] into ρ_{reg}-invariant subspaces as the following lemma demonstrates. Let ϕ, ψ : G → C . The convolution ϕ ∗ ψ is defined by (ϕ ∗ ψ)(g) = ∑ h∈G ϕ(gh^{−1})ψ(h) for each g ∈ G. A direct calculation shows that convolution and the left regular representation ρ_{reg} are connected by ρ_{reg}(g)ϕ(h) = (e_g ∗ ϕ)(h) = ϕ(g^{−1}h). (9) Lemma 2.21. For k = 1, . . . , n, let ϱ^{(k)} be a unitary matrix representation that corresponds to ρ_k. Then, for all g ∈ G and 1 ≤ i, j ≤ d_k,

ρ_{reg}(g)ϱ̄^{(k)}_{ij} = e_g ∗ ϱ̄^{(k)}_{ij} = d_k∑

l=1 ϱ^{(k)}_{li} (g)ϱ̄^{(k)}_{lj} .

(10)

Proof. Let g, h ∈ G. A direct calculation gives

(e_g ∗ ϱ̄^{(k)}_{ij} )(h) = ∑ z∈G e_g (hz^{−1})ϱ̄^{(k)}_{ij} (z) = ϱ̄^{(k)}_{ij} (g^{−1}h) = d_k∑

l=1 ϱ^{(k)}_{li} (g)ϱ̄^{(k)}_{lj} (h).

Thus, for all k = 1, . . . , n and 1 ≤ j ≤ d_k, the vectors {ϱ̄^{(k)}_{ij} }_{1≤i≤dk} constitute a base for a ρ_{reg}-invariant subspace of C [G] of dimension d_k.

2.10. Direct products of groups. Let V_1 and V_2 be finite-dimensional complex vector spaces. We denote by V_1 ⊗ V_2 the tensor product of V_1 and V_2.

Let G and G^′ be finite groups. Let ρ : G → GL(V ) be a representation of G and let ρ^′ : G^′ → GL(V^′) be a representation of G^′. Denote by G × G^′ the direct product of G and G^′. Define the representation ρ#ρ^′ : G × G^′ → GL(V ⊗ V^′) by setting

(ρ#ρ^′)(g, g^′) = ρ(g) ⊗ ρ^′(g^′)

for all (g, g^′) ∈ G × G^′.

Theorem 2.22. Let ρ_1, . . . , ρ_n be the inequivalent irreducible representations of G and let ρ^′_1, . . . , ρ^′_n′ be the inequivalent irreducible representations of G^′. Then, ρ_i#ρ^′_j : G × G^′ → GL(V_i ⊗ V_j ), where 1 ≤ i ≤ n and 1 ≤ j ≤ n^′, is a complete set of inequivalent irreducible representations of G × G^′.

Proof. Since

χ_{ρi #ρ}′_j (g, g^′) = Tr ρ_i(g) ⊗ ρ^′_j (g^′) = Tr ρ_i(g) · Tr ρ^′_j (g^′) = χ_{ρi} (g) · χ_ρ′_j (g^′),

we have ⟨χ_{ρi #ρ}′_j , χ_{ρk #ρ}′_l ⟩ = 1 |G × G^′| ∑ g,g^′ χ_{ρi #ρ}′_j (g, g^′)χ_{ρk #ρ}′_l (g, g^′)

= ( 1 |G| ∑ g χ_{ρi} (g)χ_{ρk} (g) )( 1 |G^′| ∑ g^′ χ_ρ′_j (g^′)χ_ρ′_l (g^′) )

= ⟨χ_{ρi} , χ_{ρk} ⟩ · ⟨χ_ρ′_j , χ_ρ′_l ⟩ = δ_{ik}δ_{jl}. Thus, the χ_{ρi #ρ}′_j are irreducible and pairwise inequivalent by Theorem 2.8 and Corollary 2.10. To establish completeness it suffices [recall Corollary 2.19] to show that the squares of the degrees of the representations sum to |G × G^′|. The degree of ρ_i#ρ^′_j is clearly d_id^′_j , where d_i is the degree of ρ_i and d^′_j is the degree of ρ^′_j . Thus, ∑ i,j (d_id^′_j )^2 = ( ∑ i d^2_i )( ∑ j d^′_j^2) = |G||G^′| = |G × G^′|. 2.11. The Fourier transform. Let ρ : G → GL(V ) be a representation of G and let ϕ : G → C . The map

ρ̂(ϕ) = ∑ g∈G ϕ(g)ρ(g) defined in Lemma 2.13 is the Fourier transform of ϕ relative to ρ.

Theorem 2.23 (Fourier Inversion Formula). Let ρ_1, . . . , ρ_n be a complete set of representatives for the irreducible inequivalent representations of G and denote by d_i the degree of ρ_i. Let ϕ : G → C . Then, for all g ∈ G, ϕ(g) = 1 |G| n∑ i=1 d_i Tr ρ_i(g^{−1})ρ̂_i(ϕ).

(11)

Proof. We have

Tr ρ_i(g^{−1})ρ̂_i(ϕ) = ∑ h∈G ϕ(h) Tr ρ_i(g^{−1}h) = ∑ h∈G ϕ(h)χ_i(g^{−1}h), so the right hand side of (11) simplifies to 1 |G| ∑ h∈G ϕ(h) n∑ i=1 d_iχ_i(g^{−1}h) = ∑ h∈G ϕ(h) 1 |G| χ_{reg}(g^{−1}h) = ϕ(g),

where the last two equalities follow from χ_{reg} = ∑ i d_iχ_i and (7).

Theorem 2.24 (Plancherel Formula). Let ρ_1, . . . , ρ_n be a complete set of representatives for the irreducible inequivalent representations of G and denote by d_i the degree of ρ_i. Let ϕ, ψ : G → C . Then, ⟨ϕ, ψ⟩ = 1 |G|^2 n∑ i=1 d_i Tr ρ̂_i(ϕ)ρ̂_i(ψ)^∗,

(12)

where ρ̂_i(ψ)^∗ denotes the Hilbert adjoint operator, evaluated relative to an inner product in which ρ_i(g) is unitary for all g ∈ G. Proof. We have ∑ i d_i Tr ρ̂_i(ϕ)ρ̂_i(ψ)^∗ = ∑ g,h ϕ(g)ψ(h) ∑ i d_i Tr ρ_i(g)ρ_i(h)^∗ = |G| ∑ g ϕ(g)ψ(g), where the second equality follows from ρ_i(h)^∗ = ρ_i(h^{−1}) and ∑ i d_i Tr ρ_i(gh^{−1}) = χ_{reg}(gh^{−1}).

Theorem 2.25. Let ϕ, ψ : G → C . Then, ρ̂(ϕ ∗ ψ) = ρ̂(ϕ)ρ̂(ψ). Proof. A direct calculation gives ρ̂(ϕ ∗ ψ) = ∑ g∈G (ϕ ∗ ψ)(g)ρ(g) = ∑ g,h∈G ϕ(gh^{−1})ψ(h)ρ(g) = ∑ g,h∈G ϕ(g)ψ(h)ρ(gh) = ρ̂(ϕ)ρ̂(ψ).

3. Representations of certain groups 3.1. Cyclic and abelian groups. Denote by Z_r the cyclic group of order r. We use additive notation for the elements {0, 1, 2, . . . , r − 1} of Z_r. The conjugacy classes of Z_r are singleton sets because x + y − x = y^′ for some x, y, y^′ ∈ Z_r implies y = y^′. Thus, Z_r has r irreducible representations, each of degree 1.

Let w_r = e^{2πi/r}, where i is the imaginary unit. Recall that r−1∑ y=0 w^{xy}_r = { r if x = 0; and 0 if x ≠ 0.

(13)

Let V = C be the complex vector space of dimension one. For each x ∈ Z_r, define ρ_x : Z_r → GL(V ) by ρ_x(y)v = w^{xy}_r v for all y ∈ Z_r and v ∈ V . The map ρ_x is clearly a linear representation since the inverse of ρ_x(y) is ρ_x(−y) and ρ_x(y + y^′)v = w^{x(y+y′)}_r v = w^{xy}_r w^{xy′}_r v = ρ_x(y)ρ_x(y^′)v holds for all y, y^′ ∈ Z_r and v ∈ V .

Let χ_x be the character of ρ_x. Clearly, χ_x(y) = w^{xy}_r for all y ∈ Z_r. The representations ρ_x are irreducible and pairwise inequivalent by Theorem 2.8 and Corollary 2.10 since the characters satisfy the orthogonality relation ⟨χ_x, χ_x′ ⟩ = 1 r r−1∑ y=0 χ_x(y)χ_x′ (y) = 1 r r−1∑ y=0 w^{(x−x′)y} r = δ_{xx}′ , where the last equality follows from (13).

Recall from group theory (see e.g. [14]) that every finite Abelian group is isomorphic to a direct product of cyclic groups [of prime power order]. Thus, the results from Section 2.10 enable the construction of the irreducible inequivalent representations of an arbitrary finite Abelian group from the irreducible inequivalent representations of the component cyclic groups.

Let us consider as an example Z^n_r , the n-fold direct product of the cyclic group Z_r. We regard an element x ∈ Z^n_r as an n-tuple x = (x_1, x_2, . . . , x_n) of elements of Z_r.

By Theorem 2.22 the degree-one irreducible representation ρ_x : Z^n_r → GL(V ) that corresponds to x ∈ Z^n_r satisfies ρ_x(y)v = w ∑_n i=1 x_iy_i r v (14)

for all y ∈ Z^n_r and v ∈ V . Since the representation has degree one, the character χ_x is “equal” to the representation, that is,

χ_x(y) = w ∑_n i=1 x_iy_i r (15)

for all x, y ∈ Z^n_r .

3.2. The dihedral group. Recall that the dihedral group D_n, n ≥ 3, is a group of order 2n which is generated by two elements r, s such that

r^n = 1, s^2 = 1, sr = r^{−1}s.

The elements of D_n are easily seen to be 1, r, r^2, . . . , r^{n−1}, s, sr, . . . , sr^{n−1}.

The conjugacy classes of D_n are different depending on whether n is odd or even. For odd n there are three types of conjugacy classes: | · | # {1} 1 1 {r^k, r^{n−k}}, 1 ≤ k ≤ (n − 1)/2 2 (n − 1)/2 {sr^j : 0 ≤ j ≤ n − 1} n 1 .

For even n there are five types of conjugacy classes: | · | # {1} 1 1 {r^k, r^{n−k}}, 1 ≤ k ≤ n/2 − 1 2 n/2 − 1 {r^{n/2}} 1 1 {sr^{2j+1} : 0 ≤ j ≤ n/2 − 1} n/2 1 {sr^{2j} : 0 ≤ j ≤ n/2 − 1} n/2 1 .

For odd n the irreducible representations of D_n are:

ρ d # s^vr^u → 1 1 1

s^v r^u → (−1)^v 1 1 r^u → ( w^{ku}_n 0 0 w^{−ku}_n )

sr^u → ( 0 w^{−ku}_n w^{ku}_n 0 ) , 1 ≤ k ≤ (n − 1)/2 2 (n − 1)/2 .

For even n the irreducible representations of D_n are: ρ d # s^vr^u → 1 1 1

s^vr^u → (−1)^v 1 1 s^vr^u → (−1)^u 1 1

s^v r^u → (−1)^{u+v} 1 1 r^u → ( w^{ku}_n 0 0 w^{−ku}_n )

sr^u → ( 0 w^{−ku}_n w^{ku}_n 0 ) , 1 ≤ k ≤ n/2 − 1 2 n/2 − 1

.

A direct calculation shows that these maps are indeed group homomorphisms as required. Irreducibility and pairwise inequivalence are straightforward to verify with the help of Theorem 2.8, Corollary 2.10, and (13). Since the squares of the degrees d sum to 2n, the above constitute a complete set of representatives for the irreducible inequivalent representations of D_n.

3.3. The symmetric group. The representation theory of the symmetric group is a subfield of its own, with entire books devoted to the subject [9, 4]. Our treatment will be limited to quoting formulas that enable the computation of the degree, character, and unitary representing matrices for the inequivalent irreducible representations of the symmetric group.

We shall briefly recall some basic definitions and terminology for the convenience of the reader. A permutation π of a finite set X is a bijection of X onto itself. A point x ∈ X is fixed by π if π(x) = x; otherwise x is moved by π. Two permutations π_1, π_2 are disjoint if every point moved by the other is fixed by the other. The identity permutation fixes every point x ∈ X. A permutation π is a k-cycle if there exist x_1, . . . , x_k ∈ X such that π fixes every x ∈ X \ {x_1, . . . , x_k} and

π(x_1) = x_2, π(x_2) = x_3, . . . , π(x_{k−1}) = x_k, π(x_k ) = x_1.

We write π = (x_1 x_2 · · · x_k) to indicate that π is a k-cycle of the above form. A transposition is a 2-cycle. The product of two permutations π_1, π_2 is the permutation π_1π_2 defined by π_1π_2(x) = π_1(π_2(x)) for all x ∈ X. Every permutation π decomposes uniquely [up to ordering of cycles in the product] into a product of pairwise disjoint cycles, where there is exactly one cycle of length 1 for each point fixed by π. The lengths of the cycles in the decomposition form a partition of the integer n, called the cycle partition of π.

A partition of a positive integer n is a sequence λ = (λ_1, . . . , λ_h) of positive integers such that λ_1 ≥ λ_2 ≥ · · · ≥ λ_h and ∑_h i=1 λ_i = n. We write λ ⊢ n to indicate that λ is a partition of n. We denote the total number of partitions of n by p(n).

The symmetric group of degree n consists of all permutations of an n-set X with the product of two permutations defined as above. We write S_n for the symmetric group on X = {1, . . . , n}.

The conjugacy class of a permutation π_0 ∈ S_n is characterized by its cycle partition. Namely, let π ∈ S_n. For any k-cycle (x_1, x_2, . . . , x_k) in the cycle decomposition of π_0, we have

π(x_1, x_2, . . . , x_k)π^{−1} = (π(x_1), π(x_2), . . . , π(x_k )).

Thus, conjugation by π alters the content of the disjoint cycles in π_0 in an arbitrary way, but the cycle partition remains invariant. Consequently, S_n has p(n) conjugacy classes.

The inequivalent irreducible representations of S_n are conveniently indexed by the partitions of n. We write ρ_λ, χ_λ, and d_λ, respectively, for the irreducible representation, the character, and the degree of the representation associated with λ ⊢ n. The Young diagram of a partition λ = (λ_1, . . . , λ_h) ⊢ n is the set [λ] = {(i, j) : 1 ≤ i ≤ h, 1 ≤ j ≤ λ_i}. We write λ^′ for the conjugate partition of λ defined by λ^′ = (λ^′_1, . . . , λ^′_h′ ), where

h^′ = λ_1, λ^′_j = max{i : (i, j) ∈ [λ]}, 1 ≤ j ≤ h^′.

For example, consider the partition λ = (4, 3, 1, 1) of 9. Then,

[λ] = XXXX XXX X X [λ^′] = XXXX XX XX X λ^′ = (4, 2, 2, 1).

Let (i, j) ∈ [λ]. The hook length h_{ij} is defined by h_{ij} = λ_i − j + λ^′_j − i + 1.

Theorem 3.1 (Hook Formula). Let λ ⊢ n. Then,

d_λ = n! ∏ (i,j)∈[λ] hij . For a proof see e.g. [9, Theorem 2.3.21] or [3, pp. 49–50].

Denote by χ^μ_λ the value of the irreducible character χ_λ for a permutation with cycle partition μ = (μ_1, . . . , μ_t) ⊢ n. The following formula is quoted from [13]:

Theorem 3.2 (Frobenius Character Formula). Let (λ_1, . . . , λ_h), (μ_1, . . . , μ_t) ⊢ n and l ≥ h. Then, χ^μ_λ equals the coefficient of ∏_k i=1 x^{λi +l−i} i in ∏ 1≤i<j≤l (x_i − x_j ) t∏ i=1 (x^{μi}_1 + · · · + x^{μi}_l ).

See [3, Section 4.10] for a proof. Diaconis and Shahshahani [1] cite [7] for an accessible proof of the following special case for transpositions: χ^{(2,1,... ,1)} λ d_λ = 1 n(n − 1) h∑ i=1 (λ^2_j − (2j − 1)λ_j ).

(16)

For a survey of alternative character formulas, see [13].

A λ-tableau is obtained by assigning each (i, j) ∈ [λ] one of the integers 1, . . . , n, allowing no repeats. For example, two (4, 3, 1, 1)-tableaux are

1234 567 8 9 , 4239 785 6 1 .

A tableau is standard if its entries increase along rows and columns. For example, the left (4, 3, 1, 1)-tableau above is standard, while the right one is not.

Theorem 3.3. The number of standard λ-tableaux is d_λ.

For a proof, see e.g. [9, Corollary 3.1.13].

Let t^λ be a standard λ-tableau. Denote by t^{λ∗} the standard tableau obtained by deleting the point n from t^λ. The last letter sequence t^λ_1 , . . . , t^λ_{dλ} of all the standard λ-tableaux is defined as follows: For every pair t^λ_i , t^λ_j of standard λ-tableux, i < j if and only if either

(i) the point n occurs in t^λ_i in a higher row than in t^λ_j ; or (ii) t^{λ∗}_i = t^β_k and t^{λ∗}_j = t^β_l for some k < l and β ⊢ (n − 1). For example, the last letter sequence of the 5 standard (3, 2)-tableaux is 135 24 < 125 34 < 134 25 < 124 35 < 123 45 .

Let t^λ_k be a standard λ-tableau, λ ⊢ n. For r, s ∈ {1, 2, . . . , n}, denote by (i_r, j_r) and (i_s, j_s) the coordinates (i, j) ∈ [λ] of the points r, s in t^λ_k . The axial distance D^λ_k (r, s) between r and s in t^λ_k is defined by

D^λ_k (r, s) = (i_s − j_s) − (i_r − j_r).

We write (m − 1, m)t^λ_j for the λ-tableau in which the points m − 1, m have been interchanged in t^λ_j .

Theorem 3.4. Let λ ⊢ n and suppose t^λ_1 , . . . , t^λ_{dλ} is the last letter sequence of the standard λ-tableux. Then, for all transpositions τ = (m − 1, m), 2 ≤ m ≤ n, the linear map ρ_λ(τ) is represented by a unitary matrix ϱ^{(λ)}(τ) whose coefficients are defined by:

(i) ϱ^{(λ)}_{ii} (τ) = ±1 if t^λ_i contains m − 1 and m in the same row [+1] or column [-1]; (ii) if i < j and t^λ_i = (m − 1, m)t^λ_j , then ϱ^{(λ)}(τ) contains the following submatrix: ( ϱ^{(λ)}_{ii} (τ) ϱ^{(λ)}_{ij} (τ) ϱ^{(λ)}_{ji} (τ) ϱ^{(λ)}_{jj} (τ) ) = ( −D^λ_i (m − 1, m)^{−1} √ 1 − D^λ_i (m − 1, m)^{−2} √ 1 − D^λ_i (m − 1, m)^{−2} D^λ_i (m − 1, m)^{−1} ) ; (iii) ϱ^{(λ)}_{ij} (τ) = 0 everywhere else.

For a proof, see [9, Section 3.4]. The representing matrices of the transpositions (m − 1, m) given in the above theorem can be used to construct the representing matrix ϱ^{(λ)}(π) for any π ∈ S_n since any permutation can be written as a product of transpositions (m − 1, m).

4. Cayley graphs

Let G be a finite group and let α : G → C be a complex-valued function on G. The Cayley color graph X(G, α) is the complete directed graph with vertex set G where each arc (g_1, g_2) ∈ G × G is associated a color α(g_2g^{−1}_1 ).

If α is the characteristic function of a subset S ⊆ G, that is,

α(g) = { 1 if g ∈ S; and 0 if g /∈ S,

then X(G, α) is a Cayley digraph and we denote it by X(G, S). If S is in addition inverse-closed (that is, S = S^{−1}) and does not contain the identity of G, then we say that X(G, S) is a Cayley graph. In both cases above we regard X(G, S) as the (di)graph formed by deleting the arcs of color 0 from the color graph.

Example 4.1. Let G = Z^n_2, n ≥ 1, and suppose S consists of all x ∈ Z^n_2 with exactly one coordinate equal to 1. The resulting Cayley graph X(Z^n_2, S) is the familiar n-dimensional hypercube. The cases n = 1, 2, 3, 4 are depicted below.

Example 4.2. Let G = S_4, the symmetric group on {1, 2, 3, 4}, and take S to be the set of all transpositions on {1, 2, 3, 4}. The resulting Cayley graph X(S_4, S) is depicted below.

Example 4.3. Let G = D_n, the dihedral group of order 2n, and take S = {r, r^{n−1}, s}. The resulting Cayley graph X(D_n, S) is depicted below in the case n = 5.

r r^2

r^4 sr^2 sr^3

1 sr s sr^4 r^3

The adjacency matrix A of a Cayley color graph X(G, α) is the |G| × |G| matrix whose row-g_2 column-g_1 entry a_{g2 g1} is α(g_2g^{−1}_1 ) for all g_1, g_2 ∈ G. In case of Cayley digraphs and Cayley graphs the adjacency matrix of X(G, S) corresponds to the standard definition: there is an arc (respectively, edge) from g_1 to g_2 if and only if a_{g2g1} = α(g_2g^{−1}_1 ) = 1, which is equivalent to saying that there exists an s ∈ S such that g_2 = sg_1.

The following two properties of Cayley graphs are easily verified:

Theorem 4.4. Let X(G, S) be a Cayley graph. Then,

(i) X is regular of degree |S|.

(ii) X is connected if and only if S generates G.

Theorem 4.5. The automorphism group of a Cayley graph is vertex-transitive and contains the right regular permutation representation of G as a subgroup.

Proof. Recall that the right regular permutation representation of G consists of the permutations {π_g}_{g∈G} of G, where π_g (h) = hg^{−1} for all g, h ∈ G. Clearly,

π_{g1 g2} (h) = hg^{−1}_2 g^{−1}_1 = π_{g2} (h)g^{−1}_1 = π_{g1} (π_{g2} (h)), so this collection indeed defines a permutation representation. We shall first prove that {π_g}_{g∈G} is a subgroup of the automorphism group. For this it suffices to show that for every h_1, h_2 ∈ G, there is an edge between h_1 and h_2 if and only if there is an edge between π_g (h_1) and π_g (h_2) for every g ∈ G. This is the case since α(h_1h^{−1}_2 ) = α(h_1g^{−1}gh^{−1}_2 ) = α(π_g (h_1)π_g (h_2)^{−1}) holds for all g, h_1, h_2 ∈ G. Vertex-transitivity is now clear since for every h_1, h_2 ∈ G there exists a g ∈ G such that π_g (h_1) = h_2, namely g = h^{−1}_2 h_1.

The Petersen graph below is an example of a graph that has a vertex-transitive automorphism group but is not a Cayley graph.

Theorem 4.6. A graph X is a Cayley graph if and only if the automorphism group of X has a subgroup that is vertex-transitive and in which no permutation other than the identity fixes a vertex. Proof. See e.g. [5, Lemma 3.7.2].

5. Eigenvalues and eigenvectors of Cayley color graphs Let G be a finite group and let X(G, α) be a Cayley color graph. In this section we view the adjacency matrix (a_{gh}) of X as the linear map A : C [G] → C [G] defined by Ae_h = ∑ g∈G a_{gh}e_g for all g, h ∈ G.

The following theorem connects the study of Cayley color graphs on G to the representation theory of G.

Theorem 5.1. Let X(G, α) be a Cayley color graph. Then, the adjacency matrix A [when viewed as a linear map of C [G] into itself] satisfies A = ∑ g∈G α(g)ρ_{reg}(g),

where ρ_{reg} is the left regular representation of G on C [G]. Proof. Let ϕ : G → C and h ∈ G. We have Aϕ(h) = ∑ g∈G α(hg^{−1})ϕ(g) = ∑ g∈G α(g)ϕ(g^{−1}h) = ∑ g∈G α(g)ρ_{reg}(g)ϕ(h).

Thus, the decomposition of ρ_{reg} into invariant orthogonal subspaces [see Lemma 2.21] yields immediately the following theorem.

Theorem 5.2. Let X(G, α) be a Cayley color graph, and let ρ_k : G → GL(V_k ), k = 1, . . . , n, be a complete set of irreducible inequivalent representation of G. Let d_k be the degree of ρ_k, and let ϱ^{(k)} be a unitary matrix representation of ρ^{(k)}. Then, for all k = 1, . . . , n and 1 ≤ i, j ≤ d_k,

Aϱ̄^{(k)}_{ij} = ∑ g∈G α(g)ρ_{reg}(g)ϱ^{(k)}_{ij} = d_k∑

l=1 (∑ g∈G α(g)ϱ^{(k)}_{li} (g) ) ϱ̄^{(k)}_{lj} . (17)

Corollary 5.3 (Diaconis and Shahshahani [1]). Let E_k denote the set of eigenvalues of the linear map ρ̂_k(α). Then,

(i) the set of eigenvalues of A equals ∪^n_{k=1}E_k; and (ii) if the eigenvalue λ occurs with multiplicity m_k(λ) in ρ̂_k(α), then the multiplicity of λ in A is ∑_n k=1 d_km_k(λ).

Proof. Equation (17) shows that the vectors B^{(k)}_j = {ρ̄^{(k)}_{ij} }_{1≤i≤dk} span an Ainvariant subspace W^{(k)}_j of C [G] of dimension d_k [cf. Lemma 2.21]. Moreover, (17) shows that A restricted to W^{(k)}_j has [relative to B^{(k)}_j ] the matrix form ∑ g∈G α(g)ϱ^{(k)}(g), which is the matrix of ρ̂_k(α) relative to the basis used to construct the ϱ^{(k)}(g). Now, since C [G] = ⊕^n_{k=1} ⊕^{dk}_{j=1} W^{(k)}_j , the characteristic polynomial f(λ) of A and the characteristic polynomials g_k(λ) of ρ̂_k(α), k = 1, . . . , n, are related by f(λ) = n∏ k=1 g_k(λ)^{dk} .

When α is a class function we can say much more, thanks to Lemma 2.13. According to Roichmann [13], the following result on the eigenvalues of A was first proved in Diaconis and Shahshahani [1]. The corresponding eigenvectors were determined [at least] in Rockmore et al. [12].

Corollary 5.4. Let α be a class function. Then, every vector in the orthogonal basis {ϱ̄^{(k)}_{ij} } of C [G] is an eigenvector of A. The eigenvalue associated with ϱ̄^{(k)}_{ij} is

λ_k = |G| d_k ⟨α, χ̄_k ⟩ = 1 d_k ∑ g∈G α(g)χ_k (g). (18)

Proof. Lemma 2.13 gives for a class function α ∑ g∈G α(g)ϱ^{(k)}_{li} (g) = |G| d_k ⟨α, χ̄_k⟩δ_{li}, which substituted into (17) proves the claim.

5.1. Example: Hamming graphs. The Hamming graph H(n, r) is the Cayley graph X(Z^n_r , S), where S is the set of all elements of Z^n_r with exactly one nonzero coordinate. In particular, the Hamming graph H(n, 2) is the familiar n-dimensional hypercube. [Recall Example 4.1.]

We now determine the eigenvalues and eigenvectors of H(n, r). Since Z^n_r is abelian, all of its conjugacy classes are singleton sets. This implies that the characteristic function α of S is a class function, and hence we can apply Corollary 5.4.

The eigenvectors of the adjacency matrix A of H(n, r) are thus {ϱ̄^{(x)}}_{x∈Z}n_r , where

ϱ̄^{(x)}(y) = w^− ∑_n i=1 x_iy_i r , y ∈ Z^n_r is the complex conjugate of the 1-dimensional representation (14) associated with x ∈ Z^n_r . The corresponding eigenvalue λ_x can be evaluated using (18) and the character formula (15): The characteristic function of S is α(y) = { 1 if there is exactly one i such that y_i ≠ 0; and 0 otherwise.

Thus, if we denote by w_H (x) the number of nonzero coordinates in x, we have

λ_x = ∑ y∈Z^n_r α(y)χ_x(y) = n∑ i=1 p−1∑ y_i=1 w^{xiyi}_r = −n + n∑ i=1 p−1∑ y_i=0 w^{xi yi}_r = −n + (n − w_H (x))r = (r − 1)n − rw_H (x), where the second last equality follows from (13).

For example, the eigenvectors ϱ̄^{(x)} together with their eigenvalues λ_x for n = 3, r = 2 are given in the table below.

y 000 001 010 011 100 101 110 111 λ ϱ̄^{(000)} 1 1 1 1 1 1 1 1 3 ϱ̄^{(001)} 1 −1 1 −1 1 −1 1 −1 1 ϱ̄^{(010)} 1 1 −1 −1 1 1 −1 −1 1 ϱ̄^{(011)} 1 −1 −1 1 1 −1 −1 1 −1 ϱ̄^{(100)} 1 1 1 1 −1 −1 −1 −1 1 ϱ̄^{(101)} 1 −1 1 −1 −1 1 −1 1 −1 ϱ̄^{(110)} 1 1 −1 −1 −1 −1 1 1 −1 ϱ̄^{(111)} 1 −1 −1 1 −1 1 1 −1 −3

5.2. Example: The dihedral group. We next consider the dihedral group D_n, n ≥ 3, and the generating set S = {r, r^{n−1}, s}, which is inverse closed, but not a union of conjugacy classes. [Recall Section 3.2 and Example 4.3.] For simplicity we assume n to be odd. The spectrum of the adjacency matrix of X(D_n, S) can be computed using Corollary 5.3. For the two 1-dimensional representations

ϱ^{(1′)}(s^v r^u) = 1, ϱ^{(2′)}(s^v r^u) = (−1)^v, we obtain ϱ̂^{(1′ )}(α) = 3, ϱ̂^{(2′)}(α) = 1.

For the remaining (n − 1)/2 2-dimensional representations, 1 ≤ k ≤ (n − 1)/2,

ϱ^{(k)}(r^u) = ( w^{ku}_n 0 0 w^{−ku}_n ) , ϱ^{(k)}(sr^u) = ( 0 w^{−ku}_n w^{ku}_n 0 ) , we obtain

ϱ̂^{(k)}(α) = ( w^k_n + w^{−k}_n 1 1 w^{−k}_n + w^k_n ) = ( 2 cos 2πk/n 1 1 2 cos 2πk/n ) . The eigenvalues of the ϱ̂(α) are easily determined to be λ m(λ) ξ λ_1′ = 3 1 (1)^T λ_2′ = 1 1 (1)^T λ_k = 2 cos 2πk/n ± 1, 1 ≤ k ≤ (n − 1)/2 1, 1 (1, 1)^T , (1, −1)^T ,

which are the eigenvalues of A by Corollary 5.3. From (17) we obtain that a corresponding set of eigenvectors of A is formed by the linear combinations ∑ i ξ_iϱ̄^{(k)}_{ij} , where ξ = (ξ_i)^T is an eigenvector of ϱ̂^{(k)}(α) corresponding to λ.

5.3. Example: The symmetric group and transpositions. Let S be the set of all transpositions of {1, 2, . . . , n}. The transpositions constitute a conjugacy class of S_n, so we can use Corollary 5.4 to analyze the spectrum of the adjacency matrix of X(S_n, S). For a partition λ ⊢ n, the dimension d_λ can be determined using the Hook Formula [Theorem 3.1], and the normalized character value χ^{(2,1,... ,1)}_λ /d_λ can be computed using (16). The corresponding eigenvalue Λ_λ of the adjacency matrix A is then

Λ_λ = 1 d_λ ( n 2 ) χ^{(2,1,... ,1)} λ . The table below lists the seven largest Λ_λ. λ ⊢ n d_λ 1 − χ^{(2,1,... ,1)}_λ /d_λ (_n 2 ) − Λ_λ (n) 1 0 0 (n − 1, 1) n − 1 2/(n − 1) n (n − 2, 2) n(n − 3)/2 4/n 2(n − 1) (n − 2, 1, 1) (n − 1)(n − 2)/2 4/(n − 1) 2n (n − 3, 3) n(n − 1)(n − 5)/6 6(n − 2)/(n(n − 1)) 3(n − 2) (n − 3, 2, 1) n(n − 2)(n − 4)/3 6/n 3(n − 1) (n − 3, 1, 1, 1) (n − 1)(n − 2)(n − 3)/6 6/(n − 1) 3n From the table we can conclude that the spectrum of the graph in Example 4.2 is λ ⊢ 4 Λ_λ m(Λ_λ) = d^2_λ (1) 6 1 (3, 1) 2 9 (2, 2) 0 4 (2, 1, 1) −2 9 (1, 1, 1, 1) −6 1 .

A corresponding base of eigenvectors for C [S_4 ] could now be computed with the help of Theorem 3.4.

References

[1] P. Diaconis and M. Shahshahani. Generating a random permutation with random transpositions. Z. Wahrsch. Verw. Gebiete 57 (1981) 159–179.

[2] P. Diaconis. Group representations in probability and statistics. Institute of Mathematical Statistics Lecture Notes–Monograph Series, 11. Institute of Mathematical Statistics, Hayward, California, 1988.

[3] W. Fulton and J. Harris. Representation Theory. A first course. Graduate Texts in Mathematics 129, Springer-Verlag, New York, 1991.

[4] B. Sagan. The Symmetric Group. Representations, combinatorial algorithms, and symmetric functions. Second Edition. Graduate Texts in Mathematics 203, Springer-Verlag, New York, 2001.

[5] C. Godsil and G. Royle. Algebraic Graph Theory. Graduate Texts in Mathematics 207, Springer-Verlag, New York, 2001.

[6] W. H. Greub. Linear Algebra, Third Edition. Die Grundlehren der mathematischen Wissenschaften, Band 97, Springer-Verlag, Berlin, 1967.

[7] R. E. Ingram. Some characters of the symmetric group. Proc. Am. Math. Soc 1 (1950) 358–369.

[8] N. Jacobson. Basic Algebra I–II, Second Edition. W. H. Freeman & Co., New York, 1985/1989.

[9] G. James and A. Kerber. The Representation Theory of the Symmetric Group. Encyclopedia of Mathematics and its Applications 16. Addison-Wesley, Reading, Massachusetts, 1981.

[10] A. Lubotzky. Cayley graphs: eigenvalues, expanders and random walks. Surveys in combinatorics, 1995 (Stirling), 155–189, London Math. Soc. Lecture Note Ser. 218. Cambridge University Press, Cambridge, England, 1995.

[11] C. M. Reidys and P. F. Stadler. Combinatorial landscapes. SIAM Review 44 (2002) 3–54. [12] D. Rockmore, P. Kostelec, W. Hordijk, P. F. Stadler. Fast Fourier transform for fitness landscapes. Appl. Comput. Harmon. Anal. 12 (2002) 57–76.

[13] Y. Roichmann. Characters of the symmetric groups: formulas, estimates and applications.

Emerging applications of number theory (Minneapolis, MN, 1996), 525–545, IMA Vol. Math. Appl. 109. Springer-Verlag, New York, 1999.

[14] J. J. Rotman. An Introduction to the Theory of Groups, Fourth Edition. Graduate Texts in Mathematics 148, Springer-Verlag, New York, 1995.

[15] J.-P. Serre. Linear Representations of Finite Groups. Graduate Texts in Mathematics 42, Springer-Verlag, New York, 1977.