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Automata on Infinite Words

To handle model checking of the linear time temporal logic LT L it is natural to use auto-
mata. However, these automata will accept infinite words (strings/sequences) instead of
finite words. We will later show how LT L formulas can be translated into automata on
infinite words.

These automata are very closely related to finite state automata (on finite words). Note,
however, that several of the used definitions for them are subtly different than for finite
state automata.

The most widely used class of automata on infinite strings is called Blichi automata. We
will introduce them next.
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Bluchi Automata

The definition of Buchi automata is identical to the definition of a finite state automata
(modulo name of the automaton class).

Definition 1 A (nondeterministic) Blichi automaton 4 is a tuple (£, S LA, F), where
e 2 is a finite alphabet,
e Sis a finite set of states,
o & C Sis set of initial states,
o A C Sx 2 x Sis the transition relation, and

e F C Sis the set of accepting states.
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The meaning of the transition relation A C Sx Z x Sis the following: (s,a,5') € A means
that there is a move from state Sto state S’ with symbol a.

The definition of the language accepted by the automaton differs from FSAs.

A Bichi automaton A4 accepts a set of infinite words £(A4) C >® called the language
accepted by 4, defined as follows:

Arun r of 4 on an infinite word ag, a1, ... € 2% s an infinite sequence Sy, Sy, . . . Of states
in S such that 55 € L, and (S,8j,5.1) € Aforalli > 0.

Let inf (r) denote the set of states appearing infinitely often in the run r. The run r is
accepting iff inf (r) NF # 0. Aword w € 2% is accepted by 4 iff 4 has an accepting run
on W.
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The language of £(4) C Z% is the set of infinite words accepted by the Biichi auto-
maton A.

A language of automaton 4 is said to be empty when L(4) = 0.

It is easy to check whether £(A4) # 0 by using the following observation: The language
of the Bichi automaton is non-empty iff from some initial state S € L an accepting state
g can be reached, such that S’ can reach itself by a non-empty sequence of transitions.

(I.e., there should be a path from S back to itself in A which contains at least one edge.)

The check above can be easily made by a linear time algorithm. (We’ll come back to that
later.)
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Operations for Buchi Automata

We will now start defining the Boolean operators on Blchi automata:
A=A41UAyand 4 = A1 N 4.

We will not be able to show 4 = 4’ in this course due to its technical complexity, but it
can also be done. Thus also Blichi automata are closed under the Boolean operations.
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The U definition for Biichi automata is identical with the FSA definition.

Definition 2 Let 41 = (Z,Sl,ﬁ,Al, F1) and 4 = (Z,SZ,S%AZ, F>) be two Biichi auto-
mata.

We define the union Biichi automaton to be 4 = (,S LA, F), where:
e S=5US,
o ¥=5us)
e A=A UAy, and
e F=F UFR.

Now for the union Biichi automaton A4 (also denoted by A1 U A4y) it holds that £(A4) =
L(A) U L(A>).
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Example: Operations on Buchi Automata

Consider the following Buichi automata A4, and Ao, both over the alphabet 2 = {a, b}.

Ay ab
O e
b
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Example: Union of Blichi Automata

The following Biichi automaton A4 is their union, in other words 4 = 41 U A».

A
 _ab g
QO _Xr
b
2 ={a,b}
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Intersection of Buchi Automata

The N definition for Buchi automaton differs from the FSA version!

If you use either FSA or Buchi definition in the wrong context, you will get incorrect results!
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Definition 3 Let 4 = (Z,Sl,ﬁ,Al, F1) and 4o = (Z,SZ,S%AZ, F>) be Biichi automata.

We define the product Biichi automaton to be 4 = (£, S SO,A, F), where:
¢ S=5 xS x{1,2},

o g):@X%X{l},

e F=F xS x{1}, and
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o foralls,s € S t,t' e S,ae i, je{1,2}:
((s,t,i),a,(3,t',])) € Aiff (s,a,9) € Aq, (t,a,t") € Ay, and:

a) i=1seF,and j=2),or
b) i=2teF,and j=1),or

c) (neither a) or b) above applies and | = ).

Now for the product Biichi automaton A4 (also denoted by A1 N Ay or A1 X A») it holds
that £(A4) = L(A1) N L(Ap).
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Example: Intersection as Finite State Automata

Recall from previous lectures how the FSA are intersected. (Note: This is NOT the way
to deal with Blchi automata, just a reminder of the FSA intersection!) The following FSA
automaton A is the intersection of 41 and Ay, when they are seen as FSAs.
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Example: Intersection of Buchi Automata
The following Biichi automaton A4 is the intersection A4 = 41 N A».

A
a (So,t1,1)
O g b
@ (So,to,1) b
(So,t2,1) .
@) b
b
b
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From Kripke Structure to Blichi Automaton

Actually, we were careful to define the mapping from Kripke structures to finite state auto-
mata in such a way that it will work also without modifications with Blichi automata.

LetM = (S SO, R L) be a Kripke structure over a set of atomic propositions AP. Define a
Blichi automaton Ay = (Z,SM,S{\)/I,AM, Fm ), where

o > =2AP
e Sy=SuU{s}
e Sy=1{s},

e Foralls,s € Sy,ac:(sas) ey iff
L(§)=aand (((s,5) eR) or (s=5 and § =Y)); and

* Fv = Sv.
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The Blchi automaton Ay, accepts exactly those infinite sequences of labellings which
correspond to infinite paths of the Kripke structure starting from some initial state.

We will later show given an LTL formula f, how we can create a Biichi automaton A+
which accepts exactly all the infinite sequences of valuations which satisfy f.

In model checking we negate the property f first, and then create a Blichi automaton
A_ 5. This automaton accepts all violations of the property f.

If we have been given 4 ¢, it holds that M = f iff L(Ay x A-5) = 0.

In other words: if no path of the Kripke structure is a model of the complement of the
specification, then all paths of the Kripke structure are models of the specification.
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