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Markov Chains and Stochastic
Sampling

1 Markov Chains and Random Walks on Graphs

1.1 Structure of Finite Markov Chains

We shall only consider Markov chains with a finite, but uspakry large,state
space S={1,...,n}.

An Svalued(discrete-time)stochastic procesis a sequenc&p, X1, Xo,... of &
valued random variables over some probability sgacee. a sequence of (mea-
surable) map¥; : Q - St=0,1,2,...

Such a process isMarkov chainif for all t > 0 and anyig,i1,...,it_1,i, ] € Sthe
following “memoryless” (forgetting) condition holds:

Pr(Xi1=]|Xo=lio, X1 =11,..., %1 =lk-1,% =1)
=Pr(Xq1=]j| % =1). (1)

Consequently, the process can be described completelwlmggts initial dis-
tribution (vector}

PP =[pd....,p0 = [p%],, wherep®=Pr(X=i)

1By a somewhat confusing convention, distributions in Markbain theory are represented
as row vectors. We shall be denoting the b columnvector with componentg;, ..., p, as
(P1,-..,Pn), and the correspondingx 1 row vector agps,...,pn] = (P1,...,pPn)". All vectors
shall be column vectors unless otherwise indicated by terbtation.
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2 Part I. Markov Chains and Stochastic Sampling

and its sequence ofansition (probability) matrices

n
Pt — <pi(jt)>i iy Wherepi(jt) =Pr(X% =j|%_1=1).

Clearly, under condition (1), the distribution vector anét > 1
pY = [Pr(X% = )]y

is obtained fromp*—1 simply by computing for eacij
n
t t-1) (t
plV = i;pi( "o,

or more compactly
pl) = pt=Dp®),

Recurring back to the initial distribution, this yields

If the transition matrix is time-independent, iR = P for all t > 1, the Markov
chain ishomogeneoyotherwiseinhomogeneousiNe shall be mostly concerned
with the homogeneous case, in which formula (2) simplifies to

p(t) _ pOPt.
We shall say in general that a vectpe R" is astochastic vectoif it satisfies

g >0 Vizl,...,nanquizl.
|

A matrix Q € R"™" is astochastic matrixf all its row vectors are stochastic vec-
tors.

Now let us assume momentarily that for a given homogeneougdvaChain
with transition matrixP and initial probability distributiorp® there exists a limit
distributiontt € [0, 1]" such that

lim p© =mt (in any norm, e.g. coordinatewise) (3)

k— 00

Then it must be the case that
= lim pOp! = lim popt+l

= <Iim pOPt) P=1P

t—oo
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Figure 1: A Markov chain for Helsinki weather.

Thus, any limit distribution satisfying property (3), ifduexist, is a left eigen-
vector of the transition matrix with eigenvalue 1, and carcd@puted by solving
the equatiormt= 1P. Solutions to this equation are called #guilibriumor sta-
tionary distributionsof the chain.

Example 1.1 The weather in Helsinki.Let us say that tomorrow’s weather is
conditioned on today’s weather as represented in Figure ih dre transition
matrix:

P |rain sun
rain| 0.6 0.4
sun| 0.7 0.3

Then the long-term weather distribution can be determimequely, and in fact
independent of the initial conditions, by solving

P =T Zm:l
|

0.6 0.4
& [ 7] {0.7 0.3] =[m ], mim=1

T, = 0.61% + 0.7115 _
{T[s:0.4T[r—|—0.3T[S » TetTe=1
T = 0.64
< {ns:o.se

Every finite Markov chain has at least one stationary distiim, but as the fol-
lowing examples show, this need not be unique, and evensf then the chain
does not need to converge towards it in the sense of equéjon (

Example 1.2 A reducible Markov chainConsider the chain represented in Fig-
ure 2. Clearly any distributiop = [p1  p] is stationary for this chain. The cause
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Figure 2: A reducible Markov chain.
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Figure 3: Periodic Markov chains.

for the existence of several stationary distributions & the chain igeducible
meaning that it consists of several “noncommunicating” ponents. (Precise
definitions are given below.)

Any irreducible (“fully communicating”) chain has a unigs&tionary distribu-
tion, but this does not yet guarantee convergence in the sdregjuation (3).

Example 1.3 Periodic Markov chains.Consider the chains represented in Fig-
ure 3. These chains aperiodic with periods 2 and 3. While they do have unique
stationary distributions indicated in the figure, they oodywerge to those distri-
butions from the corresponding initial distributions; etwise probability mass
“cycles” through each chain.

So when is a unique stationary limit distribution guaradfedhe brief answer is
as follows.

Consider a finite, homogeneous Markov chain with stat&setd transition ma-
trix P. The chain is:

(i) irreducible if any state can be reached from any other state with pesitiv
probability, i.e.

Vi,jeS 3t>0:Pj>0;
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(i) aperiodicif for any statei € Sthe greatest common divisor of its possible
recurrence times is 1, i.e. denoting

N={t>1:P >0}
we have gctN;)) =1, VieS

Theorem (Markov Chain Convergence)A finite homogeneous Markov chain
that is irreducible and aperiodic has a unique stationargtdbution, and the
chain will converge towards this distribution from any ialtdistribution  in the
sense of Equation (3)3

Irreducible and aperiodic chains are also catteglilar or ergodic

We shall prove this important theorem below, establishirgy the existence and
unigueness of the stationary distribution, and then caerere. Before going
into the proof, let us nevertheless first look into the st bf arbitrary, possibly
nonregular, finite Markov chains somewhat more closely.

Let the finite state space I$and the homogeneous transition matrixmhe
A set of state€ C S C # @ is closedor invariant, if pj =0 VieC,j¢C.
A singleton closed state absorbing(i.e. pij = 1).

A chain isirreducibleif Sis the only closed set of states. (This definition can be
seen to be equivalent to the one given earlier.)

Lemma 1.1 Every closed set containsmainimal closed set as a subset.

Statej is reachablefrom statel, denoted — |, if Pitj > 0 for somet > 0.
Stated, j € S communicatedenoted < j, if i — jandj —i.

Lemma 1.2 The communication relation<” is an equivalence relation. All the
minimal closed sets of the chain are equivalence classés@spect to =", The
chain is irreducible if and only if all its states communieat

States which do not belong to any of the minimal closed ssleret calledran-
sient

One may thus partition the chain into equivalence classre#gpect to &”. Each
class is either a minimal closed set or consists of transtatgs. This s illustrated
in Figure 4. By “reducing” the chain in this way one obtainsA®like structure,
with the minimal closed sets as leaves and the transient aoems as internal
nodes. (Actually a “forest” if the chain is disconnectedr) ireducible chain of
course reduces to a single node.
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Figure 4. Partitioning of a Markov chain into communicattigsses.

Theperiodof statei € Sis

ged{k | B} > 0}.
N4

A state with period 1 igperiodic

Lemma 1.3 Two communicating states have the same period. Hence, every
ponent of the & relation has a uniquely determined periog

Define thefirst hit (or first passageprobabilities for states— j andt > 1 as:

(O (X £ X # b X1 £ %= 1| Xo=1),
and thehitting (or passaggprobabilityfor i — j as

fr= 5 £,
ut;u

Then theexpected hittingpassaggtimefori — | is
tf Y if £ =1
i 2t i
0 if fij <1

Fori = |, Wi is called theexpected return timeand often denoted simply.

Statei € Sis recurrent(or persistentif f" =1, otherwise it igransient (In infi-
nite Markov chains the recurrent states are further dividempositive recurrent
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with i < o andnull recurrentwith | = oo, but the latter case does not occur in
finite Markov chains and thus need not concern us here.)

The following theorem provides an important characteiosaof the recurrent
states.

n
Notation: P = (pi(}‘)>i Ly

Theorem 1.4 State ic S is recurrent if and only i§~¢ pi(ik) = oo, Correspond-
ingly, i € Sis transient if and only if .~ pi(ik) < o0,

Proof. Recall the relevant definitions:

P = PriXe=iXo=1),
£ = PrXp A0, X1 AL X =1 Xo=1).

Then itis fairly clear that

k k-1
(k) (t) (k=) (k=t) J(t)
ii t:z i Mi t:z ii ii

Consequently, for ani:

K
(9 (k1) (0
pi. = L
2" kZu "
K

(t) (k—t)
= o f.
t; 1 kz;]_ I
< o
t;IOH fii
<
= <1+t;pii ) fi

SinceK was arbitrary, we obtain:

IA

AR (S
(1—fii)zpi(i)§fii-
=]

Now if i € Sis transient, i.ef;" < 1, then
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Conversely, assume thiat Sis recurrent, i.ef;” = 1. Now one can see that

2

Pr(X =iforatleasttwd > 1| Xp=1i) = Z fii(t) fii(t/) = <Zl fii(t)>

tt7>1 t>
= (=1

and by induction that

Pr(X; = i for at leaststimes|Xo = i) = (f{)*= 1.
Consequently,

Pey = Pr(X¢ = i infinitely often| Xo = i) = lim (fi)P=1.
However, ify -0 pi(ik) < oo, then by the Borel-Cantelli lemma (see below) it should

be the case thag,, = 0.

Thus it follows that iff;" = 1, then alsdy - pi(ik) = 0. ]
Lemma (Borel-Cantelli, “easy case”)
Let Ay,Aq,... be events, and A the event “infinitely many of theécur”. Then

Pr(Ax) < o = Pr(A) =0.
K>0

Proof.

ClearlyA= () |J A Thus for allm> 0,

m>0k>m

Pr(A) < Pr<U Ak> < Y Pr(Ag) — 0asm— o,

k>m k>m
assuming the sunZ Pr(Ay) convergesy
K>0

LetCy,...,Cm C Sbe the minimal closed sets of a finite Markov chain, ané
S\ (CLU---UCy).

Theorem 1.5 (i) Any state i€ C;, for some r=1,...,m, is recurrent.
(i) Any state i€ T is transient.
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Proof. (i) Assumei € C, C minimal closed subset & Then for anyk > 1,

3= 3ol -1

becaus€ is closed andP is a stochastic matrix. Consequently,

K _
2o

and becausg is finite, there must be someg € C such that

k
> pljo ==
k>0

Sincejp « i, there is soméy > 0 such thap?;‘i’) = po > 0. But then

k k— k—
LD ( 3. Pio "‘”) Po=co.
K>0 K> K>

By Theorem 1.4 is thus recurrent.

(i) DenoteC =CyU---UCpy. Since for anyj € Y the sef{l € S| j — |} is closed,
it must intersecC; thus for anyj € T there is somé& > 1 such that

(k) 2 (k)
P = P:;” > 0.
iC Ie; il

SinceT is finite, we may find & > 1 such that forany € T, p'j‘g =p>0.Then
one may easily compute that for ang T,

pr” <1-p, pr® < (1-p? pr < (1-p)° etc.
and so

k Kk rko r
pi < > P < ) kopr’ <ko ) (1-p)' <eo.
il IT ; iT pA

By Theorem 1.4 i is thus transient

1.2 Existence and Uniqueness of Stationary Distribution

A matrix A€ R™"N s
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() nonnegativedenotedA >0, ifa; >0 Vi, ]j
(i) positive denotedA 2 0, if &; >0 Vi, j andajj > O for at least ongj
(iii) strictly positive denotedA > 0, ifaj; >0 Vi, ]j

We denote alsé > Bif A—B >0, etc.

Lemma 1.6 Let P> 0 be the transition matrix of some regular finite Markov
chain with state set S. Then for sorgetlitis the case thatP>0 Vit >to.

Proof. Choose some& Sand consider the set
N={t>1]pl' >0}

Since the chain s (finite and) aperiodic, there is some fsgt®f numbers, ... ,tn €
N; such that

gcdN; = ged{ty,... .t} =1,
i.e. for some set of coefficients, ... ,an € Z,
aity +agty+ - +amtm= 1.

Let P andN be the absolute values of the positive and negative partsoum,
respectively. Thu® —N =1. LetT > N(N —1) and consider ang > T. Then
s=aN+r, where 0<r <N -1 and, consequentla > N — 1. But thens=
aN+r(P—N) = (a—r)N+Pwherea—r >0, i.e.Scan be represented in terms
of t, ...t with nonnegative coefficients, ... ,bm. Thus

byt bot bmtm
pi(iS)Zpi(ill)pi(iZZ)"'pi(i )

Since the chain is irreducible, the claim follows by chogsgsufficiently larger
thanT to allow all states to communicate with

> 0.

Let thenA > 0 be an arbitrary nonnegativex n-matrix. Consider the set
A = {A € R | Ax> Ax for somex > O}.
Clearly Oe A, so/\ # 0. Also, denoting
M= miaxz aij, Xmax= mjaxxj
it is always the case th&x < (MXmay, - - - , MXmax), SO that ifA > M there cannot
be anyx > 0 such thalAx > Ax. ThusA C [0,M], and we may define
Ao = SUpA = maxA (by continuity)
Note that 0< Ag < M.
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Theorem 1.7 (Perron-Frobenius) For any strictly positive matrix A> O there
existAg > 0 and x > 0 such that

() Ax = AoXo;
(i) if A # Ao is any other eigenvalue of A, théx < A;

(i) Ao has geometric and algebraic multiplicity 1.

Proof. DefineAg as above, and leg > 0 be a vector such th&btg > Agxg. Since
A > 0, alsoAg > 0.

(i) Suppose that it is not the case thfgty = Agxo, i.e. thatAxg = AgXog, but not
Axg = AoXp. Consider the vectofp = Axg. SinceA > 0, Ax> 0 for anyx 2 0; in
particular nowA(yo — AgXo) = Ayo — AoAX = Ayo — Aoyo > 0, i.€.Ayp > Agyo; but
this contradicts the definition af,.

ConsequentlyAxy = AXg, and furthermoreg = £Axy > 0.

(ii) Let A £ Ao be an eigenvalue oA andy # 0 the corresponding eigenvector,
Ay =Ay. (Note that in general € C.) Denotely| = (|y1],...,|Yn|). SinceA > 0,
it is the case that

Aly| > |AY = [AY| = [A]ly].

By the definition ofAg, it follows that|A| < Ao.

To prove strict inequality, led > 0 be so small that the matrks = A— 3l is still
strictly positive. TherAs has eigenvaluely — & andA — 9, since

(A=8)l —As=Al — A,

Furthermore, sincés > 0, its largest eigenvalue ¥ — 8, SO|A — 8| < Ao — 0.

This implies thatA can have no eigenvaluas# Ag on the circlgA| = Ao, because
such would havé\ — 8| > |[Ag — 9|. (See Figure 5.)

(iii) We shall consider only the geometric multiplicity. pose there was another
(real) eigenvectoy > 0, linearly independent ofy, associated tdg. Then one
could form a linear combinatiow = xg + ay such thatw > 0, but notw > 0.
However, sincé\ > 0, it must be the case that also= %Aw> 0. o

Corollary 1.8 If A is a nonnegative matrix (4 0) such that some power of A is
strictly positive (A > 0), then the conclusions of Theorem 1.7 hold also forA.
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Figure 5. Maximality of the Perron-Frobenius eigenvalue.

Proposition 1.9 Let A> 0 be a strictly positive x n matrix with row- and column
sums

ri:Zaij7 Cj:Zalj7 i?j:]-?"'?n
] 1
Then for the “Perron-Frobenius eigenvalugXy of Theorem 1.7 the following
bounds hold:
minri <Ag < maxri, mincj < Ag < maxc;.
| | J J

Proof. Letxg = (X1, X2, ... ,Xn) be an eigenvector corresponding\ normalised
so thaty; xi = 1. Summing up the equations fAxy = Agxg yields:

a;Xa + aXe + ... 4+ amXn =2AoXa

apXy + apXe + ... + amXn =AoXe

aniX1 + amX2 + ... + annXn =AoXn

CiXxt + CX + ... + CXn =Ao(Xa+---+X) =2Ao
~—— —

1

ThusAg is a “weighted average” of the column sums, so in particularjig) <
Ao < max; cj.
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Applying the same argument #', which has the samky asA, yields the row
sum bounds.

Corollary 1.10 Let P> 0 be the transition matrix of a regular Markov chain.
Then there exists a unique distribution veatsuch thatP =Tt (< P’ =11')

Proof. By Lemma 1.6 and Corollary 1.8 has a unique largest eigenvalies R.
By Proposition 1.9A¢ = 1, because as a stochastic matrix all row sumB @fe.
the column sums d?') are 1. Since the geometric multiplicity d§ is 1, there is
a unique stochastic vectaor(i.e. satisfyingy; 14 = 1) such thati® = 1.

1.3 Convergence of Regular Markov Chains

In Corollary 1.10 we established that a regular Markov chdth transition ma-
trix P has a unique stationary distribution vectosuch thatP = Tt

By elementary arguments (page 2) we know that starting fnayriratial distribu-
tion g, if the iterationg, gP, P2, . .. converges, then it must converge to this unique
stationary distribution.

However, it remains to be shown that if the Markov chain dateed byP is
regular, then the iteration always converges.

The following matrix decomposition is well known:

Lemma 1.11 (Jordan canonical form) Let Ae C™" be any matrix with eigen-
valueshy, ..., A| € C, | <n. Then there exists an invertible matrixtJC"*" such
that

J 0 - 0
vau-i=| 0 2

Lo 0

o --- 0 J

where each;Jds a k x k; Jordan block associated to some eigenvalief A:

A1O0O-.-- 00

0O A1 00
J= : :

0 0O Al

0 0O 0 A




