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|ω|= |HB(S)|;
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�� �~ � � � � � � 8 E J8 5 5 7 8 A B4 5H 7 J 5 7E 1 E E 54 B 7 S 8 > C J1 2 J01 23 34 2> 4 >

H 2> 2H 2H 7 5 5 2 MS

s @ 24 > 2> H 7 5 5 2 u a B 8 J 7 8 > S9> J 7 2 J J 24 > H 7 5 5 24 > 54 2 J J 7E 1 ;

� � � � � � � �� � M4 5 5 0 8 1 8 234 3 3 2 2> a 4 3 3 0

S9 5 5 0 8 > 7 2> 7 J 2> C J1 2 H 2> 2H 2H 7 5 5 2<;

G 54 34 3 7 7> a 4 3 3 0

M1

B 7 M2

8 6 7 3 S9> H 2> 2H 2H 7 5 54 B 7 ;

=⇒ M1∩M2

8 > S9> H 7 5 5 2 ;

=⇒ M1∩M2 = M1

B 7 M1∩M2 = M2aJ8 1 J 7 M1

B 7 M2

8 6 7 3 H 2> 2H 2H 7 5 54 B 7

=⇒ M1 = M2;

�

/ 7 2 J 2 5 54 S9> H 7 5 54 2 5 54 M ⊆ HB(S) @ 0 34 4 MS ⊆Ma J8 1 J 7 MS8 1 8 234 3 3 2 2> 4 M4 5 5 0 C J1 2 J01 23 34 21 4 J1 2 ;

�

r0 3 4 > J 7 2 J J 24 > S9> H 7 5 5 24 > sB 8 2 A 2> H C ?1 MS

5E J4 E 3 E E u 54 2 J J 7E 1

⋂
{M ⊆ HB(S) |M |= S} 8 > 3 01 H 0 5 54 4 > MS; �
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�� �~ � � � � � G 5 J8 8 > S

B 8 E J J8 8 A B4 5H 7 J 5 7E 1 E E 54 B 7 ; r0 5 5 ? 2>

MS = {P ∈ HB(S) | S |= P};

� � � � � � � �� r 7L J 71 34 5 5 7 7> H 23 0 AC 6 0> 1 0 73 8 H 2 7 P ∈ HB(S); � C 3

S |= P ⇐⇒ M |= P

J 7 2 J 2 5 54 S9> H 7 5 54 2 5 54 M ⊆ HB(S)

⇐⇒ P ∈M

J 7 2 J 2 5 54 S9> H 7 5 54 2 5 54 M ⊆ HB(S)

⇐⇒ P ∈MSa

J8 1 J 7 MS =
⋂
{M ⊆ HB(S) |M |= S};
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&

$

%
�] � # ! #� #� + , , # ! {� !% " x `� # ! " #

|} }~ ��� �z� }�� G 5 J8 8 > S

sH 7 A M ; 0 0 L4 3 ?> u B 8 E J J8 8 A B4 5H 7 J 5 7E 1 E E 54 B 7 ;Q 0 0 L 234 5 5 0 0> 8 @ 4 L 7 7 3 3 8 L 2

TS : 2HB(S)→ 2HB(S)1 4 E L 7 76 71 3 29
TS(M) = {P | P← P1∧·· ·∧Pn ∈ S

B 7 {P1, . . . ,Pn} ⊆M}

�� �� � ~ � � �� G 5 J8 8 > S = {P← P,Q,R1← Q,R2← Q∧P};

� C 3

TS({P}) = {P,Q}

B 7 TS({P,Q}) = {P,Q,R1,R2};

➤ M 8 > JE 6 7E J1 4 > TS

hm m fn c �m ln �a B 8 1 1 TS(M) = M;

�� �z� � ~ � � �� M1 = {P,Q,R1,R2}

8 > JE 6 7E J1 4 > TS

J 2 2> 3 8 @ 21 34 9

TS(M1) = {P,Q,R1,R2}= M1

➤

/ 2 2> 3 8 @ 21 34 M 8 > @ 24 > 2> a B 8 1 H E 2 5 54 J 2 2> 3 8 @ 21 3 4 2 5 54 M′a M ⊆M′;�� �z� � ~ � � �� M2 = {Q,R1}
8 > JE 6 7E J1 4 > TS

@ 24 > 2> J 2 2> 3 8 @ 21 34 ;
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%

➤
G @ 4 L 7 73 3 8 L 2

TS

8 > H 8 > 8 3 8 > 2> 4 > 9

J 7 2 J 2 5 54 M ⊆M′ ⊆ HB(S) @ 0 3 4 4 TS(M)⊆ TS(M′);

➤

/> 71 34 L q r 7L1 J 2 q34 8 L4 4 H 79 B 8 J 7 21 4 5 5 7 H 8 > 8 3 8 > 21 4 5 5 7 8 @ 4 L 7 7 3 3 8 L 2 5 5 7

8 > C J1 2 J01 23 34 2> 4 > @ 24 > 2> s1 E E L 2> u J 2 2> 3 8 @ 21 3 4 ;

�� �~ � � � � � G @ 4 L 7 7 3 3 8 L 2 5 5 7 TS

8 > @ 24 > 2> J 2 2> 3 8 @ 21 3 4

lfp(TS) =
⋂
{M ⊆ HB(S) | TS(M)⊆M};

�} �� � � �3 8 H 2 5 7E 1 4 2 M4 > B 8 E J J8 M ⊆HB(S) 8 > 8 AB4 5IH 7 J 5 7E 1 E E 5 2B 8 E J8 > SH 7 5 5 2a B 8 1 1 TS(M)⊆M;

� � � � � � � �� M 6|= S

⇐⇒ ∃A← B1∧·· ·∧Bn ∈ S1 ;4 ; {B1, . . . ,Bn} ⊆Ma H E 3 3 7 A 6∈M

⇐⇒ ∃A ∈ TS(M)1 ;4 ; A 6∈M ⇐⇒ TS(M) 6⊆M; �

�� �~ � � � � � � 24 > 2> H 7 5 5 2 MS = lfp(TS);
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|} }~ ��� �z� }��

TS ↑ 0 = /0
TS ↑ α+1 = TS(TS ↑ α)

TS ↑ ω =
⋃
{TS ↑ α | α < ω}

�� �~ � � � � � � 24 > 2> J 2 2> 3 8 @ 21 3 4 lfp(TS) = TS ↑ ω;

�� �� � ~ � � �� � 8 E J8 5 54 S = {P← P, Q, R1← Q, R2← Q∧P}9

TS ↑ 0 = /0a

TS ↑ 1 = TS(TS ↑ 0) = TS( /0) = {Q}a

TS ↑ 2 = TS(TS ↑ 1) = TS({Q}) = {Q,R1}a

TS ↑ 3 = TS(TS ↑ 2) = TS({Q,R1}) = {Q,R1}a;�;�;

TS ↑ ω =
⋃
{TS ↑ α | α < ω}= {Q,R1};
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&

$

%

�� ) ��$ " "+ � ` `% � )* $ ,�� + { ,+ `% ` ` ,�$ # ,,�$

|} }~ ��� �z� }�� �3 8 H 2 5 7E 1 4 4 > P 8 > B 8 A 3 8 8 AB4 5IH 7 J 5 7E 1 E E 54 21 3 7 S 8 >

0 0 L4 5 5 2> 4 > B 8 > 8 73 8 H 2 5 7E 1 4 23 7 P0, . . . ,Pn

1 234 > a 4 3 3 0

P = Pn

B 7

s 2 u

P0 ∈ S

B 7

s 2 2 u B 8 J 7 21 4 5 54 i > 0 8 > 8 54 H 71 1 7 Pi← Q1∧·· ·∧Qn ∈ S1 234 > a

4 3 3 0

{Q1, . . . ,Qn} ⊆ {P1, . . . ,Pi−1};

� 8 1 5 7E 1 4 4 5 54 P 8 > 8 54 H 71 1 7 B 8 A3 8 B 8 E J8 1 3 7 Sa H 4 L J 23 0 0> 3 0 3 0

S ` P;

�� �~ � � � � � s 2 u

S |= P ⇐⇒ S ` P

B 7

s 2 2 u

MS = {P | P 8 > 7 3 8 H 2 5 7E 1 4 B 7 S ` P};

�� �� � ~ � � �� S = {P← P, Q, R1← Q, R2← Q∧R1, R2← P};

� 8 > 8 Q,R1,R2

8 > 5 7E 1 4 4 > R2

B 8 A3 8 B 8 E J8 1 3 7 S

s

S ` R2

u ;

� 8 > 8 Q,P,R2

4 2 8 54 5 7E 1 4 4 > R2

B 8 A3 8 B 8 E J8 1 3 7 S;
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�] �� � # # { {+ � )* $ ,�� + " *�+ ��$ � ` { " # #� #% $ " " #$ "� {+ ! !+ "
➤

S8T 2 2 J J 7 8 A B4 5H 73 s 2 5H 7> 4 2 q 5 8 8T 21 2 7 8 @ 4 L 7 7 3 28 23 79 �E 3 a > 8 3 a 71 1 4 L 3 a

L4 3 L 7 �3 u B 7 M4 MDE J3 2 26 21 4 3 3 24 3 8 J 7> > 7 3 6 8 2 M 7 7> 3 E 5 J 23 7

8 A B4 5H 7 J 5 7E 1 E E 5 24 > B 8 E J8 2 J1 2

Sa B 8 21 1 7 5 23 4 L 7 7 5 23 1 21 0 5 3 06 0 3 H E E 3 3 E B 2 7

1 4 J0 6 7 J 28 q B 7 oE > J3 28 1 C H � 8 54 B 7 ;

➤

= 0 0> > ?3 8 6 7 3 1 2 21 H E 8 3 8 7

P(~t)← P1(~t1)∧·· ·∧Pn(~tn)

H 21 1 0

~ta ~t1a . . .a ~tn

8 6 7 3 @ L4 M 2 J 7 7 3 3 24 > Pa P1a . . .a Pn

7LT E H 4 > 3 34 2> 7

8 54 6 2 7 34 L H 2 5 21 3 8 B 7 ;

➤

Q 2 J0 8 > 3 0 5 5 7 21 4 > 8 AB4 5IH 7 J 5 7E 1 E E 5 2B 8 E J8 > S1 4 H 7> 3 2 2 J J 79

H 2 55 8 2> 7> > 4 3 3 E E > JC 1 4 5C C > Q(~t) @ 23 0 0 7> 3 7 7 H C ?> 34 2> 4 > 6 71 3 7E 1 �
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➤
� 8 J 7 21 4 4 > 8 AB4 5H 7 J 5 7E 1 E E 5 24 > B 8 E J J8 8 > S

5 2 23 3 C C

p4 L �L 7> M qE > 26 4 L1 E H 2

HU(S)4 5 2

S9> 6 7 J 28 q B 7 oE > J3 28 1 C H �8 54 21 3 7

H E 8 M 8 1 34 3 3 76 21 1 7 8 54 6 24 > H E E 3 3 E B 7 3 3 8 H 24 > 34 L H 24 > B 8 E J J8 ;

➤

Q 2 J0 3 7 A 7> 1 7 S9> H E E 3 3 E B 2 71 21 0 53 06 0 8 AB4 5IH 7 J 5 7E 1 E E 5 2

P(~t)← P1(~t1)∧·· ·∧Pn(~tn)

6 8 2 M 7 7> m f ln j fn m c m �j J8 L6 7 7H 7 5 5 7

H E E 3 3 E B 73 HU(S)9 H E E 3 3 E B 7 3 3 8 H 24 > 34 L H 24 > 4 L 2 J8 H � 2> 7 7 3 28 2 5 5 7 ;

➤

Q E E 3 3 E B 2 71 21 0 53 06 0 8 AB4 5IH 7 J 5 7E 1 E E 5 24 > B 8 E J J8 S4 MDE 1 3 7 7

b �e �e j f �g m f ln j f l lm � f lj B 8 E J J8 7 SHa B 8 J 76 8 2 M 7 7> 3 E 5 J 23 7

@ L 8 @ 8 1 23 28 > 7 7 5 21 4 J1 2 8 AB4 5IH 7 J 5 7E 1 E E 5 24 > B 8 E J8 J1 2<;

➤

� 8 E J8 5 5 7 SH

8 > C J1 2 J01 23 34 2> 4 > @ 24 > 2> p4 L �L 7> M H 7 5 5 2 MSH

;

➤

r01 3 0 1 7 7 M 7 7> JL 234 4 L 2 JC 1 4 5DC B4 > 8 2 J4 4 5 5 21 E E M4 5 54 9 8 5 J8 8 > x1, . . . ,xnJC 1 4 5DC 1 1 0

Q(~t)4 1 2 2> 3 C 6 0 3 H E E 3 3 E B 73 ;

� C 3

S |= ∃x1 · · ·∃xnQ(~t) ⇐⇒ 8 > 8 54 H 71 1 76 71 3 7E 1 1 E �1 3 23 E E 3 28 θs J8 L6 7 7 xi

9 3 HU(S)9> 3 4 L H 4 2 5 5 0 u1 ;4 ; Q(~t)θ ∈MSH

;
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�� �� � ~ � � �� �4 MDE J3 2 26 2> 4 > 3 24 3 8 J 7> 3 7 S9

p(a,c). p(b,c). q(X) :- p(X,Y).

➤

p4 L �L 7> M qE > 6 4 L1 E H 2

HU(S) = {a,b,c};

➤

p4 L �L 7> M q 2> 1 3 7> 1 1 24 > B 8 E J J8 SH

9

p(a,c). p(b,c).

q(a) :- p(a,a). q(a) :- p(a,b). q(a) :- p(a,c).

q(b) :- p(b,a). q(b) :- p(b,b). q(b) :- p(b,c).

q(c) :- p(c,a). q(c) :- p(c,b). q(c) :- p(c,c).

➤

� 24 > 2> p4 L �L 7> M qH 7 5 5 2 MSH

� {p(a,c), p(b,c), q(a), q(b)};

➤ MSH

7> 3 7 7 JC 1 4 5C 2 5 54 8 M 8 34 3 E 3 6 71 3 7E J1 4 3 9

?- p(a,c). kyllä ?- p(a,d). ei

?- q(a). kyllä ?- q(c). ei
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�� �� � ~ � � �� G 5 J8 8 > 3 24 3 8 J 7> 3 7 S1 4 E L 7 76 79

vanhempi(kaija,jussi). vanhempi(tauno,jussi).

vanhempi(kaija,teija). vanhempi(saija,kaija).

vanhempi(raija,saija).

sisarus(X,Y) :- vanhempi(Z,X), vanhempi(Z,Y).

esivanhempi(X,Y) :- vanhempi(X,Y).

esivanhempi(X,Y) :- vanhempi(X,Z), esivanhempi(Z,Y).

➤

� 24 > 2> p4 L �L 7> M qH 7 5 5 2 MSH

7> 3 7 7 8 M 8 34 3 E 3 6 71 3 7E J1 4 3 9

?- vanhempi(kaija,jussi). kyllä ?- vanhempi(raija,jussi). ei

?- sisarus(teija,jussi). kyllä ?- sisarus(teija,jukka). ei

?- esivanhempi(raija,jussi). kyllä ?- esivanhempi(raija,jari). ei
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%
�] _ & & ! " ' { #$ ,�$ ! # ,�� + #% `� � #� + % "+

= 0 0> > ? 2 5 5 0 @ C 1 3 C 3 0 0> 2 5IH 7 21 4 H 7 7> J4 1 J4 21 4 3 L4 5 7 7 3 28 7 5T 4 �L 7> 8 @ 4 L 7 7 3 28 3 9

:<; �> 28 > 29 P(x1, . . . ,xn)← Q1(x1, . . . ,xn)

P(x1, . . . ,xn)← Q2(x1, . . . ,xn)

F; S4 2 J J 7E 1 9 P(x1, . . . ,xn)← Q1(x1, . . . ,xn)∧Q2(x1, . . . ,xn)

K; �ZL 8 B4 J3 28 9 Vanhempi(x)← Vanhempi(x,y)

O; � 7 5 2> 3 79 Miljonaari(x)← Tulot(x,y)∧ (y > 1000000)

P; /8 H @ 8 1 23 28 9 Tenttitulos(x,y)← Opiskelija(x, i)∧Arvosana(i,y)
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➤

�4 L L 73 3 E > 7 L4 5 7 73 28 7 5T 4 �L 7 7> s =� S u�9 J8 H @ 54 H 4 > 3 3 2 @ E E 3 3 E E ;

➤

r8 21 7 7 5 3 71 0 0> > ?3 8 6 7 3 2 5IH 7 21 E 6 8 2H 7 21 4 H @ 2 7 JE 2> L4 5 7 7 3 28 7 5T 4 �L 7

s =� S u�9 L4 5 7 7 3 28 2 M4 > H 0 0 L 23 4 5IH 0 3 6 8 26 73 8 5 5 7 L4 JE L1 2 26 21 2 7 ;

�� �z� � ~ � � �� rL 7> 1 23 2 26 2> 4 > 1 E 5 J4 E H 79

Yhteys(x,y)← Lento(x,y)

Yhteys(x,y)← Lento(x,z)∧Yhteys(z,y)

➤

rC C @ 2 5 5 21 4 1 3 2 5 21 0 3 0 0> J8 H @ 54 H 4 > 3 3 2 B 8 1 1 7 2> H E 8 M 8 1 1 7 ;

�� �z� � ~ � � �� � M A 8 � qL 7 3 J 7 21 E 3 B 8 A 3 76 7 3 8 > T 4 5IH 2 2> 9

Oluenjuoja(x)← DI(x)∧not Absolutisti(x)a

Absolutisti(x)← Ekonomi(x)∧not Oluenjuoja(x)a

DI(Liisa)a Ekonomi(Liisa)
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➤

�H H 0 L L 0 3 1 C 6 0 5 5 21 4 1 3 2 H 2> 2H 2H 7 5 5 2> H 0 0 L 234 5IH 0> 1 4 J0 JC 3 J4 > > 0 3
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