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➤

-.0/ 1 12 .0/ 3/ 4 1 15 67 8 .9 :2 9 ; ; . <= .0/ 9 2> 8 3? . 7 .@ / 8 . 9 :2 9 ;A -B B CED

-@ @ F 3/ GIH / J5 .@ / 37 . 5 > 7 :2 9 9 K/ 9 LM 33ON PQR SA T J 32 7 N PQU V WYX

➤

Z5 5 9 ;9 F F9 J 1> 5 5 6 6/ [ 12 [ 37 5 > 7 -@ @ F 3/ GH / J5 .@ / ; H H 5 5 H [ . F F 3 7 9 9 89 9 /

\]^ \_` a _ a ab cd0e ] ]^ de _ e f ] ] a g` hdi j^ i k k d <@ 2 8 32 3 8 = .0/ 9 2> 8 3? . 7 . @ /

8 . 9 :2 9 ; Z -B B C L - 2> 9 / 5 N PQ Vl W N [@ J9 5 9 2 [@ 9 9 -@ @ F 3/ GIH / J5 . @ . F F 3

J9 / @ / . 7 3/ 37 . 5 > 7 5 9 m9 / X

➤

Z -BBon 5 3 J/ . . J9 F F9 4> 7 5 > 5 1 1/ J 1 7 . 5 5 3 F 3 ; 1 1/ 7 H H 2 . 9 7 @ m 3 F F H 5 H J7 . 7 7 9

37 ..0/ 5 > m. 1 -@ @ F 3/ GIH / J5 .@ . 5 9 < 8 . :. 5 9 9 F . 7 35 4. . 2 . 5 N 5 . F9 J@ / 3 35 N X X X C
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➤

x07 . 5 5 1 1 -@ @ F 3/ GH / J5 . @ . 5 9 9 7 > J F . 7 ./ 9 7 H H / / 9 5 5 H / 9 :2 9 9 K/ 9 X

➤

y@ J9 . 7 3 F F9 3.n 5 32 ; .0/ 9 9 F . 7 @ F ; H F F9 vD

/ . ; 35 5 > ; H H 5 5 H [9 var(v)

lo(v)D F9 47 . 7 @ F ; H N J H / var(v) = 0

hi(v)D F9 47 . 7 @ F ; H N J H / var(v) = 1

0 1
x

➤

y@ J9 ./ 3/ 5 32 ; .0/ 9 9 F . 7 @ F ; H D / . ; 35 5 > [@ J@ 0

5 9 .

1

➤

y@ J9 . 7 3 F F9 ; H H 5 5 H [ . 3/ 9 2 m@ [ 3/ > z 8 . 7 5 3 F ; 1 F F 1 GIH / J5 . @ / 9 2 m@ 7 9 9 89 9 /

m9 7 5 9 9 m9 7 5 9 F 3 z5 . 7 @ F ; H 7 5 9 X
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�9 F . 5 9 9 / ; H H 5 5 H [ . F F 3 5 1> 8 3 F F .0/ 3/ [ 12 [ 37 5 > 7

<X y@ J9 . 7 3/ 7 @ F ; H / u

[9 uD /

3.n 5 32 ; .0/ 9 9 F . F9 47 3/ v

5 H F 3 3 5 @ 5 3 H 5 5 9 9 m9 9 5 . ; H 7 var(u) < var(v)X

|} ~#� �� � � �� � � � ���

➤

�@ . 7 5 35 9 9 / 5 32 ; ./ 9 9 F . 3/ J@ 4. @ 5 D

� 1 m. 5 35 1 1/ 5 32 ; .0/ 9 9 F . 7 @ F ; H / S � P J@ 4. @ 5 > z5 1 F H J H H / @ 5 5 9 ;9 5 5 9 [9

7 . . 2 2 35 1 1/ 4@ . 7 5 35 5 H . z ./ J@ 4. @ . z .0/ 5 H F F 3 35 J9 9 2 35 [ 1 F [ 3 F F 3 [ 1 1 m 1 1/ X

➤

�@ . 7 5 35 9 9 / 3.n 5 32 ; .0/ 9 9 F . 3/ J@ 4.@ 5 D

y@ 7 3.n 5 32 ; .0/ 9 9 F . 7 @ F ; H . F F 3 v [9 u 4 15 3 3 var(v) = var(u)N

hi(v) = hi(u)

[9 lo(v) = lo(u)N z 1 m. 5 35 1 1/ 5 @ ./ 3/ 7 @ F ; H . 7 5 9 [9

7 . . 2 2 35 1 1/ 7 . . z 3/ 5 H F 3 m9 5 J9 9 2 35 5 @ . 7 3 3/ 7 @ F ; H H / X

➤

�@ . 7 5 35 9 9 / 5 9 2 4 3 35 5 @ ;9 5 5 37 5 . 5 D

y@ 7 3.n 5 32 ; .0/ 9 9 F . 7 @ F ; H F F 3 v 4 15 3 3 hi(v) = lo(v)N z 1 m. 5 35 1 1/ v

[9

7 . . 2 2 35 1 1/ 7 . . z 3/ 5 H F 3 m9 5 J9 9 2 35 7 @ F ; H H / lo(v)X

p
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x1 x2 x3 f
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x2

0 0 0 1 0 0

x3x3x3x3

x2

x1

1 1

x3

x1

x2

0 1

� H / J5 . @ f

-B B � 3 8 H 7 @ . 5 H Z -B B
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➤

-B B D 5 m9 7 5 9 9 m9 5 > J7 ./ J 32 5 9 . 7 .9 �i i ^ i � a �� di 	 � \_ 
 k di

<= 2 9 / ? z .0/ : 42 @ :2 9 ; 7 C D

if x then ... /* x=1 -haara */

else ... /* x=0 -haara */

➤

x07 . ; 32 J. J7 . 3 8 3 F F .0/ 3/ 2 3 8 H 7 @ . 5 H Z -B B D

if x1 then

return x3

else if x2 then

return x3

else return 0

endif

x3

x1

x2

0 1
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➤

� Z -B B < ki �` d ki i 
d` _ ` ad ^ _ h �` 	d a � \]^ \_` a _ a ab -B B C 9 / 5 9 9

J9 / @ / . 7 3/ <> J7 . J 1 7 . 5 5 3. 7 3/ C 37 . 5 > 7 5 9 m9 / -@ @ F 3/ GH / J5 .@ F F 3X

➤

�9 . J J. 9 / / 35 5 H 9 -@ @ F 3/ GIH / J5 .@ 5 9 f 37 . 5 5 1 m 15 � Z -B B D 5 @ m9 5

d` 	 k 	^ �` di 7 3 H 2 9 9 m9 F F9 5 9 m9 F F9 X

� � �� �� } � �� � -B B D 5 B1

[9 B2

@ m9 5 . 7 @ ;@ 2 K 7 . 9 N [@ 7 7 @ / @ F 3 ;9 7 7 9

= . [ 3 J5 . . m./ 3/ GH / J5 .@ f :2 9 9 K/ B1

7 @ F ; H . F5 9 :2 9 9 K/ B2

7 @ F ; H . F F 3

7 . 5 3/ N 35 5 1 J9 . J. F F 3 :2 9 9 K/ B1

7 @ F ; H . F F 3 v 4 15 3 3D [@ 7 f (v) = v′ N [@ J@

<. C 7 3 J 1 v 35 5 1

v′ @ m9 5 5 32 ; .0/ 9 9 F . 7 @ F ; H [9 N [@ . F F9 @ / 7 9 ;9 9 2 m@ 5 9 .

<. . C 7 3 J 1 v 35 5 1

v′ @ m9 5 3.n 5 32 ; ./ 9 9 F . 7 @ F ; H [9 7 . 5 3/ N 35 5 1
var(v) = var(v′)N f (lo(v)) = lo(v′)

[9 f (hi(v)) = hi(v′)X
➤

-BBon . 7 @ ;@ 2 K9 @ / 7 H @ 2 9 m. . m9 .0/ 3/ 5 9 2 J. 7 5 9 9 X
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➤

� 	 	 jde _ e _ �� d � i 
_ e ` ` d�� F9 H 7 3. 8 3/ � Z -B B D 5 . 7 @ ;@ 2 K 7 35 X
➤

� 	 a _ � a �� � �` � F9 H 7 3 3/ � Z -B B 3. @ F 3 . 7 @ ;@ 2 K/ 3/ GH / J5 .@ / 0� Z -B B D / <5 32 ; .0/ 9 9 F . 7 @ F ; H 7 5 9 0

J@ @ 7 5 H m9 > J7 . 7 @ F ; H ./ 3/ -B B C

J9 / 7 7 9 X

➤

�] a _ � b b` � F9 H 7 3 3/ � Z -B B @ / . 7 @ ;@ 2 K/ 3/ GH / J5 .@ / 1

� Z -B B D /

<5 32 ; .0/ 9 9 F . 7 @ F ; H 7 5 9 1

J@ @ 7 5 H m9 > J7 . 7 @ ; H .0/ 3/ -B B C J9 / 7 7 9 X

➤

� 	 	 jde _ e ` _ �^ i i � � �` � {P} |= Q ⇐⇒
F9 H 7 3 3/ ¬P∨Q

� Z -B B @ /

. 7 @ ;@ 2 K/ 3/ GIH / J5 . @ / 1 :2 9 9 K/ J9 / 7 7 9 X

� � � � � � � � H . 7 5 9 / 35 7 3 H 2 9 9 m9 5 > z5 3> 8 35 D

{P} |= Q ⇐⇒ |= P→ Q ⇐⇒ |= ¬P∨QX
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�@ @ 5 9 9 / m9 . z 3. 5 5 9 .0/ @ 4 32 9 9 5 5 @ 2 3. F F9 9 F J9 3/

<9 C m9 J. @ GIH / J5 . @ . 8 3/ 0

[9 1 :2 9 9 G 3. 7 5 9 0

[9 1 7 3 J 1

<= C ; H H 5 5 H [ . 9 37 . 5 5 1 m. 7 5 1 :2 9 9 G 3. 7 5 9 D

0 1

x

➤

�> > 4. F F . 7 . 1 @ 4 32 9 9 5 5 @ 2 3. 5 9 D

� Apply(op , f ,g)D f opg

� Restrict( f ,xi,k)

D fxi←k(x1, . . . ,xn) = f (x1, . . . ,xi−1,k,xi+1, . . . ,xn)

� � � � }� � ���� f ∧q

[9 f ⊕gN ; . 7 7 1

⊕ @ / 4@ . 7 7 H F J 3 m9 8 . 7 [ H / J5 . @ X

� � � � }� � ���� (x∧ y)x←0 = 0N (x∧ y)x←1 = y

p
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➤

. Gn 5 z 3/ n 3 F 7 3D Ite( f ,g,h) = ( f ∧g)∨ (¬ f ∧h)

➤

�@ ; 4 F 3 ; 3/ 5 5 . D ¬ f = f ⊕1

➤

�@ ; 4@ 7 . 5 . @ D

fxi←g(x1, . . . ,xn) = f (x1, . . . ,xi−1,g(x1, . . . ,xn),xi+1, . . . ,xn)

fx←g = (¬g∧ fx←0)∨ (g∧ fx←1)

➤

� m9 / 5 . K@ .0/ 5 . D

∃x f = fx←0∨ fx←1

∀x f = fx←0∧ fx←1

p
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➤

Z 4 32 9 9 5 .@ 5 -@ @ F 3/ GIH / J5 . @ . F F 3 m@ . 89 9 / 5 @ 5 3 H 5 5 9 9 :2 9 9 K9 F :@ 2 . 5 ; 3. F F9

GH / J5 .@ . 8 3/ Z -B B n 37 . 5 > J7 . F F 3 7 . 5 3/ N 35 5 1 ; H H 5 5 H [ . 3/ [ 12 [ 37 5 > 7 7 1 . F> >

[9 5 H F@ J7 3/ 9 @ / 5 1> 7 ./ 2 3 8 H 7 @ . 5 H Z -B B 5 H F@ 7 GIH / J5 . @ F F 3X

➤

�. . 5 5 1 . 7 . 5 @ 5 3 H 5 5 9 9 Apply(·)

[9 Restrict(·) ; H 5 5 9 5 3 z@ J J H H 7 7 > . 7 5 1

5 @ 5 3 H 5 35 9 9 / 7 H @ 2 9 9 / H 7 3./ ;> 67 37 . ;X J@ ; 4@ 7 . 5 .@ [9 . Gn 5 z 3/ n 3 F 7 3X

➤ Restrict( f ,x,k)

M 9 7 J 35 9 9 / ; H H 5 5 9 ;9 F F9 GIH / J5 . @ / f

Z -BBon 37 . 5 > 7 5 1 7 . 5 3/ N 35 5 1

7 . . 2 2 35 1 1/ J H z H / J./ 7 @ F ; H H / vN [@ F F 3 var(v) = xN 5 H F 3 m9 5 J9 9 2 35

7 H @ 2 9 9 / 7 @ F ; H H / lo(v)N [@ 7 k = 0

[9 7 @ F ; H H / hi(v)N [@ 7 k = 1X

�9 ;9 F F9 2 3 8 H 7 @ . 89 9 / 5 H F@ 7 :2 9 9 K 7 H @ 2 9 9 / J 1> 5 5 1 3/ 9 / / 35 5 H [9

2 3 8 H 7 @ .0/ 5 . 7 1 1/ 5 6 [ 1X

p
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Apply(op , f ,g)D

➤

�@ 5 3 H 5 35 9 9 / 7 > m> > 7 7 H H / 5 9 . 7 37 5 . GIH / J5 . @ . 8 3/ f

[9 g :2 9 9 G 3. F F 3X
➤

� 32 H 7 5 H H @ 4 32 9 9 5 5 @ 2 .0/ op 7 3 H 2 9 9 m9 9 / @ ; .0/ 9 . 7 H H 5 3 3/

f opg = (¬x∧ ( fx←0 opgx←0))∨ (x∧ ( fx←1 opgx←1))

➤

[9 Z -B B n 37 . 5 > J7 3/ @ ; .0/ 9 . 7 H H 5 3 3/ D [@ 7 r f

@ / GH / J5 .@ / f

Z -B B D /

[ H H 2 . 7 @ F ; H [9 x≤ var(r f )N

fx←b =















r f , x < var(r f )

lo(r f ), x = var(r f )

9 / 8

b = 0

hi(r f ), x = var(r f )

9 / 8

b = 1

➤

� 3 8 H 7 @ . 5 H Z -B B m@ . 89 9 / F9 7 J 39 7 @ m 3 F F 35 5 9 37 7 9 @ 4 32 9 9 5 5 @ 2 . 9 op X

➤

Z 45 . ;@ . 89 9 / z H @ ; .@ . ;9 F F9 8@ ; .0/ @ . m9 5 9 2 m@ 5 X x 7 . ;X f ∧0 = 0 X
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➤

Z -BBon @ 4 32 9 9 5 .@ 5 m@ . 89 9 / 7 H @ 2 . 5 5 9 9 4@ F> / @ ; . 7 37 7 9 9 [9 7 7 9

9 2 : H ; 3/ 5 5 3.0/ 9 @ F 3 m. 3/ Z -B B D 8 3/ 7 @ F ; H [ 3/ ; 1 12 1/ 7 H z5 3 3/ X

Apply(op , f ,g) O(m f mg)

Restrict( f ,x,k) O(m f )�@ ; 4@ 7 . 5 .@ fx←g O(m2
f mg)� m9 / 5 . K@ ./ 5 . O(m2
f )

; . 7 7 1

m f

[9 mg

@ m9 5 GIH / J5 . @ . 8 3/ f

[9 g

Z -BBon 37 . 5 > J7 3/ 7 @ F ; H [ 3/

; 1 12 15 X

➤

�H F@ J7 3/ 9 7 > / 5 > m 1/ Z -B B D / J@ J@ @ / 4@ F> / @ ; ./ 3/ 9 2 : H ; 3/ 5 5 . 3/

J@ J@ [ 3/ 7 H z5 3 3/ X
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➤

� Z -B B D / J@ J@ [9 ; H @ 5 @ 2 . . 4 4 H m9 5 ; H H 5 5 H [ . 3/ [ 12 [ 37 5 > J7 37 5 1X

➤

Z/ @ F 3 ;9 7 7 9 GH / J5 .@ . 5 9 N [@ . F F9 � Z -B B D / J@ J@ m9 . z5 3 F 3 3

4@ F> / @ ; . 7 37 5 9 3 J7 4@ / 3/ 5 .9 9 F . 7 3 3/ < ; H H 5 5 H [ . 3/ ; 1 12 1/ 7 H z5 3 3/ C

2 . . 4 4 H 3/ ; H H 5 5 H [ . 3/ [ 12 [ 37 5 > J7 37 5 1X

� � � � }� � ���� �9 2 J9 7 5 3 F F9 9 / F9 H 7 35 5 9 (a1∧b1)∨·· ·∨ (an∧bn)X

PX y 12 [ 37 5 > J7 3 F F 1 a1 < b1 < a2 < · · ·< an < bn

7 9 9 89 9 / 2n

3.n 5 32 ; .0/ 9 9 F . 7 @ F ; H 9 X

�X y 12 [ 37 5 > J7 3 F F 1 a1 < · · ·< an < b1 < · · ·< bn

7 9 9 89 9 / 2(2n−1)

3.n 5 32 ; .0/ 9 9 F . 7 @ F ; H 9 X

p
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Z -B B D / J@ J@ 32 1 . F F 1 GIH / J5 . @ F H @ J. F F9 D

� H / J5 . @ �@ J@

49 2 9 7 z H @ / @ ./

�> ; ; 35 2 . 7 35 GIH / J5 .@ 5 F .0/ 39 9 2 .0/ 3/ / 3 F . 6 F F .0/ 3/

�@ J@ / 9 . 7 F H J H > z5 3 3/ F9 7 J H F .0/ 39 9 2 .0/ 3/ 3 J7 4@ / 3/ 5 . 9 9 F .0/ 3/

< ; . J 1 5 9 z9 / 7 9 = . 5 5 . C
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y@ H J@ / A

J@ @ 89 H 7 GIH / J5 .@ σ : A→ {0,1}n
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Z F J@ @ / A

[@ H J J@ N [@ F F9 @ / = .0/ 1 12 . J@ @ 89 H 7 GIH / J5 .@ σX

AD / 9 F . [@ H J J@ [9 m@ . 89 9 / 37 . 5 5 1 1 J9 2 9 J5 32 . 7 5 . 7 . F F 1 GIH / J5 . @ . F F9 Xy@ H J@ F F 3 S⊆ A

GIH / J5 . @ χS : {0,1}n→{0,1} ; . 7 7 1

χS(~x) =
∨

a∈S

∧

1≤i≤n

¬(xi⊕σi(a))
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� 1 .0/ [@ H J J@n @ 4 32 9 9 5 .@ F F 3 7 9 9 89 9 / 7 3 H 2 9 9 m9 5 37 . 5 > J7 35 D

χ/0 = 0

χS∪T = χS∨χT

χS∩T = χS∧χT

χS−T = χS∧¬χT

➤ S⊆ T

[@ 7 7 S−T = /0

[@ 7 7 χS∧¬χT = 0X
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➤
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5 . F9 7 5 9
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y@ 7 J H 7 m@ . 89 9 / 9 / 9 F> 7 @ . 89 [ 12 [ 37 5 3 F ; . 1 N [@ . 8 3/ 5 . F9 m9 2 H H 7 @ /
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1020 5 . F9 9 CX
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� 3 F9 9 5 .@ SD 7 . . 2 5 > ; 1 5 . F9 7 5 9

~o

5 . F9 9 / ~n

[@ F F9 J.0/ 7 > 65 5 3 3 F F 1X�9 2 9 J5 32 . 7 5 .0/ 3/ GH / J5 . @ D χS(~o,~n) = ∃~xδ(~x,~o,~n)

➤ R(~s)

< 7 9 9 m H 5 35 5 9 m9 5 . F9 5 5 . F9 7 5 9

~q

CED χR(~s) = χS∗(~q,~s)

; . 7 7 1

S∗ @ / 2 3 F9 9 5 . @ / S

5 2 9 / 7 . 5 . . m./ 3/ 7 H F J 3 H ;9 X

➤ χS∗

m@ . 89 9 / F9 7 J 39 . 5 32 9 5 . . m. 7 37 5 . J 1> 5 5 1 3/ . 8 3/ 5 . 5 3 35 5 . 2 3 F9 9 5 . @ 5 9 <

I

C

[9 2 3 F9 9 5 . @ . 8 3/ J@ ; 4@ 7 . 5 .@ 5 9 <

◦

CX
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� 3 F9 9 5 .@ . 8 3/ J@ ; 4@ 7 . 5 .@ D χR◦S = ∃z(χR(x,z)∧χS(z,y))
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�2 9 / 7 . 5 . . m.0/ 3/ 7 H F J 3 H ;9 7 9 9 89 9 / N J H / 7 9 2 [9

S0 = I

Si+1 = I∪ (S◦Si)

7 H 4 4 3/ 33ON 5 X 7 X F 6> 5 > > iN [@ F F 3 Si = Si−1X
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M 9 7 J 3/ 5 9 m@ . 89 9 / 5 @ 5 3 H 5 5 9 9 Z -BBon 5 3 J/ . . J9 F F9 J 1> 5 5 1 ; 1 F F 1

2 3 F9 9 5 .@ . F F 3 J9 2 9 J5 32 . 7 5 . 7 .9 GIH / J5 . @ . 5 9 X
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�@ 5 3 H 5 H J7 3/ J9 / / 9 F5 9 @ / J 37 J 3. 7 5 1 N 35 5 1 Z -BBon 5 3 J/ . . J J9 9 5 9 2 [@ 9 9

5 3 z@ J J9 9 / _ �� d � i 
_ e ` ` d a _` ade D 7 9 2 [9 7 H 4 4 3/ 3 3 N J H / χSi

[9 χSi−13 J m. m9 F 3/ 5 5 3 [9 X

➤

�5 32 9 9 5 . @ . 8 3/ ; 1 12 1 1 m@ . 89 9 / m 1 z 3/ 5 1 1 J 1> 5 5 1 ; 1 F F 1 7 9 2 [9 9

S(0) = I∪S

S(i+1) = S(i) ◦S(i)
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