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 � �


 � � � � 
 	 3 2 = 3 1 8 < 7 = 5 4 1 : : 6 6 : D > 2 z a G = 7 9 6 3 4 1 4 5 7 2 8 3 6 7 2 5 5 4 5 > 9 D > 2 1 0 0 9 4 6 6 7 < 7 1 0

R : 2 = 6 4 3 �

a(z)
.
= a0 + a1z + a2z

2 + . . . =
∑

k≥0

akz
k.

S 7 9 = 4 2 6 0 0 = 0 ; 6 7 6 0 0 2 P N > 4 = = > 5 > 9 D > 7 4 5 : 8 8 7 2 4 5 4 = > > 2 1 : : > < < > = : 4 2 3 9 4 Q 3 5 5 > J 6 5 4 G

> > 2 8 > < > 6 > > 2 6 : 3 2 2 7 1 8 > 2 > J

V 5 4 1 7 9 = = 7 D 0 �

( 4 ) � 3 2 3 2 〈1, 1, 1, . . .〉 Q 7 2 7 9 3 4 N > R : 2 = 6 4 3 3 2

a(z) =
∑

k≥0

1 · zk =
∑

k≥0

zk =
1

1 − z

( 6 0 1 0 5 : 8 8 7 2 7 7 = : 2 |z| < 1

) J

( 4 4 ) � 3 2 3 2 〈1, 2, 4, 8, . . .〉 Q 7 2 7 9 3 4 N > R : 2 = 6 4 3 3 2

a(z) =
∑

k≥0

2kzk =
∑

k≥0

(2z)k =
1

1 − 2z

( 6 0 1 0 5 : 8 8 7 2 7 7 = : 2 |z| < 1
2

) J

( 4 4 4 ) � 3 2 3 2 〈
(

n
0

)
,
(

n
1

)
, . . . ,

(
n
n

)
〉 Q 7 2 7 9 3 4 N > R : 2 = 6 4 3 3 2

a(z) =
n∑

k=0

(
n

k

)

zk = (1 + z)n.
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� � � � � � � � � 1 4 7 < 4 N > < 6 > 4 5 6 7 2 ( 5 : 8 8 7 2 7 1 4 5 7 2 C : 3 1 4 3 3 2 3 6 6 > 7 2 9 4 4 6 6 0 N 0 2 C 4 6 > > 5 6 4

= > 5 N > N 4 7 2 ) < : = : D 3 2 3 D 7 2 D > 3 9 4 Q 3 5 5 > > 2 > < ; ; 6 6 4 5 6 7 2 R : 2 = 6 4 3 4 ? 7 2 N 0 < 4 < < 7 �

� � � � � � � � �
( / > ; < 3 9 7 6 > < J ) ] < = 3 3 2 a(z)

D 3 = 4 2 3 9 4 Q 3 5 5 > > 2 > < ; ; 6 6 4 2 7 2 R : 2 = 6 4 3 P D >

5 7 2 8 3 6 7 2 5 5 4 5 > 9 D > 7 5 4 6 ; 5 a(z) =
∑

k≥0 akz
k

( 5 : 8 8 7 2 7 7 = : 2 0 < |z| < r, r > 0

) J

/ 0 < < O 4 2 5 > 9 D > 2 = 7 9 6 3 4 1 7 6 3 2 � � � 
 � � � 
 � � � 
 � � � � 
 � � � � � � � � � 2 7 5 > > ? > > 2 7 5 4 1 7 9 = 4 = 5 4

= > > N > 5 6 > ak = 1
k!

a(k)(0) J
( S 7 9 = 4 2 6 0 � a(k) � R : 2 = 6 4 3 2 a k � 5 ? 7 9 4 N > > 6 6 > J
)

2

/ 7 9 1 4 2 zk = 7 9 6 3 4 1 7 < < 7 R : 2 = 6 4 3 2 a(z) 8 3 6 7 2 5 5 4 5 > 9 D > 5 5 > = 0 ; 6 7 6 0 0 2 1 ; O 5 1 7 9 = 4 2 6 0 0

[zk]a(z) = ak P
D > 6 0 5 6 0 ; < 7 4 5 6 0 7 2 N 4 7 < 0 F 6 7 9 1 4 2 βkz

k M = 7 9 6 3 4 1 7 < < 7 1 7 9 = 4 2 6 0 0

[βkz
k]a(z) = β−1

k ak P 1
4 5 5 0 βk

3 2 1 4 7 < 4 N > < 6 > 4 2 7 2 z � 5 6 > 9 4 4 8 8 : 1 > 6 3 2 6 7 = 4 D 0 J
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





f0 = 0,

f1 = 1,

fk = fk−1 + fk−2, k ≥ 2

S : 3 ? 3 5 6 7 6 > > 2 D 3 2 3 2 〈f0, f1, f2, . . .〉 Q 7 2 7 9 3
4 N > R : 2 = 6 4 3 �

f(z) =
∑

k≥0

fkz
k

= 0 + 1 · z +
∑

k≥2

fkz
k

= 0 + z +
∑

k≥2

(fk−1 + fk−2)z
k

= z +
∑

k≥2

fk−1z
k +

∑

k≥2

fk−2z
k

= z + z
∑

k≥0

fkz
k + z2

∑

k≥0

fkz
k

= z + zf(z) + z2f(z)

' > 6 = > 4 5 7 1 > < < > ; C 6 0 < O 5 > > ? > > 2 f(z) = z
1−z−z2 = z

(α−z)(α̂−z) = z
(1−ϕz)(1−ϕ̂z)D 3 4 < < > = 4 2 ϕ, ϕ̂ J

' > 6 = > 4 5 6 > > 2 ϕ, ϕ̂ �

{

ϕϕ̂ = −1

ϕ + ϕ̂ = 1,
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D 3 5 6 > 5 > > ? > > 2 ϕ − 1
ϕ

= 1 ⇒ ϕ2 − ϕ − 1 = 0 P D 3 5 6 > 7 ? 7 < < 7 7 2

{

ϕ = 1+
√

5
2

ϕ̂ = 1−
√

5
2

] 5 > 1 : 9 6 3 = 7 C 4 6 7 < 1 0 < > : 5 7 7 2 ( T > : 5 7 B J @ P 5 J � ) 1 : = > > 2 N 3 4 ? > > 2 1 0 0 9 0 6 0 N > = 4 3 6

A

D > B 5 4 6 7 2 P 7 6 6 0

f(z) =
z

(1 − ϕz)(1 − ϕ̂z)
≡ A

1 − ϕz
+

B

1 − ϕ̂z
.

' > 6 = > 4 5 6 > > 2 6 0 5 6 0 A D > B �

A = lim
z→ 1

ϕ

z

1 − ϕ̂z
=

1/ϕ

1 − ϕ̂/ϕ
=

1

ϕ − ϕ̂
=

1√
5

B = lim
z→ 1

ϕ̂

z

1 − ϕz
=

1/ϕ̂

1 − ϕ/ϕ̂
=

1

ϕ̂ − ϕ
= − 1√

5

 7 2 7 9 3 4 N > R : 2 = 6 4 3 N 3 4 ? > > 2 5 4 6 7 2 = 4 9 D 3 4 6 6 > > 1 : 3 ? 3 5 5 >

f(z) =
1√
5

(
1

1 − ϕz
− 1

1 − ϕ̂z

)

=
1√
5

(
∑

k≥0

ϕkzk −
∑

k≥0

ϕ̂kzk

)

=
∑

k≥0

1√
5
(ϕk − ϕ̂k)zk,

1 4 5 6 0 5 > > ? > > 2 T > : 5 7 7 2 B J B 1 : = > > 2 ; = 5 4 = 0 5 4 6 6 7 4 2 7 2 9 > 6 = > 4 5 :

fk =
1√
5

(
ϕk − ϕ̂k

)
, k ≥ 0.
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( ' > 6 4 3 2 > > < 4 R : 2 = 6 4 3 2 3 5 > 1 : 9 6 3 = 7 C 4 6 7 < 1 0 ) ] < = 3 3 2 R(z) = P (z)

Q(z)

1 4 5 5 0

P (z)

D > Q(z) 3 N > 6 z � 2 8 3 < ; 2 3 1 7 D > 5 4 6 7 2 P 7 6 6 0 deg P < deg Q J ] < = 3 3 2 7 ? 7 < < 7 7 2

Q(z) = (z − q1)
d1 · (z − q2)

d2 · . . . · (z − qm)dm

1 4 5 5 0 q1, . . . , qm ∈ � 3 N > 6 8 3 < ; 2 3 1 4 2 Q(z) 7 9 4 D : : 9 7 6 J / 0 < < O 4 2 3 2 3 < 7 1 > 5 5 >

; = 5 4 = 0 5 4 6 6 7 4 5 7 6 N > = 4 3 6 ci ∈

� 5 4 6 7 2 P 7 6 6 0

R(z) =

m∑

i=1

(
di∑

j=1

cij

(z − qi)j

)

.
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( 4 ) 1
(1−2z)z2 = 4

1−2z + 2
z + 1

z2

( 4 4 ) 1
z(1+z2) = 1

z(z−i)(z+i) = 1
z − 1

2 · 1
z−i − 1

2 · 1
z+i = 1

z − z
z2+1
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6 4 2 > 7 4 3 < 7 1 > C ? 3 < < 4 5 6 > 9 > 6 = > 4 5 6 > > 2 2 7 6 : 2 Q 7 2 7 9 3 4 N > 2 R : 2 = 6 4 3 2 = 7 9 9 3 4 2 D 3 2 3 >

5 : < D 7 6 : 5 5 > 1 : 3 ? 3 5 5 > J / 0 < < O 4 2 N 3 4 ? > > 2 = 0 ; 6 6 0 0 = 3 1 8 < 7 = 5 4 > 2 > < ; ; 5 4 2 6 7 = 2 4 4 = 3 4 6 >

= 7 9 9 3 4 2 D 3 2 3 2 > 5 ; 1 8 6 3 3 6 6 4 5 7 2 = 0 ; 6 6 0 ; 6 ; 1 4 5 7 2 > 9 N 4 3 4 2 6 4 4 2 J
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] < = 3 3 2 a(z) =
∑

k≥0

akz
k 3 9 4 Q 3 5 5 > > 2 > < ; ; 6 6 4 2 7 2 R : 2 = 6 4 3 J / 0 < < O 4 2 a � 2 1 0 0 9 4 6 6 0 G

1 0 < < 0 8 3 6 7 2 5 5 4 5 > 9 D > < < >∑

k≥0

akz
k 3 2 2 3 < < > 5 6 > 8 3 4 = = 7 > N > � � ) ) � � � � 
 � � � � � �

r = sup{ρ :
∑

k≥0

akz
k 5 : 8 8 7 2 7 7 ∀z ∈ � 5 J 7 J |z| < ρ}

= inf{|z| :
∑

k≥0

akz
k C > D > > 2 6 : : 8 4 5 6 7 7 5 5 0 z ∈ �}

1 6 5 7 > 5 4 > 5 5 > 5 : 8 8 7 2 7 1 4 5 5 0 ? 7 5 > > ? > > 2 5 : 3 9 > > 2 5 > 9 D > 2 = 7 9 6 3 4 1 4 5 6 > � r = 1
λ

D 3 5 5 >

λ = lim
k→∞

sup |ak|1/k J / 0 1 0 2 0 C ? 0 0 2 N 7 9 6 > > 1 > < < > 5 > 9 D > >

∑

k≥0

akz
k Q 7 3 1 7 6 9 4 5 7 7 2

5 > 9 D > > 2∑

k≥0

λkzk J

� � � � � � � � �
] < = 3 3 2 5 > 9 D > 2∑

k≥0

akz
k 5 : 8 8 7 2 7 1 4 5 5 0 ? 7 r > 0 J / 0 < < O 4 2 3 2 = > 4 = 4 < < >

ε > 0 N 3 4 1 > 5 5 > �

( 4 ) |ak| ≤
(

1 + ε

r

)k 1 7 < = 7 4 2 = > 4 = 4 < < > k

( 5 3 J = > 4 = 4 < < > 8 > 4 6 5 4 0 0 9 7 < < 4 5 7 2 1 3 2 7 < < > )

( 4 4 ) |ak| ≥
(

1 − ε

r

)k

1 7 < = 7 4 2 = > 4 = 4 < < > k J
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1/ϕ̂ +1

1/ϕ
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 7 2 7 9 3 4 N > R : 2 = 6 4 3 6 0 5 5 0 6 > 8 > : = 5 7 5 5 > 3 2 �

f(z) =
∑

k≥0

fkz
k =

z

1 − z − z2
=

z

(1 − ϕz)(1 − ϕ̂z)
,

1 4 5 5 0 ϕ = (1 +
√

5)/2 P ϕ̂ = 1
2
(1 −

√
5) J f(z) � 2 > 4 2 3 > 6 F 7 9 4 = 3 4 5 8 4 5 6 7 7 6 M 3 N > 6 z =

1
ϕ
≈ 0.618

D > z = 1
ϕ̂
≈ −1.618 J � ; 6 5 4 4 5 Q 7 2 7 9 3 4 N > 2 R : 2 = 6 4 3 2 5 : 8 8 7 2 7 1 4 5 5 0 ? 7

3 2 r = 1/ϕ J T > : 5 7 7 2 B J � 2 3 D > < < > |fk| ≤ ((1 + ε)ϕ)k 1 7 < = 7 4 2 = > 4 = 4 < < > k D > 1 ; O 5

|fk| ≥ ((1 − ε) ϕ)k 2 4 4 2 4 = 0 0 2 1 7 < = 7 4 2 = > 4 = 4 < < > k J
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� � � � � � � � � � �  � � $ & � $ % # $ % � � $ � � � & � ' � � (

] < = 3 3 2 R(z) =
P (z)

Q(z)

P deg P < deg Q P 9 > 6 4 3 2 > > < 4 R : 2 = 6 4 3 D > 7 ? 7 < < 7 7 2

Q(z) = (z − q1)
d1 · (z − q2)

d2 · . . . · (z − qm)dm ,

D 3 5 5 > qi

� 6 3 N > 6 7 9 4 5 : : 9 : 4 5 4 > J / 0 < < O 4 2 = : = 4 2 qi

3 2 R � 2 � � � � � % � � � � di

3 < 7 N > � � ) � J

� � � � � � � ! �
] < = 3 3 2 D 3 2 3 2 〈a0, a1, a2, . . .〉 Q 7 2 7 9 3
4 N > R : 2 = 6 4 3 a(z) 9 > 6 4 3 2 > > < 4 R : 2 = G

6 4 3 P D 3 2 = > 2 > N > 6 3 N > 6 q1, . . . , qm

D > 2 0 4 ? 7 2 = 7 9 6 > < : N : 6 d1, . . . , dm J
/ 0 < < O 4 2 3 2

ak =

m∑

i=1

Ai(k) ·
(

1

qi

)k

,

1 4 5 5 0 = : = 4 2 Ai(k) 3 2 > 5 6 7 6 6 > di−1 3 < 7 N > 8 3 < ; 2 3 1 4 J
( V 9 4 6 ; 4 5 7 5 6 4 5 4 4 5 7 2 5 4 1 1 0 4 5 7 2

= 7 9 6 > < : N : 2 7 < 4 � � � 
 � � � � � � 
 � � � 2 > N > 2 6 > 8 > : = 5 7 5 5 > Ai = N > = 4 3 J
)
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/ 0 5 5 0 6 > 8 > : = 5 7 5 5 >

f(z) =
z

(1 − ϕz)(1 − ϕ̂z)
=

z

(z − 1
ϕ
)(z − 1

ϕ̂
)
.

( � : 3 1 > > P 7 6 6 0 ϕϕ̂ = 1 J
) T > : 5 7 7 5 6 > B J K 5 7 : 9 > > 2 ; 6 fk = a1ϕ

k + a2ϕ̂
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︸ ︷︷ ︸

n

� � �

=
∑

k≥0

(
n + k − 1

k

)

Xk =
∑

k≥0

(
n − 1 + k

n − 1

)

Xk.

X > > 6 4 4 2 5 4 4 5 � 7 � 6 3 2 4 2 E 4 2 3 1 4 = > > N > 2 R 3 9 1 > > < 4 N > 5 6 4 2 7 J

X > 1 > > 2 6 > 8 > > 2 = : 4 2 7 ? 7 < < 4 5 7 5 5 0 7 5 4 1 7 9 = 4 5 5 0 N 3 4 ? > > 2 6 3 ? 4 5 6 > > = > 4 = = 4 7 2 6 > N > 2 G

3 1 > 4 5 6 7 2 8 3 6 7 2 5 5 4 5 > 9 D 3 D 7 2 > < Q 7 E 9 > < < 4 5 6 7 2 1 > 2 4 8 : < > > 6 4 3 4 ? 7 2 R 3 9 1 > > < 4 6 N > 5 6 4 2 7 7 6 �

\ 3 6 7 2 5 5 4 5 > 9 D 3 D 7 2 F, G ∈ � �

X

� P G = 0 0 2 6 ; N 0 P 	 � � � � � � � 1 0 0 9 4 6 7 < < 0 0 2 5 7 : 9 > N > > 5 6 4 �

F
G

= FG−1 J \ 3 6 7 2 5 5 4 5 > 9 D > 2 F =
∑

k≥0 akX
k

R 3 9 1 > > < 4 � � � 
 � � � � � � D > 
 � � � � � � � % 


1 0 0 9 4 6 7 < < 0 0 2 8 : 3 < 7 5 6 > > 2 5 7 : 9 > > N > 5 6 4 �

F ′ = D F ,
∑

k≥0

(k + 1)ak+1X
k

∫
F ,

∑

k≥1

ak−1

k
Xk
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 � � � � � � � 	 � � 
 � � � � � � � 
 � � � � 
 
 � � � � 


� 3 2 3 / > N > < < 4 2 7 2 Q J R J V = 5 8 3 2 7 2 6 4 > > < 4 2 7 2 Q J R J

B J cn = an ± bn c(z) = a(z) ± b(z) ĉ(z) = â(z) ± b̂(z)

@ J cn =

n∑

k=0

akbn−k c(z) = a(z)b(z)

� J cn =
n∑

k=0

(
n

k

)

akbn−k ĉ(z) = â(z)b̂(z)

K J cn = an−1 (c0 = 0) c(z) = za(z) ĉ(z) =

∫

â(z) dz

^ J cn = an+1 c(z) =
a(z) − a(0)

z
ĉ(z) = D â(z)

0 J cn = nan c(z) = z D a(z) ĉ(z) = z D â(z)

H J cn =
an

n
c(z) =

∫
a(z) − a(0)

z
dz ĉ(z) =

∫
â(z) − â(0)

z
dz

� � � � � � � � � � � � # � 	 � � � � 	 � � � � 
 �

S 0 0 9 4 6 6 7 < ; 9 7 = : 9 5 4 3 ; C 6 0 < O 2 0 � fn+2 − fn+1 − fn = 0 P f0 = 0 P f1 = 1 J

� ' > 6 = > 4 5 : 6 > N > < < 4 5 7 < < > Q 7 2 7 9 3 4 N > < < > R : 2 = 6 4 3 < < > �

fn ↔ � � � f(z)

fn+1 ↔ � � � f(z)

z

fn+2 ↔ � � � f(z) − z

z2

∴
f(z) − z

z2
− f

z
− f = 0

z 6=0⇐⇒ f − z − fz − fz2 = 0

⇐⇒ f(1 − z − z2) = z

⇐⇒ f =
z

1 − z − z2

=
z

(1 − ϕz)(1 − ϕ̂z)
,

JJJ



T � [ � � J / 6 � 6 T T 1 X V / � 6 V [ X \ ] � V � / 1 6 6 T 1 X V /  V � V ' ] 1 � 6 /

� � � [ / 1 ] / B̂

⇐⇒ f(z) =
∑

n≥0

1√
5
(ϕn − ϕ̂n)

︸ ︷︷ ︸

fn

zn,

D 3 5 5 > ϕ = 1+
√

5
2

ϕ̂ = 1−
√

5
2

� ' > 6 = > 4 5 : 7 = 5 8 3 2 7 2 6 4 > > < 4 5 7 < < > Q 7 2 7 9 3 4 N > < < > R : 2 = 6 4 3 < < > �

fn ↔ � � � f̂(z)

fn+1 ↔ � � � f̂ ′(z)

fn+2 ↔ � � � f̂ ′′(z)

∴ f̂ ′′ − f̂ ′ − f̂ = 0 ⇐⇒ f̂ = c1e
ϕz + c2e

ϕ̂z

f̂(0) = f0 = 0 =⇒ c1 + c2 = 0

f̂ ′(0) = f1 = 1 =⇒ c1ϕ + c2ϕ̂ = 1

⇐⇒
{

c1 = 1√
5

c2 = − 1√
5

∴ f̂(z) = 1√
5

(
eϕz − eϕ̂z

)

=⇒ fn =
[

zn

n!

]
f̂(z)

= 1√
5
(ϕn − ϕ̂n).

� � � � � � � � � � � � � / 	 � � � � � � � � 
 �

S 0 0 9 4 6 7 6 6 0 N 0 5 : 1 1 > 2∑

n≥0

(n2 + 4n + 5)/n! > 9 N 3 J ' > 6 = > 4 5 6 > > 2 < > 5 = 7 1 > < < > N > 5 G

6 > > N > 2 5 : 8 8 7 2 7 N > 2 8 3 6 7 2 5 5 4 5 > 9 D > 2 f(z) =
∑

n≥0

(n2 + 4n + 5)
zn

n!

> 9 N 3 f(1) �

f(z) = {(z D)2 + 4z D +5}ez

= z D(zez) + 4zez + 5ez

= z2ez + zez + 4zez + 5ez

= (z2 + 5z + 5)ez

/ 0 5 6 0 5 > > ? > > 2 5 4 4 5 6 : < 3 5 f(1) = 11e J

� � � � � � � � � � 7 � � � � 
 � � � � 
 �

\ 7 9 1 : 6 > > 6 4 3 π : [n] → [n] 3 2 � � � 	 
 � � �
( 7 2 Q < J ? 7 9 > 2 Q 7 1 7 2 6 ) P D 3 5 π(i) 6= i

= > 4 = 4 < < >
i ∈ [n] J T > 5 = 7 6 6 > N > 2 > 5 7 = 3 4 6 : 5 6 7 2 1 0 0 9 0 dn J

� : 3 1 > 6 > > 2 P 7 6 6 0 � � 
 � � 
 8 7 9 1 : 6 > > 6 4 3 6 π : [n] → [n] N 3 4 ? > > 2 1 : 3 ? 3 5 6 > > N > < 4 6 G

5 7 1 > < < > 7 2 5 4 2 π � 2 = 4 4 2 6 3 8 4 5 6 7 7 6
( 3 < = 3 3 2 2 0 4 6 0 k = > 8 8 > < 7 6 6 >
) D > 5 4 6 6 7 2 1 : 4 ? 7 2

n − k > < = 4 3 2 3 4 = 7 > 5 7 = 3 4 6 : 5 J X 4 6 7 2 3 2

(?) n! =

n∑

k=0

(
n

k

)

dn−k =

n∑

k=0

(
n

k

)

· 1 · dn−k

T � [ � � J / 6 � 6 T T 1 X V / � 6 V [ X \ ] � V � / 1 6 6 T 1 X V /  V � V ' ] 1 � 6 /

� � � [ / 1 ] / B 0

S : 3 ? 3 5 6 7 6 > > 2 ; C 6 0 < O 2 (?) 1 3 < 7 1 1 4 < < 7 8 : 3 < 4 5 = 3 4 < < 7 7 = 5 8 3 2 7 2 6 4 > > < 4 2 7 2 Q 7 2 7 9 3 4 N >R : 2 = 6 4 3 J X > > ? > > 2 �

∑

n≥0

n!
zn

n!
=

∑

n≥0

( n∑

k=0

(
n

k

)

· 1 · dn−k

)zn

n!

⇒ 1

1 − z
= ez · d̂(z)

⇒ d̂(z) =
e−z

1 − z
=
(∑

k≥0

(−1)k

k!
zk
)(∑

m≥0

zm
)

=
∑

n≥0

( n∑

k=0

(−1)k

k!

)

zn

⇒ dn =
[

zn

n!

]

d̂(z) = n![zn]d̂(z)

= n!

(

1 − 1

1!
+

1

2!
− 1

3!
+ . . . +

(−1)n

n!
︸ ︷︷ ︸

n→∞−−−→e−1

)

≈ n!
e
.

/ 3 4 2 7 2 6 > 8 > 9 > 6 = > 4 5 6 > 5 > 1 > 6 7 C 6 0 N 0 � X 7 < N 0 5 6 4 = 4 2 3 2 d1 = 0

D > d2 = 1 J ] < = 3 3 2

2 ; 6 π : [n] → [n] 5 7 = 3 4 6 : 5 P n ≥ 3 J

( 4 ) � 3 5 π(n) = i P π(i) = n P 2 4 4 2 π 3 2 1 ; O 5 5 7 = 3 4 6 : 5 D 3 : = 3 5 5 > [n − 1] \ {i} J

( 4 4 ) � 3 5 6 > > 5 π(n) = i 6= π−1(n) = j P 2 4 4 2 F = 3 9 N > > 1 > < < > M n > < = 4 3 < < > j 5 > > ? > > 2

; = 5 4 = 0 5 4 6 6 7 4 2 7 2 5 7 = 3 4 6 : 5 D 3 : = 3 5 5 > [n − 1] J

X 4 6 7 2 8 0 6 7 7 dn = (n−1)(dn−2 +dn−1) ⇐⇒ dn+1 = n(dn +dn−1) J
S : 3 ? 3 5 6 7 6 > > 2

6 0 < < 7 7 Q R �

d̂′(z) = zd̂′(z) + zd̂(z)

=⇒ (1 − z)d̂′(z) = zd̂(z)

=⇒
∫

d̂′

d̂
dz =

∫
z

1 − z
dz

=⇒ ln d̂(z) =

∫
z

1 − z
dz

= −z − ln(1 − z) + C

=⇒ d̂(z) = eC e−z

1 − z

/ 0 5 5 0 d2 = d̂′′(0) = 1 =⇒ C = 0 J



, � 
 � �

� � � � � � � 
 � � � 	 � 
 
 � � 	 
 � � 
 
 � � 


[ 3 1 E 4 2 > 6 3 9 4 5 6 7 2 3 < 4 3 4 ? 7 2 9 > = 7 2 2 7 6 6 > N 3 4 ? > > 2 : 5 7 4 2 = 0 ; 6 6 0 0 C ; N 0 = 5 4 1 0 0 9 0 0 G

1 0 0 2 5 : 3 9 > > 2 2 4 4 ? 7 2 < : = : 1 0 0 9 4 0 < > 5 = 7 N > 6 Q 7 2 7 9 3 4 N > 6 R : 2 = 6 4 3 6 J ] < = 3 3 2 C =

(C, w)

D 3 = 4 2 = 3 1 E 4 2 > 6 3 9 4 5 6 7 2 3 < 4 3 4 ? 7 2 8 7 9 C 7 P 1 4 5 5 0 C 3 2 8 7 9 C 7 7 2 8 7 9 : 5 D 3 : = = 3

D > w : C → � 3 < 4 3 4 ? 7 2 ) � 
 � 	 � 6 J � 	 � 	 
 � � � � 
 	 J S 7 9 = 4 6 0 0 2

cn = |w−1(n)| = n � 2 F 8 > 4 2 3 4 5 6 7 2 M 3 < 4 3 4 ? 7 2 σ ∈ C < : = : 1 0 0 9 0.

� > > ? 4 6 > > 2 P 7 6 6 0 cn < ∞ ∀n ∈ � J � > < : 6 6 > 4 5 4 4 2 5 > > ? > 6 4 7 6 3 > < : N : 4 5 6 > cn J
� = 5 4

< 0 C 7 5 6 ; 1 4 5 6 > 8 > 3 N > 6 6 0 < < O 4 2 D 3 2 3 2 〈cn〉 6 Q
R D > 7 Q R �

c(z) =
∑

n≥0

cnzn, ĉ(z) =
∑

n≥0

cn

n!
zn,

D 3 6 = > N 3 4 ? > > 2 = 4 9 D 3 4 6 6 > > ; C 6 0 8 4 6 0 N 0 5 6 4 ( � ) �

c(z) =
∑

σ∈C

zw(σ), ĉ(z) =
∑

σ∈C

zw(σ)

w(σ)!
.

] < 7 6 7 6 > > 2 5 4 6 6 7 2 P 7 6 6 0 8 7 9 C 7 7 2 C 3 < 4 3 4 < < > 3 2 D 3 6 > 4 2 5 4 5 0 4 5 6 0 9 > = 7 2 2 7 6 6 > P 7 < 4 7 6 G

6 0 8 7 9 C 7 C 1 : 3 ? 3 5 6 : : F 6 7 = 4 D O 4 5 6 0 M C1, . . . , Ck

D 3 2 = 4 2 F = 3 2 5 6 9 : = 6 4 3 2 M Φ = > : 6 6 > J

/ 0 5 1 0 < < 4 5 7 1 1 4 2 5 > 2 3 7 2 � 8 7 9 C 7 7 2 C = (C, w)

� 	 � � � � � � � 
 	 6 J � � � 
 � � 
 � � 
 C ∼−→
Φ(C1, . . . , Ck)

3 2 8 > 9 4 Φ = (Φe, Φw) P 1 4 5 5 0 Φe 3 2 4 2 D 7 = 6 4 3 C → C1 × . . . × CkD > Φw :

�k → � 3 2 8 > 4 2 3 1 : : 2 2 3 5 5 4 6 7 2 P 7 6 6 0 D 3 5 Φe(σ) = (σ1, . . . , σk)

2 4 4 2
w(σ) = Φw(w(σ1), . . . , w(σk)) J

� 3 5 6 4 7 6 ; 2 = 3 2 5 6 9 : = 6 4 3 2 Φ N > 4 = : 6 : 5 6 > 9 = > 5 6 7 < 6 > N 4 7 2 3 < 4 3 8 7 9 C 7 4 ? 7 2 Q 7 2 7 9 3 4 N 4 4 2R : 2 = 6 4 3 4 C 4 2 N 3 4 ? > > 2 = : N > 6 > ; = 5 4 2 = 7 9 6 > 4 5 7 < < > 3 8 7 9 > > 6 6 3 9 4 < < > P 7 < 4 D 3 5 3 2 3 < 7 1 > 5 5 >

R : 2 = 6 4 3 ϕ

( 7 Q R � < < 7 ϕ̂

) 5 4 6 7 2 P 7 6 6 0 c(z) = ϕ(c1(z), . . . , ck(z))

( 7 Q R � < < 7 N > 5 6 > > N > 5 G

6 4

ĉ(z) = ϕ̂(ĉ1(z), . . . , ĉk(z))

) � � � 
 � � 
 � � � � � � � 	 % 
 	 ) � � � � � � � � C � 
 
 ) ) � � � � � � P 5 > G

2 3 6 > > 2 7 6 6 0 = 3 2 5 6 9 : = 6 4 3 Φ 3 2 6 Q R G � � % ) 	 
 � � �
( N > 5 6 > > N > 5 6 4 7 Q R G = 7 < 8 3 4 2 7 2 ) ( 7 2 Q < J

B H

T � [ � K J [ ] S + 1 � 6 / ] ' 1 X V / [ ] � X / ' � [ / 1 ] / B *

F 3 Q R � 7 Q R G > ? 1 4 5 5 4 E < 7 M ) P D > ϕ 3 2 5 4 6 0 N > 5 6 > > N > 6 Q R G 	 ) � � � � � � 	 � 
 ( N > 5 6 > > N > 5 6 4 ϕ̂ 7 Q R G

3 8 7 9 > > 6 6 3 9 4 ) J

� � � � � � � � � � 7 � � � � � � � � � � � � � 	 � 	 / � � � � 
 � C ∼−→ A + B �

\ 7 9 : 5 D 3 : = = 3 C 6 : < = 4 6 > > 2 7 9 4 < < 4 5 7 = 5 4 ; C ? 4 5 6 7 7 = 5 4 C ≈ A
·∪ B P A ∩ B = ∅ P D >

8 > 4 2 3 R : 2 = 6 4 3 1 0 0 9 4 6 7 < < 0 0 2 5 7 : 9 > > N > 5 6 4 �

wC(σ) =

{

wA(σ),

D 3 5 σ ∈ A,

wB(σ),

D 3 5 σ ∈ B.

X : 1 1 > = 3 2 5 6 9 : = 6 4 3 3 2 5 7 = 0 6 Q R G 7 6 6 0 7 Q R G = 7 < 8 3 4 2 7 2 P 5 4 < < 0 8 7 9 C 7 4 5 6 0 A,B, C 9 4 4 8 G

8 : 1 > 6 6 > 8 0 6 7 7 �

c(z) =
∑

σ∈C

zwC(σ) =
∑

σ∈A

zwA(σ) +
∑

σ∈B

zwB(σ) = a(z) + b(z)

5 7 = 0 N > 5 6 > > N > 5 6 4 7 Q R � < < 7 ĉ(z) = â(z) + b̂(z) J

� � � � � � � � � � � � � � C ∼−→ A×B �

C ≈ A×B
D > wC(α, β) = wA(α)+wB(β) J / 0 1 0 2 6 Q R G D > 7 Q R G = 7 < 8 3 4 5 : : 5 D 0 6 7 6 0 0 2

C > 9 D 3 4 6 : 5 6 7 C 6 0 N 0 = 5 4 J

V ? 7 < < 4 5 6 7 2 7 5 4 1 7 9 = = 4 7 2 5 : 1 1 > G D > 6 : < 3 = 3 2 5 6 9 : = 6 4 3 6 N 3 4 ? > > 2 ; < 7 4 5 6 0 0 1 ; O 5 0 0 G

9 7 6 6 O 1 4 4 2 6 7 = 4 D 0 8 7 9 C 7 4 5 4 4 2 P 1 4 = 0 < 4 2 0 4 2 1 : 3 ? 3 5 6 : N > 6 Q 7 2 7 9 3 4 N > 6 R : 2 = 6 4 3 6 3 N > 6

C ; N 4 2 1 0 0 9 4 6 7 < 6 ; D 0 �

� 7 � � � � C ∼−→ A0 + A1 + A2 + . . . ,
∑

i≥0 Ai

� C ≈ ⋃∞
i=0 Ai P wC(σ) = wAi

(σ) 1 4 5 5 0 σ ∈ Ai

� c(z) =
∑

i≥0 ai(z) 1 4 = 0 < 4 C ; N 4 2 1 0 0 9 4 6 7 < 6 ;

⇐⇒ = > 4 = 4 < < > n ≥ 0 3 2 [zn]
∑

i≥0

ai(z) =
∑

i≥0

ai,n < ∞

⇐⇒ = > 4 = 4 < < > n ≥ 0 3 2 |w−1
C (n)| =

∑

i≥0

|wAi
(n)| < ∞.

� � � � � C ∼−→ A0 ×A1 ×A2 × . . . ,
∏

i≥0

Ai

� C ≈
∞∏

i=0

Ai P wC(σ) =
∑

i≥0

wAi
(σi)



T � [ � K J [ ] S + 1 � 6 / ] ' 1 X V / [ ] � X / ' � [ / 1 ] / B I

� 2 0 9 7 6 O 2 8 > 4 2 3 4 5 6 7 2 > < = 4 3 4 ? 7 2 N 0 < 6 6 0 1 4 5 7 = 5 4 6 : < 3 3 2 C 3 6 7 6 > > 2 4 6 5 7

> 5 4 > 5 5 > N > 4 2 5 7 < < > 4 5 7 6 D 3 2 3 6 σ = (σ0, σ1, σ2, . . . ) P
D 3 4 < < > w(σi) = 0

1 7 < = 7 4 2 = > 4 = 4 < < > i ≥ 0 J [ ; 5 7 7 5 5 0 3 2 5 4 6 7 2 7 9 0 0 2 < > 4 2 7 2 F C 7 4 = = 3 6 : < 3 M

C ≈
∏

i≥0

(w)
Ai J

� c(z) =
∏

i≥0

ai(z) 1 4 = 0 < 4 C ; N 4 2 1 0 0 9 4 6 7 < 6 ;

⇔ = : = 4 2 [zn]
∏

i≥0 ai(z) =
∑

k≥0

(
∑

i0+i1+...+ik=n,ik 6=0 a0i0a1i1 · · ·akik

)

< ∞

⇔ = > 4 = 4 < < > j ≥ 1 3 2 [zj ]ai(z) = aij = 0 1 7 < = 7 4 2 = > 4 = 4 < < > i ≥ 0

⇔ = > 4 = 4 < < > j ≥ 1 3 2

∑

i≥0 |w−1
Ai

(j)| < ∞.

�
�

� � � ��
� 
 � � 	 � � � � � 	 � � � � � � � � 	 � � �

� 4 1 4 [ 3 2 5 6 9 : = 6 4 3 / Q R G 3 8 7 9 > > 6 6 3 9 4

B J X : 1 1 > ∑

i≥0 Ai

∑

i≥0

ai(z)

D 3 5 C ; N 4 2 1 0 0 9 4 6 7 < 6 ;

@ J / : < 3 ∏

i≥0 Ai

∏

i≥0

ai(z)

D 3 5 C ; N 4 2 1 0 0 9 4 6 7 < 6 ;

� J L 4 > Q 3 2 > > < 4 ∆(A×A) a(z2)

K J � 3 2 3 A∗ (1 − a(z))−1 D 3 5 C ; N 4 2 1 0 0 9 4 6 7 < 6 ;

^ J S 7 9 = = > : 5 µA z D a(z)

0 J [ 3 1 8 3 5 4 6 4 3 A[B] a(b(z))

D 3 5 C ; N 4 2 1 0 0 9 4 6 7 < 6 ;

H J \ 3 6 7 2 5 5 4 P(A) exp
(
∑

j≥1
(−1)j−1

j
a(zj)

) D 3 5 C ; N 4 2 1 0 0 9 4 6 7 < 6 ;

* J S : < 6 4 8 3 6 7 2 5 5 4 M(A) exp
(
∑

j≥1
1
j
a(zj)

) D 3 5 C ; N 4 2 1 0 0 9 4 6 7 < 6 ;

] C 7 4 5 6 7 2 = 3 2 5 6 9 : = 6 4 3 4 ? 7 2 1 0 0 9 4 6 7 < 1 0 6 D > = 7 < 8 3 4 5 : : 5 6 3 ? 4 5 6 : = 5 7 6 �

B J ( 7 5 4 1 7 9 = = 4 2 0 7 ? 7 < < 0 )

@ J ( C > 9 D 3 4 6 : 5 6 7 C 6 0 N 0 2 0 )

T � [ � K J [ ] S + 1 � 6 / ] ' 1 X V / [ ] � X / ' � [ / 1 ] / @ A

� J � � � � � 	 � � � � C ∼−→ ∆(A×A) �

C ≈ {(α, α) | α ∈ A}, wC(α, α) = 2wA(α)

⇒ c(z) =
∑

(α,α)∈C

zw(α,α) =
∑

α∈A

z2w(α) = a(z2)

K J � � 	 � C ∼−→ A∗ �

A∗ , {ε} + A + A×A + . . . =
∑

k≥0

Ak

⇒ c(z) =
∑

k≥0

(a(z))k = (1 − a(z))−1.

/ 0 1 0 3 2 1 0 0 9 4 6 7 < 6 ; D 3 5 a0 = 0 J / 3 ? 4 5 6 : 5 8 7 9 : 5 6 : : 7 5 4 6 7 6 6 ; 4 C 4 2 = 3 2 5 6 9 : = G

6 4 3 4 C 4 2 B D > @ J

^ J � � � � � � � � C ∼−→ µA �

� C ≈
∑

n≥0

(An × [n]) P 1 4 5 5 0 An = {α ∈ A | w(α) = n} D > [n] =

{1, 2, . . . , n}

� \ > 4 2 3 R : 2 = 6 4 3 < < 7 wC(α, i) = wA(α)

� X 4 4 5 cn = nan

D 3 5 6 > 5 > > ? > > 2 c(z) = z D a(z)

0 J " � � � � � � 
 � � C ∼−→ A[B] �

� C ≈
∑

n≥0

An × Bn

� \ > 4 2 3 R : 2 = 6 4 3 < < 7 wC(α; β1, . . . , βn) = wB(β1) + . . . + wB(βn)

� / 0 1 0 2 2 3 D > < < > c(z) =
∑

n≥0

an · (b(z))n = a(b(z)) P D 3 = > 3 2 1 0 0 9 4 6 7 < 6 ;

D 3 5 b0 = 0

6 > 4 an = 0 1 7 < = 7 4 2 = > 4 = 4 < < > n ≥ 0 J / 3 ? 4 5 6 : 5 8 7 9 : 5 6 : :

= 3 2 5 6 9 : = 6 4 3 4 C 4 2 B D > @ J

H J � � 
 � 	 � � � C ∼−→ P(A) �

� C ≈ {{α1, . . . , αk} | k ≥ 0, α1, . . . , αk ∈ A}

� \ > 4 2 3 R : 2 = 6 4 3 < < 7 wC({α1, . . . , αn}) = wA(α1) + . . . + wA(αn)

� / 0 5 6 0 5 > > ? > > 2 P(A)
∼−→
∏

α∈A

( {ε}
︸︷︷︸

w=0

+{α}) P D 3 5 6 > 7 ? 7 < < 7 7 2

c(z) =
∏

α∈A

(1 + zw(α))

=
∏

n≥0

(1 + zn)an



T � [ � K J [ ] S + 1 � 6 / ] ' 1 X V / [ ] � X / ' � [ / 1 ] / @ B

⇒ ln c(z) =
∑

n≥0

an ln(1 + zn), 1 0 0 9 J D 3 5 a0 = 0

=
∑

n≥0

an

∑

j≥1

(−1)j−1

j
znj

=
∑

j≥1

(−1)j−1

j

∑

n≥0

anznj

=
∑

j≥1

(−1)j−1

j
a(zj)

⇒ c(z) = exp

(
∑

j≥1

(−1)j−1

j
a(zj)

)

1 0 0 9 J D 3 5 a0 = 0

* J � � � 
 � � � 
 � 	 � � � C ∼−→ M(A) �

� C ≈ {{αj1
1 , . . . , αjk

k } | k ≥ 0, α1, . . . , αk ∈ A, j1

> < = 4 3 2 α1

F = 7 9 6 > < : = : M}

� \ > 4 2 3 R : 2 = 6 4 3 < < 7 wC

(
{αj1

1 , . . . , αjk

k }
)

= j1wA(α1) + . . . jkwA(αk)

� / 0 5 6 0 5 > > ? > > 2 M(A)
∼−→
∏

α∈A

{α}∗ P D 3 5 6 > 7 ? 7 < < 7 7 2

c(z) =
∏

α∈A

(1 − zw(α))−1, 1 0 0 9 J D 3 5 w(α) 6= 0 ∀α ∈ A

=
∏

n≥0

(1 − zn)−an

= . . .

( C > 9 D 3 4 6 : 5 6 7 C 6 0 N 0 = 5 4 )

= exp
(
∑

j≥1
1
j
a(zj)

)

, 1 0 0 9 J D 3 5 a0 = 0

� / 3 ? 4 5 6 : 5 8 7 9 : 5 6 : : = 3 2 5 6 9 : = 6 4 3 3 2 K J

� � � � � � � � � � m ! � � � � � � � � 	 � � � � � 	 [m] = {1, . . . , m} � � � � � � � � 
 �

C ∼−→
m∏

i=1

(

w=0
︷︸︸︷

{ε} +

w=1
︷︸︸︷

{i} )

[ 3 5 = > c{ε}+{i}(z) = 1 + z P 5 > > ? > > 2 c(z) = (1 + z)m P D > 6 0 5 6 0 7 ? 7 < < 7 7 2 cn =

[zn](1 + z)m =
(

m
n

) J

� � � � � � � � � � m ! � � � � � � � � 	 � � � � � 	 [m] = {1, . . . , m} � � � � 
 � � � � � � � � � 
 � �

C ∼−→
m∏

i=1

{i}∗

T � [ � K J [ ] S + 1 � 6 / ] ' 1 X V / [ ] � X / ' � [ / 1 ] / @ @

/ 0 5 5 0 c{i}(z) = z

D > c{i}∗(z) = (1 − z)−1 P D 3 6 7 2 c(z) = (1 − z)−m P D > 7 ? 7 < < 7 7 2

cn = [zn](1 − z)−m =
(−m

n

)
(−1)n =

(
m+n−1

n−1

) J

� � � � � � � � � � " � � � 	 � � � � � � � � � 	 � � � 
 � � � � 
 � � � � � � 
 � 
 � � 
 �

S 3 2 7 < < > = 3 6 > N > < < > > 2 2 7 6 6 : < : = : n N 3 4 ? > > 2 7 5 4 6 6 0 0 5 : 1 1 > 2 > < : N : 4 5 6 > {1, . . . , m} �

\ > 4 2 3 R : 2 = 6 4 3 2 < : 3 2 2 3 < < 4 2 7 2 1 0 0 9 4 6 7 < 1 0 3 2 w(k) = k
D > 5 4 N : 2 B I = 3 2 5 6 9 : = 6 4 3 G

6 > : < : = 3 2 8 3 C D > < 6 > N 3 4 ? > > 2 = 4 9 D 3 4 6 6 > > p{k}(z) = zk 5 7 = 0 p{k}∗(z) = (1 − zk)−1 J

P(m) ∼−→ {1}∗ × {2}∗ × . . . {m}∗
∴ p(m)(z) = 1

1−z
· 1

1−z2 · . . . · 1
1−zm

S 3 2 7 < < > = 3 6 > N > < < > > 2 2 7 6 6 : < : = : n N 3 4 ? > > 2 7 5 4 6 6 0 0 1 4 7 < 4 N > < 6 > 4 5 7 2 > < : = : 5 : 1 1 > 2 >

8 3 5 4 6 4 4 N 4 5 4 5 6 > < : N : 4 5 6 > �

P ∼−→
∏

k≥1

{k}∗

∴ p(z) =
∏

k≥1

(1 − z)−k

V 5 4 1 7 9 = 4 = 5 4
p4 = [z4] p(z)

= [z4] (1 + z + z2 + . . . ) · (1 + z2 + z4 + . . . ) · (1 + z3 + z6 + . . . )·
(1 + z4 + z8 + . . . ) · (1 + z5 + z10 + . . . ) · · ·

= [z4] (1 + z + 2z2 + 3z3 + 5z4 + . . . ) = 5.
/ : < 3 5 = : N > 5 6 > > 3 5 4 6 : = 5 4 > 4 = 3 + 1 = 2 + 2 = 2 + 1 + 1 = 1 + 1 + 1 + 1 J

� � � � � � � � � � � � 	 4 4 � � � � � 
 �

T ∼−→ {ε} + {•} × T × T
∴ t(z) = 1 + zt(z)2

⇒ zt(z)2 − t(z) + 1 = 0

⇔ t(z) =
1 ±

√
1 − 4z

2z
;

t(0) = 0 ⇒ t(z) =
1 − (1 − 4z)1/2

2zJJJ

⇒ tn = [zn]t(z) =
1

n + 1

(
2n

n

)

,

D 3 = > 3 2 n � 5 � � � � % � � 
 � % � � � J
( T > 5 = : 5 6 > 3 2 3 C 4 6 7 6 6 : 9 : 2 5 > > 5 6 4 � 7 � 6 3 2 4 2 E 4 2 3 1 4 G

= > > N > > 2 8 7 9 : 5 6 : N 4 > N 0 < 4 N > 4 C 7 4 6 > J )
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�
�

� � � ��
� 
 � � 	 � � � � � 	 � � � � � � � � 	 � � �

V Q R G = 7 < 8 3 4 5 6 7 2 = 3 2 5 6 9 : = 6 4 3 4 ? 7 2 1 0 0 9 4 6 6 7 < ; 0 N > 9 6 7 2 3 < 7 6 7 6 > > 2 P 7 6 6 0 6 > 9 = > 5 6 7 < 6 > G

N > 6 5 6 9 : = 6 : : 9 4 6 3 N > 6 � 
 � � � � � � � � D 3 5 w(σ) = n P 2 4 4 2 σ � > > 2 < 4 4 6 6 ; ; 1 ; O 5 D 3 = 4 2

� 
 � � � � 
 � � � � � � � 6 J � 
 � � � � � P D 3 = > 3 2 8 7 9 1 : 6 > > 6 4 3 λ : [n] → [n] J � 4 1 7 6 6 ; D 0

5 6 9 : = 6 : : 9 7 D > ; C ? 4 5 6 7 6 6 0 7 5 5 0 6 0 ; 6 ; ; 1 ; O 5 2 4 4 ? 7 2 2 4 1 7 2 2 0 6 ; C ? 4 5 6 0 0 D 3 < < > 4 2 = 3 2 G

5 4 5 6 7 2 6 4 < < > 6 > N > < < > J

] < = 3 3 6 σ = (σ, λσ)

D > τ = (τ, λτ )

2 4 1 7 6 6 ; D 0 5 6 9 : = 6 : : 9 7 4 6 > P w(σ) = n

D >

w(τ) = m J � 0 4 ? 7 2 � 
 � � � � � � � % 	
( 7 2 Q < J 8 > 9 6 4 6 4 3 2 > < 8 9 3 ? : Y 6 ) σ ∗ τ

= 3 3 5 6 : : = > 4 G

= 4 5 6 > 2 4 1 7 6 ; 4 5 6 0 8 > 9 7 4 5 6 > ((σ, τ); λ) P 1 4 5 5 0 2 4 1 7 2 6 0 λ : [n + m] → [n + m] 3 2

2 4 1 7 2 6 O D 7 2 λσ

D > λτ

F < 4 1 4 6 ; 5 M J / 0 1 0 6 > 9 = 3 4 6 6 > > P 7 6 6 0 3 2 3 < 7 1 > 5 5 > = > 5 N > N > 6 4 2 G

D 7 = 6 4 3 6 θσ : [n] → [n + m]

D > θτ : [m] → [n + m] 5 4 6 7 2 P 7 6 6 0 Im θσ ∩ Im θτ = ∅

D > = > 4 = 4 < < > i ∈ [n] P j ∈ [m] 3 2

λ(θσ(i)) = θσ(λσ(i)), λ(θτ (j)) = θτ (λτ (j)).

� 3 5 γ ∈ σ ∗ τ P 2 4 4 2 w(γ) = n + m J

� � � � � � � � � � � � � � 
 / 
 � � � � � 
 �

] < = 3 3 6 σ D > τ 3 C 7 4 5 7 6 2 4 1 7 6 ; 6 N 7 9 = 3 6 �

2 3 2

11

τ �σ �

/ 0 < < O 4 2 3 2 �

2

1

3

}

4

2

3

5

1

4

3

1

1

3 5 4 4

4

3

5

2

1

2

4

1

2

1

32

,

,

,

, ,
1

5

53

55

35

5

2

,,

1

4

2

3

,

1

4
,

25 2

4 3 4

σ ∗ τ =

{

� 4 1 7 6 6 ; D 7 2 5 6 9 : = 6 : : 9 4 7 2 8 7 9 C 7 4 ? 7 2 A D > B � 
 � � � � � � � % 	 1 0 0 9 4 6 7 < < 0 0 2 7 ? 7 < < 4 5 7 7 2

8 7 9 : 5 6 : 7 2 �

A ∗ B =
⋃

α∈A,
β∈B

α ∗ β.

� � � � � ! � � �

] < = 3 3 6 2 4 1 7 6 6 ; D 7 2 < : 3 = = 4 7 2 A D > B 7 Q R � 6 â(z)
D > b̂(z)

D > C ∼−→
A ∗ B J / 0 < < O 4 2 3 2 < : 3 = > 2 C 7 Q R ĉ(z) = â(z) · b̂(z) J

T � [ � K J [ ] S + 1 � 6 / ] ' 1 X V / [ ] � X / ' � [ / 1 ] / @ K

� � � � � 
 � � �
] < = 3 3 6 > < = 4 3 6 α = (α, λα) ∈ A P β = (β, λβ) ∈ B

D > 2 0 4 ? 7 2 8 > 4 2 3 6

w(α) = h P w(β) = k J / 0 < < O 4 2 N 3 4 ? > > 2 α � 2 2 4 1 7 2 6 0 λα

D > β � 2 2 4 1 7 2 6 0 λβ< 4 1 4 6 6 0 0 = > 4 = = 4 > > 2 (h+k
h

) 6 > N > < < > 8 > 9 4 2 (α, β) 2 4 1 7 2 2 0 = 5 4 λ J X 4 6 7 2 8 > 9 4 (α, β) P

D 3 2 = > 8 > 4 2 3 3 2 w(α, β) = h + k P 3 2 1 : = > 2 >

(
h+k

h

) G = 7 9 6 > 4 5 7 5 6 4 6 : < 3 5 5 > A ∗ B J

� 0 4 2 3 < < 7 2 3 2 �

ĉ(z) =
∑

σ∈C

zw(σ)

w(σ)!

=
∑

α∈A

∑

β∈B

(
w(α) + w(β)

w(α)

)
zw(α)+w(β)

(w(α) + w(β))!

=
∑

α∈A

∑

β∈B

zw(α)

w(α)!
· zw(β)

w(β)!
= â(z) · b̂(z).

2

X 7 : 9 > > N > 5 5 > 3 2 < : 7 6 7 < 6 : D 3 4 6 > = 4 2 7 Q R G = 7 < 8 3 4 5 4 > = 3 2 5 6 9 : = 6 4 3 4 6 > �

[ 3 2 5 6 9 : = 6 4 3 V Q R G 3 8 7 9 > > 6 6 3 9 4

B J
@ J
� J
K J
^ J
0 J

X : 1 1 >

� 4 1 7 6 6 ; 6 : < 3

� 4 1 7 6 6 ; D 3 2 3

� 4 1 J 8 3 6 7 2 5 5 4

S 7 9 = = > : 5

[ 3 1 8 3 5 4 6 4 3
A + B,

∑

i≥0 Ai

A ∗ B
A〈∗〉

A[∗]

µA
A[B]

â(z) + b̂(z),
∑

i≥0 âi(z)

â(z)b̂(z)

(1 − â(z))−1

eâ(z)

z D â(z)

â(b̂(z))
[ 3 2 5 6 9 : = 6 4 3 4 ? 7 2 1 0 0 9 4 6 7 < 1 0 6 D > = 7 < 8 3 4 5 : : 5 6 3 ? 4 5 6 : = 5 7 6 3 N > 6 5 7 : 9 > > N > 6 �

� � � � � 
 
 / � � 	 � C ∼−→ A〈∗〉 ( 7 2 Q < J 8 > 9 6 4 6 4 3 2 > < Y 3 1 8 < 7 � )

� S 7 9 = 4 2 6 0 � A〈k〉 =

k
︷ ︸︸ ︷

A ∗ A ∗ . . . ∗ A

� 7 Q R

A〈k〉 = (â(z))k

� A〈∗〉 , {ε} + A + A ∗ A + . . . =
∑

k≥0 A〈k〉

� [ 7 < 8 3 4 5 : : 5 5 7 < N 0 T 7 1 1 > 2 K J B 2 3 D > < < > � 7 Q R = (1 − â(z))−1

� � � � � 
 
 / � � � � 
 � ! � � � 
 � 	 � � � C ∼−→ A[∗] ( 7 2 Q < J > E 7 < 4 > 2 8 > 9 6 4 6 4 3 2 > < Y 3 1 8 < 7 � )

� S 7 9 = 4 2 6 0 � A[k] = {

� 	 � � � � � 	 � � �

︷ ︸︸ ︷

{α1, . . . , αk} | (α1, . . . , αk) ∈ A〈k〉}

� 7 Q R

A[k] = 1
k!
· 7 Q RA〈k〉 = 1

k!
(â(z))k
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� A[∗] , {ε} + A + A[2] + A[3] + . . . =
∑

k≥0

A[k]

� 7 Q R

A[∗] =
∑

k≥0

1

k!
(â(z))k = eâ(z) J

� � � � � � � � � D > � � � � � � � 
 � � = : 6 7 2 6 Q R G 6 > 8 > : = 5 7 5 5 > J

� � � � � � � � � � � � � � � � ! � � � 
 � � � � 
 �

S 7 9 = 4 6 0 0 2 2 4 1 7 6 6 ; D 7 2 0 0 9 7 < < 4 5 6 7 2 7 8 0 6 ; C D 4 7 2 D 3 : = = 3 D 7 2 8 7 9 C 7 6 6 0 S = {[n] :

n ≥ 1} P D 3 5 5 > [n] = {1, . . . , n} P D > 1 0 0 9 4 6 7 < < 0 0 2 6 0 < < 7 8 > 4 2 3 R : 2 = 6 4 3 w([n]) =

w({1, . . . , n}) = n J S � < < 7 5 > > ? > > 2 7 Q R � = 5 4 5 4 4 5

ŝ(z) =
∑

n≥0

sn · zn

n!
=
∑

n≥1

1 · zn

n!
= ez − 1.

/ 0 < < O 4 2 S [k] N > 5 6 > > D 0 9 D 7 5 6 0 1 0 6 6 O 1 4 0 3 5 4 6 : = 5 4 > k 7 8 0 6 ; C D 0 0 2 < : 3 = = > > 2 J � 3 4 ? > > 2

= 4 9 D 3 4 6 6 > > 6 0 < < 7 7 Q R

S [k]

�

1

k!
(ez − 1)k =

∑

n≥0

{
n

k

}
zn

n!
.

/ 0 1 0 3 2 2 5 J � 	 
 � � � % � � 
 � � � 
 � % 
 � � 
 � % � � � � � � 7 Q R J

V ? 7 < < 7 7 2 B = S [∗] = 3 5 4 6 : = 5 7 6 1 4 7 < 4 N > < 6 > 4 5 7 2 1 3 2 7 7 2 7 8 0 6 ; C D 0 0 2 < : 3 = = > > 2 P D >

7 Q R

B = exp(ez − 1) =
∑

n≥0

bn
zn

n!

P D 3 = > 8 : 3 < 7 5 6 > > 2 3 2 2 5 J � � % % 
 � % � � � � � � 7 Q R J

� � � � � � � � � � � � � � � 
 � � 
 � � 
 � � � / � � � 
 �

S 7 9 = 4 6 0 0 2 8 7 9 1 : 6 > > 6 4 3 4 ? 7 2 < : 3 = = > > P � < < 0 D > 5 ; = < 4 5 6 7 2 8 7 9 1 : 6 > > 6 4 3 4 ? 7 2 < : 3 = = > >

C � < < 0 J / : 2 2 7 6 > > 2 pn = n!

D > 6 0 5 6 0 5 > > ? > > 2

p̂(z) =
∑

n≥0

pn
zn

n!
= (1 − z)−1.

/ 3 4 5 > > < 6 > 6 4 7 ? 7 6 0 0 2 P 7 6 6 0 P ∼−→ C[∗] P D 3 5 6 > 5 7 : 9 > > p̂(z) = eĉ(z) J � ; 6 N 3 4 ? > > 2

< > 5 = 7 > ĉ(z) �

ĉ(z) = ln(1 − z)−1 = − ln(1 − z) =
∑

n≥1

1

n
zn

⇒ cn =

[
zn

n!

]

ĉ(z) = n![zn]ĉ(z) = n! · 1

n
= (n − 1)!,

1 4 = 0 3 2 3 ? 3 6 7 6 6 : 6 : < 3 5 J

T � [ � K J [ ] S + 1 � 6 / ] ' 1 X V / [ ] � X / ' � [ / 1 ] / @ 0

S 4 7 < 7 2 = 4 4 2 6 3 4 2 7 2 < : 3 = = > 3 2 C[k] 7 < 4 2 4 4 ? 7 2 8 7 9 1 : 6 > > 6 4 3 4 ? 7 2 < : 3 = = > P D 3 4 5 5 > 3 2

6 > 5 > 2 k 5 ; = < 4 0 J / 0 < < 7 3 2 7 Q RC[k] = 1
k!

(ĉ(z))k = 1
k!

ln
(

1
1−z

)k J S 7 9 = 4 6 0 0 2
[
zn

n!

]

7 Q R

C[k] ,

[
n

k

]

,

D 3 = > 3 2 2 5 J � � � 
 � � � 
 � � � % � � 
 � � � 
 � % 
 � � 
 � % � � � J

S 7 9 = 4 6 0 0 2 7 ? 7 < < 7 7 2 D � < < 0 N 0 C 4 2 6 0 0 2 = > C ? 7 2 1 4 6 6 > 4 5 4 > 5 ; = < 4 5 4 0 8 7 9 1 : 6 > > 6 4 3 6 > J

/ 0 < < O 4 2 C ∼−→ {(1)} + D P 1 4 5 6 0 7 ? 7 < < 7 7 2 ĉ(z) = z + d̂(z)

D > 5 4 4 5 d̂(z) = − ln(1 −
z) − z J / 0 < < O 4 2 3 2 � � � 	 
 � � � � � � < : 3 = = > D[∗] D > 5 4 < < 0 7 Q R

D[∗] = ed̂(z) =
e−z

1 − z

J ( � 9 6 J

7 5 4 1 7 9 = = 4 4 2 5 4 N : < < > B̂ J )

� � � 	 % � � � 
 	 3 2 8 7 9 1 : 6 > > 6 4 3 P D 3 = > 3 2 3 1 > = 0 0 2 6 7 4 5 = : N > : = 5 7 2 5 > P 7 < 4 = 3 3 5 6 : : N > 4 2

; C ? 7 2 D > = > C ? 7 2 > < = 4 3 2 8 4 6 : 4 5 4 5 6 > 5 ; = < 7 4 5 6 0 J S 7 9 = 4 6 0 0 2 4 2 N 3 < : : 6 4 3 4 ? 7 2 < : 3 = = > >

I � < < 0 J / 0 < < O 4 2 I ∼−→ {(1), (1 2)}[∗] P 1 4 5 6 0 5 7 : 9 > >

7 Q R
I = exp

(
z1

1!
+

z2

2!

)

= exp

(

z +
1

2
z2

)

.

� � � � � � � � � � � � � � � � 
 � 
 � � � 
 �

T1 T2 T3

T � r

. . .
Tk

( 4 ) � 4 1 7 6 ; 6 P 7 8 0 6 ; C D 0 6 D 0 9 D 7 5 6 7 6 ; 6 D : : 9 9 7 6 : 6 8 : : 6 � T ∼−→ {r} ∗ T 〈∗〉

⇒ t̂(z) = z · 1
1−t̂(z)

⇒ t̂2 − t̂ + z = 0

⇒ t̂(z) = 1
2
(1 −

√
1 − 4z)

⇒ tn =
[

zn

n!

]
t̂(z) = n! · 1

n

(
2n−2
n−1

)

( � 9 6 J 7 5 4 1 7 9 = = 4 4 2 5 4 N : < < > @ @ J )

( 4 4 ) � 4 1 7 6 ; 6 7 8 0 6 ; C D 0 6 D 0 9 D 7 5 6 0 1 0 6 6 O 1 0 6 D : : 9 9 7 6 : 6 8 : : 6 � T ∼−→ {r} ∗ T [∗] J

/ 0 5 6 0 5 > > ? > > 2 = 3 2 5 6 9 : = 6 4 3 6 > : < : = 3 2 ( 5 J @ K ) 8 7 9 : 5 6 7 7 < < > t̂(z) = zet̂(z) J S 4 G

6 7 2 9 > 6 = > 4 5 6 > > 2 t̂(z)

�

� � � � � ! � 
 �
( T > Q 9 > 2 Q 7 2 G + , 9 1 > 2 2 4 2 4 2 N 7 9 5 4 3 = > > N > P � J G T J T > Q 9 > 2 Q 7 P B H H A )

] < = 3 3 6 f(z)

D > ϕ(u)

( R 3 9 1 > > < 7 D > ) 8 3 6 7 2 5 5 4 5 > 9 D 3 D > P D 3 4 < < 7 3 2 N 3 4 1 > 5 5 > ϕ(0) 6= 0

D > f(z) = zϕ(f(z)) J / 0 < < O 4 2 3 2 f � 2 D > ϕ � 2 = 7 9 6 3 4 1 4 7 2 N 0 < 4 < < 0 9 4 4 8 8 : N : : 5

[zn]f(z) =
1

n
[un−1]ϕ(u)n.

2
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T > : 5 7 7 2 K J @ 6 3 ? 4 5 6 : 5 P C 4 7 1 > 2 ; < 7 4 5 7 1 1 0 5 5 0 1 : 3 ? 3 5 5 > P 7 5 4 6 7 6 0 0 2 < : N : 5 5 > ^ J @ J

� � � � � � � � � � � � � � � � 	 � � � � � � � � �

V ? 7 < < 4 5 7 2 7 5 4 1 7 9 = 4 2 3 2 Q 7 < 1 > < < 4 5 7 < < 7 7 Q R � < < 7 t̂(z) = zet̂(z) 5 > > ? > > 2 T > : 5 7 7 2 K J @

4 2 N 7 9 5 4 3 = > > N > 5 6 >

tn =

[
zn

n!

]

t̂(z) = n![zn]t̂(z) = n! · 1

n
[un−1](eu)n = (n − 1)![un−1]enu,

D > = : 2 enu =
∑

k≥0

(nu)k

k!

P 2 4 4 2 5 > > ? > > 2 tn = (n − 1)!
nn−1

(n − 1)!
= nn−1 J

/ 0 1 0 2 6 : < 3 = 5 7 2 5 7 : 9 > : = 5 7 2 > 5 > > ? > > 2 6 : 2 2 7 6 6 : < > : 5 7 ( 6 J � > ; < 7 ; B * * I ) P D 3 2 = >

1 : = > > 2 2 4 1 7 6 6 ; D 0 n G 5 3 < 1 : 4 5 4 >
( D : : 9 6 > 1 > 6 6 3 1 4 > ) 8 : 4 6 > 3 2 nn−2

= 8 < J

, � 
 � �

� � � � � � � � � � � � � 
 
 � � � " � � 
 � � � � � �

�
�

� � 
 � � � � � 	 � � � � � � � �z D log

�
� � 
 � � � � �

] < = 3 3 2 f(z) =
∑

n≥0 fnzn Q 7 2 7 9 3 4 N > R : 2 = 6 4 3 P D 3 2 = > 5 : < D 7 6 6 : 1 : 3 6 3 6 : 2 2 7 6 > > 2 J

[ 7 9 6 3 4 1 4 7 2 fn
< > 5 = 7 1 4 5 7 = 5 4 N 3 4 ? > > 2 D 3 5 = : 5 ( 7 C = 0 D 3 8 > : 5 7 4 2 � ) 1 : 3 ? 3 5 6 > > 9 7 G

= : 9 5 4 3 = > > N > 5 7 : 9 > > N > < < > 6 7 1 8 : < < > �

( 4 ) S 0 0 9 4 6 7 < < 0 0 2 R : 2 = 6 4 3 ∂(z) = z D ln f(z) =
zf ′(z)

f(z)
( 4 4 ) ' > 6 = > 4 5 6 > > 2 R : 2 = 6 4 3 2 ∂(z)

= 7 9 6 3 4 1 7 6 ( D 3 5 3 5 > 6 > > 2 ) � ∂(z) =
∑

k≥1

δkz
k

( 4 4 4 ) X > 1 > 4 5 6 7 6 > > 2 = 7 9 6 3 4 1 7 6 ; C 6 0 < O 5 5 0 zf ′(z) = ∂(z)f(z) �

∑

n≥1

nfnzn =
(∑

k≥1

δkz
k
)(∑

j≥0

fjz
j
)
,

D 3 5 6 > 5 > > ? > > 2 6 : < 3 = 5 7 = 5 4

nfn =
n∑

k=1

δkfn−k, n ≥ 1.

@ *



T � [ � ^ J  V � V ' ] 1 � 6 � � � � [ / 1 ] � \ � ' [ 6 S 1 � V � @ I

� � � � � � � � � � � � � � � 	 � � � � 
 �

b̂(z) = eez−1 =
∑

n≥0

bn

n!
zn

∂(z) = z D ln b̂(z) = z D(ez − 1) = zez

=
∑

k≥0

zk+1

k!
=
∑

k≥1

zk

(k − 1)!

⇒ n · bn

n!
=

n∑

k=1

1

(k − 1)!
· bn−k

(n − k)!

⇒ bn =
n∑

k=1

(
n − 1

n − k

)

· bn−k

=
n∑

k=1

(
n − 1

k

)

· bk, n ≥ 1.

�
�

� � � � � � � � 
 � � �

� � � � � � � � � � � � � 
 � � � 	 � � � � �

V 2 5 4 2 6 > : 5 6 > > P D 3 6 > 6 > 9 N 4 6 > > 2 1 ; O C 7 1 1 4 2 = 4 2 � \ > < > : 6 7 6 > > 2 1 4 7 < 4 4 2 ( T > : 5 7 @ J @ P

5 J B A ) P 7 6 6 0 R 3 9 1 > > < 4 7 2 8 3 6 7 2 5 5 4 5 > 9 D 3 D 7 2 9 7 2 = > > 5 5 > � �z � > < = 4 3 f =
∑

n≥0 fnzn

3 2 = 0 0 2 6 ; N 0 ( 7 < 4 3 2 3 < 7 1 > 5 5 > 8 3 6 7 2 5 5 4 5 > 9 D > f−1 ∈ � �

z

� ) P D 3 5 D > N > 4 2 D 3 5 f0 6= 0 JX 4 6 7 2 7 5 4 1 7 9 = 4 = 5 4 5 > 9 D > f(z) = z 7 4 3 < 7 = 0 0 2 6 ; N 0 J

T > > D 7 2 2 7 6 > > 2 � �z � D > = 3 = : 2 2 > = 5 7 7 2 �

� �

z

�

=
{ F f

g

M

: f, g ∈ � �

z

�

, g 6= 0
}

( T > 4 2 > : 5 1 7 9 = 4 6 N 4 4 6 6 > > N > 6 5 4 4 C 7 2 P 7 6 6 0 3 4 = 7 > 5 6 > > 2 = ; 5 7 3 2 8 > 9 4 7 2 (f, g) ∈ � �

z

�2

7 = N 4 N > < 7 2 5 5 4 < : 3 = 4 5 6 > � (f, g) ∼ (f ′, g′)

D 3 5 D > N > 4 2 D 3 5 fg′ = f ′g J
)

[ : 2 2 > 2 � �z

� > < = 4 3 6 N 3 4 ? > > 2 6 : < = 4 6 > R 3 9 1 > > < 7 4 2 > � � � � � � � � � � � � 	 
 � �

h(z) =

∞∑

n=m

hnzn, m ∈ �

.

[ : 2 2 > 5 5 > � �z

� 3 2 5 4 4 5 D 3 = > 4 2 7 2 > < = 4 3 h 6= 0

= 0 0 2 6 ; N 0 J

� 3 5 7 5 4 1 7 9 = 4 = 5 4 f =
∑

n≥m fnzn 3 2 8 3 6 7 2 5 5 4 5 > 9 D > P D 3 2 = > 7 2 5 4 1 1 0 4 2 7 2 2 3 < < > 5 G

6 > 8 3 4 = = 7 > N > = 7 9 9 3 4 2 3 2 fm P 2
4 4 2 R 3 9 1 > > < 4 5 6 4 3 2 f(z) = zmf̃(z) P 1 4 5 5 0 f̃(z) =

∑

n≥0 fn+mzn 3 2 = 0 0 2 6 ; N 0 � �z � � 5 5 0 J ] < = 3 3 2 � �z � � 5 5 0 f̃(z) � 2 = 0 0 2 6 7 4 5 5 > 9 D > g̃(z) =
∑

n≥0 g̃nzn � 6 0 < < O 4 2 8 0 6 7 7

f−1(z) = z−mg̃(z) =

∞∑

n=−m

g̃n+mzn.

T � [ � ^ J  V � V ' ] 1 � 6 � � � � [ / 1 ] � \ � ' [ 6 S 1 � V � � A

� 3 9 1 > > < 7 4 < < 7 T > : 9 7 2 6 G 5 > 9 D 3 4 < < 7 N 3 4 ? > > 2 6 3 ? 4 5 6 > > 5 > 1 > 6 < > 5 = : 5 0 0 2 2 O 6 ( 1 : = > > 2 G

< : = 4 7 2 ? 7 9 4 N 3 4 2 6 4 D > 4 2 6 7 Q 9 3 4 2 6 4 ) = : 4 2 R 3 9 1 > > < 7 4 < < 7 8 3 6 7 2 5 5 4 5 > 9 D 3 4 < < 7 = 4 2 J V 9 4 6 ; 4 5 7 5 G

6 4 �

D
f

g
= D fg−1 = −fg−2g′ + f ′g−1 =

f ′g − fg′

g2
,

= : 2 g 6= 0 J

� 3 9 1 > > < 4 2 T > : 9 7 2 6 G 5 > 9 D > 2 h(z) =
∞∑

n=m

hnzn � � � 
 � � 3 2 = 7 9 9 3 4 2 Res(h(z)) = h−1 J

( / 0 1 0 3 2 = 0 P D 3 5 m ≥ 0

) J

� � � � � $ � � �
] < = 3 3 2 h(z) =

∞∑

n=m

hnzn P hm 6= 0 P R 3 9 1 > > < 4 T > : 9 7 2 6 G 5 > 9 D > J / 0 < G

< O 4 2 �
( 4 )

Res(h′(z)) = 0

( 4 4 )

Res(h′(z)/h(z)) = m

� � � � � 
 � � � � > 9 D 3 4 6 : 5 6 7 C 6 0 N 0 J

2

� � � � � $ � 
 �
( \ 3 6 7 2 5 5 4 5 > 9 D 3 D 7 2 4 2 N 7 9 5 4 3 ) ] < = 3 3 2 f(z) =

∑

n≥1 fnzn 8 3 6 7 2 5 5 4 5 > 9 G

D > P D 3 < < 7 f0 = 0

D > f1 6= 0 J / 0 < < O 4 2 5 4 < < 0 3 2 = 0 0 2 6 7 4 5 5 > 9 D > g(u) =
∑

n≥1 gnun 5 4 6 7 2 P

7 6 6 0 g(f(z)) = z J
( � 9 6 J T > : 5 7 7 5 7 7 2 @ J @ 5 4 N : < < > B A J ) X > 9 D > 2 g = 7 9 6 3 4 1 7 6 5 > > ? > > 2

= > > N > 5 6 > �

gn = Res

(
1

nfn(z)

)

.

� � � � � 
 � � � L 7 9 4 N 3 4 1 > < < > ; C 6 0 < O z = g(f(z)) 8 : 3 < 4 6 6 > 4 2 5 > > ? > > 2 �

(?) 1 = D

(
∑

k≥1

gk · (f(z))k

)

=
∑

k≥1

k · gk · (f(z))k−1f ′(z).

� > = > 1 > < < > 7 ? 7 < < 7 7 2 (?) 8 : 3 < 4 6 6 > 4 2 nfn(z) �
< < > 5 > > ? > > 2 �

1

nfn(z)
=
∑

k≥1

k

n
· gk · (f(z))k−1−nf ′(z).

X 4 6 7 2 N 3 4 ? > > 2 = 4 9 D 3 4 6 6 > > �

Res

(
1

nfn(z)

)

=
∑

k≥1

k

n
· gk · Res

(
(f(z))k−1−n · f ′(z)

)
.



T � [ � ^ J  V � V ' ] 1 � 6 � � � � [ / 1 ] � \ � ' [ 6 S 1 � V � � B

T > : 5 7 = 7 6 6 > 5 4 7 N 7 2 6 0 1 0 < < 0 5 > > ? > > 2 �

(f(z))k−1−n · f ′(z) =







1

k − n
D
(
f(z)k−n

)
, k 6= n

f ′(z)

f(z)
, k = n.

/ 0 5 6 0 5 > > ? > > 2 9 7 5 4 ? ; < < 7 T 7 1 1 > 2 ^ J B 2 3 D > < < > > 9 N 3 = 5 4 N > 4 2 2 3 < < > 6 > 4 ; = 5 4 �

Res
(
(f(z))k−1−n · f ′(z)

)
=

{

0, k 6= n

1, k = n,

D 3 6 7 2 Res

(
1

nfn(z)

)

=
n

n
· gn · 1 = gn J 2

, � 
 � �

� � � . � � 	 � � " � � � 	 
 � . � 
 	 � �

�
�

� � � 
 � � � ��
� � � 
 � � � 
 � �
� � � 
 � � � � � �

] < = 3 3 6 f, g : [a, b] → � P P D 3 = 4 2 N 0 < 4 2 [a, b] 3 5 4 6 : 5 a = x0 < x1 < . . . < xn =

b

D > t0, . . . , tn−1

8 4 5 6 7 4 6 0 5 4 6 7 2 P 7 6 6 0 tk ∈ [xk, xk+1] J
S 0 0 9 4 6 7 < < 0 0 2 � 
 � � � � � �

� � 
 � % � � � � � � � � � �

S(P ) =

n−1∑

k=0

f(tk)(g(xk+1) − g(xk)).

� 3 5 3 2 3 < 7 1 > 5 5 > > 9 N 3 A ∈ � 5 4 6 7 2 P 7 6 6 0

∀ε > 0 ∃Pε (P

C 4 7 2 3 1 8 4 = : 4 2 Pε ⇒ |S(P ) − A| < ε),

2 4 4 2 6 0 1 0 > 9 N 3 3 2 f � 2 � 
 � � � � � � � � 
 � % � � � � � 
 � � � � � � � % 
 ( < ; C 7 2 2 7 6 0 0 2 ' X G 4 2 6 7 Q 9 > > < 4 )

g � 2 � � � � � � � N 0 < 4 < < 0 [a, b] P

A =

b∫

a

f(t) dg(t).

� : 3 1 � � 3 5 g(t) = t P 2 4 4 2 1 0 0 9 4 6 7 < 1 0 8 > < > : 6 : : 6 > N > < < 4 5 7 = 5 4 ' 4 7 1 > 2 2 G 4 2 6 7 Q 9 > > G

< 4 = 5 4 J
�
�

�
�

� � ! � $ � � � 	 � 
 
 � $ � � � $ � 
 $ % " " & % $ 


[ 0 ; 6 7 6 6 ; D 0 1 7 9 = 4 2 6 O D 0 �

� @



T � [ � 0 J 6 � 6 T � � X 1 � \ V ' � X / � T ] [ X 1 6 � �

dte = 8 4 7 2 4 2 = 3 = 3 2 > 4 5 < : = : ≥ t

( F = > 6 6 3 R : 2 = 6 4 3 M )

btc = 5 : : 9 4 2 = 3 = 3 2 > 4 5 < : = : ≤ t

( F < > 6 6 4 > R : 2 = 6 4 3 M )

{t} = t − btc P t � 2 ? 7 5 4 1 > > < 4 3 5 > ( F 5 > C > < > 4 6 > R : 2 = 6 4 3 M )

( B ) � � � � � 4 � � 
 
 � � � / / � � � 3 5 ∫ b

a
f(t) dg(t) 3 2 3 < 7 1 > 5 5 > P 2 4 4 2 5 7 2 > 9 N 3 3 2 ; = 5 4 G

= 0 5 4 6 6 7 4 5 7 5 6 4 1 0 0 9 0 6 6 ; J ' 4 4 6 6 0 N 0 3 < 7 1 > 5 5 > 3 < 3 7 C 6 3 3 2 7 5 4 1 7 9 = 4 = 5 4 5 7 P 7 6 6 0 f

3 2 D > 6 = : N > D > g 3 2 F 9 > D 3 4 6 7 6 : 5 6 4 C 7 4 < > C 6 7 < 7 N > M P 7 < 4

∑

0≤k<n

|g(xk+1) − g(xk)| < ∞

= : 2 ‖ P ‖→ 0

( 4 2 6 : 4 6 4 4 N 4 5 7 5 6 4 F∫ b

a
| dg(t)| < ∞ M ) J

( @ ) � � 	 � � � � � � � � � �

( 4 ) ∫
(c1f1 + c2f2) dg = c1

∫

f1 dg + c2

∫

f2 dg P

( 4 4 ) ∫
f d(c1g1 + c2g2) = c1

∫

f dg1 + c2

∫

f dg2 J

( � ) � 4 � � � 	 / � � � � 
 4 � � 	 � 	 � D 3 5 ∃
∫ b

a
f dg

D > ∃
∫ c

b
f dg 2 4 4 2

∫ b

a

f dg +

∫ c

b

f dg =

∫ c

a

f dg.

( K ) � � � 
 
 � � � � 	 
 � � � � � 	 
 � � D 3 5 ∃
∫ b

a
f dg P 2 4 4 2 1 ; O 5 ∃

∫ b

a
g df

D >

∫ b

a

f(t) dg(t) +

∫ b

a

g(t) df(t) =

/b

a

f(t)g(t).

(̂ ) � � � 
 
 � � � 	 � � � � 
 � � ] < = 3 3 2 h : [a, b] → � D > 6 = : N > P 7 4 G N 0 C 7 2 7 N 0 R : 2 = 6 4 3 J

/ 0 < < O 4 2 �

∫ b

a

f(h(t))dg(h(t)) =

∫ h(b)

h(a)

f(t) dg(t).

( 0 ) � � � � � 
 � � � � � � � 	 	 ! � 	 
 � � � � � � � � 	 � D 3 5 ∃
∫ b

a
f dg

D > g′(t) 3 2 D > 6 = : N > N 0 G

< 4 < < 0

[a, b] P 2 4 4 2

∫ b

a

f(t) dg(t) =

∫ b

a

f(t)g′(t) dt.

T � [ � 0 J 6 � 6 T � � X 1 � \ V ' � X / � T ] [ X 1 6 � K

( H ) 7 � � � � � 	 � � � 
 
 4 � � 	 � 	 � ] < = 3 3 6 a, b ∈ � P f 3 4 = 7 > < 6 > D > 6 = : N > � G 8 4 5 6 7 4 5 5 0 J

/ 0 < < O 4 2 �

∫ b

a

f(t) ddte =

b−1∑

k=a

f(k),

∫ b

a

f(t) dg(dte) =
∑

a≤k<b

f(k) 4 g(k), 4g(k) = g(k + 1) − g(k).

� > 5 6 > > N > 5 6 4 f � 2 3 < < 7 5 5 > N > 5 7 1 1 > < 6 > D > 6 = : N > � G 8 4 5 6 7 4 5 5 0 8 0 6 7 7 �

∫ b

a

f(t) dbtc =

b∑

k=a+1

f(k),

∫ b

a

f(t) dg(btc) =
∑

a<k≤b

f(k) 5 g(k), 5g(k) = g(k) − g(k − 1).

] 4 = 7 > < 6 > D > 6 = : N 4 < < > f 8 0 6 7 7 1 ; O 5 = > > N > �

∫ b

a

f(dte) dg(t) =
∑

a<k≤b

f(k) 5 g(k)

D > N > 5 7 1 1 > < 6 > D > 6 = : N 4 < < > = > > N > �

∫ b

a

f(btc) dg(t) =
∑

a≤k<b

f(k) 4 g(k),

( * ) � 	 
 � � � � � � � 	 � � � � � � � 	 
 � �

∫ b

a

f(t) d

∫ t

a

g(u) dh(u) =

∫ b

a

f(t)g(t) dh(t).

�
�

�
�

� � " � � � $ � % " � � 
 & 
 
 � 


� > 6 = : N 4 < < > f 3 2 6 : 2 2 7 6 : 5 6 4 F 5 : : 2 2 4 < < 7 7 2 M

∑

a≤k<b

f(k) ≈
∫ b

a

f(t) dt J S 4 6 7 2 6 > 9 = = >

6 0 1 0 > 9 N 4 3 3 2 �

' X G 4 2 6 7 Q 9 > > < 4 2 3 1 4 2 > 4 5 : : ? 7 2 ( H ) 5 7 = 0 < 4 2 7 > > 9 4 5 : : ? 7 2 ( @ ) 1 : = > > 2 3 2 � G 8 4 5 6 7 4 5 5 0

N > 5 7 1 1 > < 6 > D > 6 = : N 4 < < > f � � � � � % % � � � �

∑

a<k≤b

f(k) =

b∫

a

f(t) dbtc =

b∫

a

f(t) dt−
b∫

a

f(t)d{t}.



T � [ � 0 J 6 � 6 T � � X 1 � \ V ' � X / � T ] [ X 1 6 �̂

X 3 N 7 < < 7 6 > > 2 6 0 C 0 2 7 ? 7 < < 7 7 2 3 5 4 6 6 > 4 5 4 2 6 7 Q 9 3 4 2 6 4 > ( K ) �

b∫

a

f(t) d{t} +

b∫

a

{t} df(t) =

/b

a

f(t){t}.

/ 0 1 0 2 < > : 5 7 = = 7 7 2 > 9 N 3 3 2 2 3 < < > P D 3 5 a, b ∈ � J � 3 5 2 ; 6 a, b ∈ � D > f ′ 3 2 D > 6 = : N >

N 0 < 4 < < 0 [a, b] P 5 > > ? > > 2 = > > N > �

∑

a<k≤b

f(k) =

b∫

a

f(t) dt +

b∫

a

f ′(t){t}dt,

D 3 = > N 3 4 ? > > 2 1 ; O 5 = 4 9 D 3 4 6 6 > > 1 : 3 6 3 3 2 �

(?)
∑

a≤k≤b

f(k) =

b∫

a

f(t) dt +

b∫

a

f ′(t)

(

{t} − 1

2

)

dt +
f(a) + f(b)

2

6 > 4

∑

a≤k<b

f(k) =

b∫

a

f(t)dt − 1

2

/b

a

f(t) +

b∫

a

f ′(t)

(

{t} − 1

2

)

dt

︸ ︷︷ ︸

R1

.

� 3 5 f � < < 0 3 2 1 ; O 5 = 3 9 = 7 > 1 1 > 2 = 7 9 6 > < : N : 2 ? 7 9 4 N > > 6 > 6 P N 3 4 ? > > 2 D 0 0 2 2 O 5 6 7 9 1 4 0

R1

= 7 C 4 6 6 0 0 7 ? 7 < < 7 7 2 P D 3 < < 3 4 2 5 > > ? > > 2 � � % � � 
 � � � � � $ % � � � 
 � 
 � � � � � � � � � � � � �

(??)
∑

a≤k<b

f(k) =

b∫

a

f(t) dt +

n∑

m=1

Bm

m!

/b

a

f (m−1)(t) + (−1)n+1

b∫

a

Bn({t})
n!

f (n)(t) dt

︸ ︷︷ ︸

Rn

1 4 5 5 0 = 7 9 6 3 4 1 7 6 Bm

3 N > 6 � � � � 	 � % % 
 � % � � � � � P D > Bn(x) 3 2 n � 5 � � � � 	 � % % 
 � ) 	 % � �

� 	 � 


Bn(x) =

(
n

0

)

B0x
n +

(
n

1

)

B1x
n−1 + . . . +

(
n

n

)

Bnx0.

� : 3 1 � � 0 0 2 2 O 5 6 7 9 1 4 Rn

7 4 N 0 < 6 6 0 1 0 6 6 0 1 7 2 7 2 3 < < > > 2 n � 2 = > 5 N > 7 5 5 > � 5 : : 9 : : 5 G

< : 3 = = > N > < 4 6 : < < > n 3 2 > 4 2 > 6 > 9 = > 5 6 7 6 6 > N > 7 9 4 = 5 7 7 2 J

� � � � � � � � � � " � � 
 � � � 	 � � � � � � 	 
 � � � 8 � � � � � 7 
 � � � � 	 � � 	 � � � � � � � �

X 3 N 7 < 6 > 1 > < < > ; = 5 4 2 = 7 9 6 > 4 5 6 > 5 : 1 1 > = > > N > > (?)

R : 2 = 6 4 3 2 n!

< 3 Q > 9 4 6 1 4 4 2 5 > > ? > > 2

T � [ � 0 J 6 � 6 T � � X 1 � \ V ' � X / � T ] [ X 1 6 � 0

5 7 : 9 > > N > > 9 N 4 3 �

ln n! =
∑

1≤k≤n ln k

=

n∫

1

ln t dt +

n∫

1

1

t

(

{t} − 1

2

)

dt +
ln 1 + ln n

2

= n ln n − n + 1 + 1
2
ln n +

n∫

1

1

t

(

{t} − 1

2

)

dt

=⇒ n ln n − n + 1 ≤ ln n! ≤ n ln n − n + ln n + 1

=⇒ e
(

n
e

)n ≤ n! ≤ en
(

n
e

)n
.

/ > 9 = 7 1 1 > 2 > 9 N 4 3 2 1 : 3 ? 3 5 6 > 1 4 5 7 = 5 4 5 3 N 7 < < 7 6 > > 2 7 2 5 4 2 V : < 7 9 4 2 5 : 1 1 > = > > N > >

(??)

R : 2 = 6 4 3 3 2 ln(n − 1)!
D > = 3 9 D > 6 > > 2 5 4 6 6 7 2 6 : < 3 5 6 > < 4 5 0 0 1 0 < < 0 6 7 9 1 4 ln n �

ln(n − 1)! =
∑

1≤k<n ln k

=

n∫

1

ln t dt +

2∑

m=1

Bm

m!

/n

1

D(m−1) ln t −
n∫

1

B2({t})
2

D(2) ln t dt

=

/n

1

(t ln t − t) − 1

2

/n

1

ln t +
1

12

/n

1

1

t
+

n∫

1

{t}2 − {t} + 1
6

2t2
dt

= n ln n − n + 1 − 1
2
ln n + O(1)

=⇒ ln n! = n ln n − n + 1
2
ln n + O(1)

=⇒ n! = Θ
(√

n ·
(

n
e

)n)
.

�
�

�
�
� � � � # � � & % $ � � � � ! � $ � � � 	 � 
 
 � $

S ; O 5 = 3 1 8 < 7 = 5 4 > 9 N 3 4 5 4 < < 7 f, g : [a, b] → � N 3 4 ? > > 2 ' X G 4 2 6 7 Q 9 > > < 4 ∫ b

a
f dg 1 0 0 9 4 G

6 7 < < 0 ' X G 5 : 1 1 4 7 2 > N : < < > > 4 N > 2 = : 6 7 2 7 ? 7 < < 0 J � 3 5 3 2 f = f1 + if2 P g = g1 + ig2 P

2 4 4 2 ' X G 5 : 1 1 4 > 6 > 9 = > 5 6 7 < 7 1 > < < > 3 2 C 7 < 8 8 3 3 5 3 4 6 6 > > �

(?)

b∫

a

f dg =





b∫

a

f1 dg1 −
b∫

a

f2 dg2



+ i





b∫

a

f1 dg2 +

b∫

a

f2 dg1



 .

V 5 4 6 ; 5 6 0 (?)

= 0 ; 6 6 0 7 2 N 3 4 ? > > 2 = > 4 = = 4 ' X G 4 2 6 7 Q 9 > > < 4 7 2 3 1 4 2 > 4 5 : : ? 7 6 ( B )� ( * )

; < 7 4 5 6 0 0 9 7 > > < 4 5 7 5 6 > = 3 1 8 < 7 = 5 4 5 7 7 2 6 > 8 > : = 5 7 7 2 J
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 � � � � 8 4 5 6 7 7 5 5 0 z0 ∈ D D 3 5

9 > D > G > 9 N 3

f ′(z0) = lim
z→z0

f(z) − f(z0)

z − z0
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γ
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b∫

a

f(γ(t)) dγ(t) =

b∫

a

f(γ(t))γ′(t) dt.

( / 0 5 5 0 D > D > 6 = 3 5 5 > 5 4 4 5 3 < 7 6 7 6 > > 2 4 < 1 > 2 7 9 4 1 > 4 2 4 2 6 > > P 7 6 6 0 6 > 9 = > 5 6 7 < 6 > N > 6 8 3 < : 6
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γ
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2πθ

] < = 3 3 2 z0 ∈ � P f(z) =
1

z − z0

D > γ : [0, 1] → � 5 4 6 7 2 P 7 6 6 0 γ(θ) = z0 + e2πiθ J

/ 0 < < O 4 2

∫

γ

dz

z − z0
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∫ 1

0

1

γ(z) − z0
· γ′(θ) dθ
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∫ 1

0

1

e2πiθ
· 2πi e2πiθ dθ

=

∫ 1

0

2πi dθ = 2πi.
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] < = 3 3 2 7 ? 7 < < 0 f(z) = 1
(z−z0)n
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e2πiθ

)−n · 2πi e2πiθdθ
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∫ 1

0

e−(n−1)2πiθdθ
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︸︷︷︸
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∫
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∫
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4 2 6 7 Q 9 > > < 4 6 3 N > 6 3 < 7 1 > 5 5 > J

X > 1 3 4 2 P D 3 5 1 0 0 9 4 6 7 < < 0 0 2 8 3 < : 5 6 > γ : [a, b] → � 8 3 < = : −γ : [a, b] → � 7 < 4
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∫
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∮

γ

f J
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∫
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∫
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∫
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∮
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f(z0) =
1

2πi
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z − z0
dz.
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∮
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∮
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∮

γ
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3 6 6 > > C : 3 1 4 3 3 2 1 ; O 5 2 5 J = 4 7 9 6 3 < : = : n(γ, z0) ∈
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dz,
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f(z0) =
∑

n≥0

f (n)(z0)
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(z − z0)
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 � % � � � % % � m ≥ 1

3 2 R : 2 = 6 4 3 g(z) = (z − z0)
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� � � � � % � � � J
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� 2 ; 1 8 0 9 4 5 6 O 5 5 0 N 3 4 1 > 5 5 > 3 < 7 N >

8 3 6 7 2 5 5 4 5 > 9 D > = 7 C 4 6 7 < 1 0
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∑

n≥0
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1 4 5 6 0 5 > > ? > > 2 f � < < 7 N > 5 6 > > N > � � � � � � � � � � � 
 � � % � �

f(z) = (z − z0)
−m · g(z) =

∑

n≥−m

an(z − z0)
n,

D 3 5 5 > an , bn+m J
� 3 5 2 > N > 2 z0

= 7 9 6 > < : = : 3 2 m P 2 4 4 2 N 0 < 6 6 0 1 0 6 6 0 a−m = b0 6= 0
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 � �

� � � � � 
 � � � J

� : 2 = 6 4 3 2 f z0

G = 7 5 = 7 4 5 7 2 T > : 9 7 2 6 G = 7 C 4 6 7 < 1 0 2 = 7 9 9 3 4 2 a−1

3 2 f � 2 � � � 
 � � 8 4 5 6 7 7 5 5 0

z0 J
S 7 9 = 4 6 0 0 2 �

a−1 = Res(f ; z0)

6 > 4 a−1 = Res
z=z0

f(z).
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f(z) = lim
z→z0
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Res
z=z0

f(z) = lim
z→z0

1

(m − 1)!
D(m−1) ((z − z0)

mf(z)) .
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� 0 < = 4 1 1 0 4 5 7 5 5 0 6 > 8 > : = 5 7 5 5 > < > 5 = : 6 3 N > 6 = : 4 6 7 2 = 4 2 : 5 7 4 2 = 0 ; 6 0 2 2 O 5 5 0 6 ; O < 0 4 6 0 J

] < = 3 3 2 5 4 6 6 7 2 7 1 J 6 4 < > 2 6 7 7 5 5 > γ > < : 7 7 2 D 8 3 5 4 6 4 4 N 4 2 7 2 = 4 7 9 9 3 5 P D 3 2 = > 5 4 5 0 0 2 7 4

D 0 0 1 : 4 6 > f � 2 2 > 8 3 D > = : 4 2 z0 J
/ 0 < < O 4 2 �

γ

z0

∮

γ

f(z) dz =
∑

n≥−m

an

∮

γ

(z − z0)
n dz

= a−1 · 2πi

= 2πi · Res
z=z0

f(z).

� : 2 = 6 4 3 f 3 2 > < : 7 7 5 5 > D � � � 	 � 	 � � � � � P D 3 5 5 7 3 2 D � 5 5 0 > 2 > < ; ; 6 6 4 2 7 2 8 > 4 6 5 4

1 > C ? 3 < < 4 5 7 5 6 4 ? 4 5 = 9 7 7 6 4 5 5 0 D 3 : = 3 5 5 > 2 > 8 3 D > J

� � � � � - � - �
( F � > : Y C ; 2 9 7 5 4 ? ; < > : 5 7 M ) ] < = 3 3 2 γ 8 3 5 4 6 4 4 N 4 2 7 2 = 4 7 9 9 3 5 P D 3 2 = > 5 4 5 0 < G

< 0 1 7 9 3 1 3 9 5 5 7 < < > R : 2 = 6 4 3 < < > f 3 2 2 > N > 6 z1, . . . , zk P
D > 8 3 < : < < > γ R : 2 = 6 4 3 f 3 2

> 2 > < ; ; 6 6 4 2 7 2 J / 0 < < O 4 2 3 2

∮

γ

f(z) dz = 2πi ·
k∑

j=1

Res
z=zj

f(z).

� � � � � 
 � � �
( T 0 C 4 2 2 0 6 3 ? 4 5 6 : 5 4 ? 7 > J ) S : 3 = > 6 > > 2 8 3 < : 5 6 > γ 8 3 < = : γ̃ F < 7 4 = = > > 1 > < G

< > M 2 > N > 6 z1, . . . , zk

5 7 2 5 4 5 0 < 6 0 8 3 4 5 3 C 7 4 5 7 2 = : N > 2 3 5 3 4 6 6 > 1 > < < > 6 > N > < < > 9 4 4 6 6 0 N 0 2

8 4 7 2 4 < < 0 2 7 Q > 6 4 4 N 4 5 7 5 6 4 5 : : 2 2 4 5 6 7 6 : 4 < < > = 4 7 9 9 3 = 5 4 < < > γ1 . . . , γk J

z1

z2

z3

γ

� 0 4 2 1 : 3 ? 3 5 6 7 6 6 : γ̃ 3 2 = : 6 4 5 6 : N > 8 3 5 4 6 4 4 N 4 2 7 2 = 4 7 9 9 3 5 P D > f 5 7 2 5 4 5 0 < < 0 > 2 > < ; ; 6 G

T � [ � 0 J 6 � 6 T � � X 1 � \ V ' � X / � T ] [ X 1 6 K K

6 4 2 7 2 J X 4 6 7 2 3 2 �

0 =

∮

γ̃

f =

∮

γ

f +

∮

γ1

f + . . . +

∮

γk

f

⇒
∮

γ

f =

∮

−γ1

f + . . . +

∮

−γk

f

= 2πi ·
k∑

j=1

Res
z=zj

f(z).

2

� � � � � � � � � � � �

] < = 3 3 2 γ 8 3 5 4 6 4 4 N 4 5 7 5 6 4 5 : : 2 2 4 5 6 7 6 6 : ; = 5 4 = = O ; 1 8 ; 9 0 J S 0 0 9 4 6 0

∮

γ

dz

1 − 4z2

J

S 7 9 3 1 3 9 5 R : 2 = 6 4 3 < < > f(z) =
1

1 − 4z2

3 2 ; = 5 4 2 = 7 9 6 > 4 5 7 6 2 > N > 6 z = ±1
2

J ] 5 > 1 : 9 G

6 3 = 7 C 4 6 7 < 1 0 5 6 0

1

1 − 4z2
=

1/2

1 − 2z
+

1/2

1 + 2z
=

−1/4

z − 1/2
+

1/4

z + 1/2

2 0 C ? 0 0 2 P 7 6 6 0 Res
z= 1

2

f(z) = −1
4

D > Res
z=− 1

2

f(z) = 1
4

J

Res = 1

4

Res = − 1

4

γ
X 4 6 7 2 3 2 �

∮

γ

dz

1 − 4z2
= 2πi

(

−1

4
+

1

4

)

= 0.

� � � � � � � � � � 
 �

S 0 0 9 4 6 0

∞∫

−∞

dx

1 + x2

J

/ > 9 = > 5 6 7 < < > > 2 R : 2 = 6 4 3 2 f(z) =
1

1 + z2
=

1

(z − i)(z + i)

4 2 6 7 Q 9 3 4 2 6 4 > = 3 1 8 < 7 = 5 4 G

6 > 5 3 5 5 > 3 C 7 4 5 7 2 = : N > 2 3 5 3 4 6 6 > 1 > > 8 3 < = : > γR P r ≥ 1 P 8 4 6 = 4 2 J



T � [ � 0 J 6 � 6 T � � X 1 � \ V ' � X / � T ] [ X 1 6 K̂

i

−i

iR
γR

R−R

� : 2 = 6 4 3 < < > f 3 2 ; = 5 4 2 = 7 9 6 > 4 5 7 6 2 > N > 6 ±i P D 3 4 5 6 > 2 > 8 > z = i

D 0 0 4 2 6 7 Q 9 3 4 2 6 4 8 3 < : 2

5 4 5 0 0 2 J X 4 6 7 2 3 2

∮

γR

dz

1 + z2
= 2πi · Res

z=i

1

1 + z2
= 2πi lim

z→i

z − i

1 + z2
=

2πi

2i
= π.

/ 3 4 5 > > < 6 > 3 2

∮

γR

dz

1 + z2
=

∫ R

−R

dx

1 + x2
+

∫ π

0

dR eiϕ

1 + (R eiϕ)2

︸ ︷︷ ︸

≤πR· 1
|R2−1|

R→∞−−−→
∫ ∞

−∞

dx

1 + x2
.

X 4 6 7 2 5 > > ? > > 2 6 : < 3 = 5 7 = 5 4

∫ ∞

−∞

dx

1 + x2
= π J

, � 
 � �

� 	 � � " 
 � � 
 
 � 	 � 
 � � � � 
 � . � � 


�
�

� � 
 � 	 � 	 � � � � 
 � � 
 � 
 � 	 � � � 
 � � � � � � � 	 � � 
 � � 
 ��

� 	 � � 
 �

\ 7 9 : 5 < 0 C 6 O = 3 C 6 > � D 3 5 Q 7 2 7 9 3 4 N > R : 2 = 6 4 3 (?) f(z) =
∑

n≥0 fnzn 5 : 8 8 7 2 7 7 D 3 5 5 > = 4 2

3 9 4 Q 3 2 ; 1 8 0 9 4 5 6 O 5 5 0 P 2 4 4 2 5 7 2 = 7 9 6 3 4 1 7 6 1 0 0 9 0 ; 6 ; N 0 6 T > : 5 7 7 2 0 J ^ 1 : = > 4 5 7 5 6 4

� > : Y C ; 2 = > > N > 5 6 > �

(??) fn = 1
2πi

∮

γ

f(z)

zn+1
dz,

1 4 5 5 0 γ 3 2 1 4 = 0 6 > C > 2 5 > 5 > 9 D > 2 (?) 5 : 8 8 7 2 7 1 4 5 > < : 7 7 5 7 7 2 5 4 5 0 < 6 ; N 0 8 3 5 4 6 4 4 N 4 G

2 7 2 3 9 4 Q 3 2 = 4 7 9 9 3 5 J [ 7 9 9 3 4 2 4 2 6 7 Q 9 > > < 7 D > (??) 8 ; 9 4 6 0 0 2 > 9 N 4 3 4 1 > > 2 7 9 4 = 7 4 2 3 4 2 P

7 5 4 1 7 9 = 4 = 5 4 9 7 5 4 ? ; < > 5 = 7 2 2 > < < > J

� � � � � � � � �
] < = 3 3 2 Q 7 2 7 9 3 4 N > R : 2 = 6 4 3 f(z) =

∑

n≥0 fnzn 1 7 9 3 1 3 9 5 2 7 2 > < : 7 7 5 G

5 > |z| ≤ R

D > > 2 > < ; ; 6 6 4 2 7 2 = 7 C 0 < < 0 |z| = R J ] < = 3 3 6 f � 2 2 > N > 6 > < : 7 7 5 5 > |z| < R

z1, . . . , zk J
/ 0 < < O 4 2 3 2 3 < 7 1 > 5 5 > 8 3 < ; 2 3 1 4 6 P1, . . . , Pk P
D 3 4 < < >

fn =

k∑

j=1

z−n
j Pj(n) + O

(
R−n

)
.

\ 3 < ; 2 3 1 4 2 Pj

> 5 6 7 3 2 2 > N > 2 zj

= 7 9 6 > < : = : mj

N 0 C 7 2 2 7 6 6 ; 2 0 ; C ? 7 < < 0 7 < 4 deg Pj =

mj − 1 J V 9 4 6 ; 4 5 7 5 6 4 5 4 4 5 ; = 5 4 2 = 7 9 6 > 4 5 4 < < 7 2 > N 3 4 < < 7 7 1 J 8 3 < ; 2 3 1 4 6 3 N > 6 N > = 4 3 4 6 > �

Pj = − 1

zj

Res
z=zj

f(z).

K 0



T � [ � H J 6 X � S \ / ] ] / / 1 X V / S V � V / V T S
2 / K H

� � � � � 
 � � �
] < = 3 3 2 r 5 > 9 D > 2 (?) 5 : 8 8 7 2 7 1 4 5 5 0 ? 7 D > ρ < r J ] C 7 4 5 7 2 = : N > 2 7 5 4 6 G

6 0 1 0 4 2 6 7 Q 9 3 4 2 6 4 8 3 < = : γ = γ1 + γ2 + γ3 + γ4

= 4 7 9 6 0 0 = > 4 = = 4 f � 2 2 > N > 6 z1, . . . , zk

1 ; O 6 0 8 0 4 N 0 0 2 J

γ1

γ3

γ2

γ4

ρ

R

z2

z3

z1

' 7 5 4 ? ; < > : 5 7 7 2 0 J 0 2 3 D > < < > 3 2 5 4 6 7 2

∮

γ

f(z)

zn+1
dz = −2πi ·

k∑

j=1

Res
z=zj

f(z)

zn+1

=

∮

γ1

f(z)

zn+1
dz +

∮

γ2

f(z)

zn+1
dz +

∮

γ3

f(z)

zn+1
dz +

∮

γ4

f(z)

zn+1
dz

= 2πi · fn +

∮

γ3

f(z)

zn+1
dz,

5 4 < < 0 = : 6 7 2 = : N > 5 6 > C > N > 4 6 > > 2 P 8 3 < : 6 γ2

D > γ4

= : 1 3 > N > 6 6 3 4 5 7 2 5 > (γ2 = −γ4

) J

/ 0 1 0 2 8 7 9 : 5 6 7 7 < < > N 3 4 ? > > 2 = 4 9 D 3 4 6 6 > > 7 ? 7 < < 7 7 2

fn = −
k∑

j=1

Res
z=zj

f(z)

zn+1
+

(?)
︷ ︸︸ ︷

1

2πi

∮

|z|=R

f(z)

zn+1
dz

= −
k∑

j=1

Res
z=zj

f(z)

zn+1
+ O

(
R−n

)
,

5 4 < < 0

|(?)| ≤ 1

2π
· 2πR · max|z|=R |f(z)|

Rn+1
=

max|z|=R |f(z)|
Rn

.

] 2 C : 3 1 > 6 6 > N > P 7 6 6 0 6 0 5 5 0 6 7 9 1 4 O (R−n) 3 2 N > 4 2 > 5 ; 1 8 6 3 3 6 6 4 2 7 2 n � 2 5 : C 6 7 7 2 �

5 7 2 N > = 4 3 = 7 9 9 3 4 2 N > 4 C 6 7 < 7 7 N > < 4 6 : 2 R � 2 1 : = > > 2 J

� > 9 D 3 4 6 : 5 6 7 C 6 0 N 0 = 5 4 D 0 6 7 6 0 0 2 3 5 3 4 6 6 > > P 7 6 6 0 6 7 9 1 4 Res
z=zj

f(z)
zn+1

3 2 1 : 3 6 3 > z−n
j ·

Pj(n) P 1 4 5 5 0 deg Pj = mj − 1 J 2

� � � � � � � � � � 7 � � � � � 
 � � 
 �

S 7 9 = 4 6 0 0 2 sn

� < < 0 5 : 9 D 7 = 6 4 3 4 ? 7 2 h : [n] → [k] P k ≤ n P < : = : 1 0 0 9 0 0 J S 7 9 = 4 6 0 0 2

7 ? 7 < < 7 7 2 S � < < 0 5 : 9 D 7 = 6 4 3 4 ? 7 2 8 > 4 2 3 6 7 6 6 : > 8 7 9 C 7 6 6 0 P D 3 2 = > 7 Q R 3 2 ŝ(z) =
∑

n≥0

sn

n!
zn J

T � [ � H J 6 X � S \ / ] ] / / 1 X V / S V � V / V T S
2 / K *

] < = 3 3 2 A = {1} + {1, 2} + {1, 2, 3} + . . . 2 4 1 7 6 6 ; D 7 2 P 0 0 9 7 < < 4 5 6 7 2 7 8 0 6 ; C D 4 7 2

D 3 : = = 3 D 7 2 8 7 9 C 7 P D 3 2 = > 7 Q R 3 2 â(z) =
∑

n≥1 1 · zn

n!
= ez − 1 J

X : 9 D 7 = 6 4 3 4 ? 7 2 8 7 9 C 7 S N 3 4 ? > > 2 6 7 = 4 D O 4 ? 0 A � 2 > N : < < > P S ∼−→ A〈∗〉 P 1 4 5 6 0 5 > > ? > > 2

ŝ(z) =
1

1 − â(z)
=

1

2 − ez
.

� 0 C ? 0 0 2 P 7 6 6 0 6 0 1 0 2 7 Q R � 2 ŝ(z) > 4 2 3 > 6 7 9 4 = 3 4 5 8 4 5 6 7 7 6 3 N > 6 ; = 5 4 2 = 7 9 6 > 4 5 7 6 2 > N > 6

zk = ln 2 + k · 2πi P D 3 5 5 > k ∈ � J
ln 2 − 2π

ln 2

ln 2 + 2π

� : 2 = 6 4 3 2 9 7 5 4 ? ; 2 0 4 5 5 0 3 2

Res
z=zk

ŝ(z) = lim
z→zk

z − zk

2 − ez
= lim

z→zk

1

−ez
=

1

−ezk
= −1

2
.

( ' > D > G > 9 N 3 2 < > 5 = 7 1 4 5 7 7 2 3 2 6 0 5 5 0 5 3 N 7 < < 7 6 6 : T � � 3 5 8 4 6 > < 4 2 5 0 0 2 6 O 0 J )

T > : 5 7 7 2 H J B 1 : = > > 2 N 3 4 ? > > 2 7 Q R � 2 ŝ(z)

= 7 9 6 3 4 1 4 > > 9 N 4 3 4 ? > 6 > 9 = 7 2 6 : N > 5 6 4 3 6 6 > 7 2

< > > D 7 1 8 4 > ( � : 5 7 > 1 8 4 > 2 > 8 > 8 > 9 7 D > 5 4 5 0 < 6 0 N 4 0 ) 4 2 6 7 Q 9 3 4 1 4 5 5 0 6 7 4 6 0 J V 5 4 1 7 9 = 4 = 5 4

= : 2 5 0 ? 7 N > < 4 6 > > 2 N 0 < 4 < 6 0 ln 2 < R0 <
√

ln2 2 + 4π2 P 5 > > ? > > 2 > 9 N 4 3 = 5 4

ŝn =
sn

n!
= z−n

0 ·
(
− 1

z0

− 1
2

︷ ︸︸ ︷

Res
z=z0

ŝ(z)
)

+ O
(
R−n

0

)
=

1

2
(ln 2)−(n+1) + O

(
R−n

0

)
;

= : 2 5 0 ? 7 N > < 4 6 > > 2 N 0 < 4 < 6 0 √ln2 2 + 4π2 < R1 <
√

ln2 2 + 16π2 P 5 > > ? > > 2 > 9 N 4 3

ŝn =
1

2
(ln 2)−(n+1) +

1

2

(
(ln 2 + 2πi)−(n+1) + (ln 2 − 2πi)−(n+1)

)
+ O

(
R−n

1

)
;

D > ; < 7 4 5 7 5 6 4 N 0 < 4 < 6 0 √ln2 2 + k2π2 < Rk <
√

ln2 2 + (k + 1)2π2 5 > > ? > > 2

ŝn =
1

2
(ln 2)−(n+1) +

1

2

k∑

j=1

(
(ln 2 + j · 2πi)−(n+1) + (ln 2 − j · 2πi)−(n+1)

)
+ O

(
R−n

k

)
.

V 2 5 4 1 1 0 4 5 7 2 > 9 N 4 3 2 1 : = > > 2 5 4 4 5 sn = n! ŝn ≈ 1
2 ln 2

·
(

1
ln 2

)n·n! ≈ 0.72·(1.44)n·n! J



T � [ � H J 6 X � S \ / ] ] / / 1 X V / S V � V / V T S
2 / K I

�
�

� � � � 
 � � � � � � � 
 � 
 � � � 	 � � � � � � 
 
 �

� : 2 = 6 4 3 2 f(z) 7 9 4 = 3 4 5 8 4 5 6 7
( � 7 4 G > 2 > < ; ; 6 6 4 5 ; ; 5 8 4 5 6 7 ) z0

3 2 � % � � # � � % % 
 � � � P D 3 5

D 3 < < > = 4 2 α ∈ � 3 2 R : 2 = 6 4 3 g(z) = (z0 − z)αf(z) > 2 > < ; ; 6 6 4 2 7 2 z0

� 5 5 > J \ 4 7 2 4 2

6 0 < < > 4 2 7 2 α 3 2 7 9 4 = 3 4 5 8 4 5 6 7 7 2 z0

� � � � � % � � � 7 < 4 ) � 
 � 	 J

� � � � � � � � � � 
 ! � 4 4 	 	  � � � � � 
 � � � � � 
 �

S 7 9 = 4 6 0 0 2 F � < < 0 @ G 5 0 0 2 2 O < < 4 5 6 7 2 2 4 1 7 6 6 ; D 7 2 N 7 9 = = 3 D 7 2 8 7 9 C 7 6 6 0 D > N > 5 6 > > N > 5 6 4

fn

� < < 0 n G 5 3 < 1 : 4 5 6 7 2 @ G 5 0 0 2 2 O < < 4 5 6 7 2 N 7 9 = = 3 D 7 2 < : = : 1 0 0 9 0 0 = : 2 n ≥ 3 J � > 5 6 > > N >

7 Q R 3 2 5 4 4 5 f̂(z) =
∑

n≥0

fn
zn

n!

J

@ G 5 0 0 2 2 O < < 4 2 7 2 N 7 9 = = 3 N > 5 6 > > D 0 9 D 7 5 6 0 1 0 6 O 2 6 0 = 3 = 3 7 < 1 > > 5 ; = < 7 D 0 �

6
3

8

9

1

2

5

7

4

S 7 9 = 4 6 0 0 2 C � < < 0 5 ; = < 4 7 2 8 7 9 C 7 6 6 0 P 7 < 4 ; C 6 7 2 0 4 5 6 7 2 @ G 5 0 0 2 2 O < < 4 5 6 7 2 N 7 9 = = 3 D 7 2 8 7 9 G

C 7 6 6 0 D > 6 0 1 0 2 7 Q R � 0 0 ĉ(z) =
∑

n≥0

cn
zn

n!

J

X : : 2 2 > 6 6 : 5 ; = < 4 N > 5 6 > > 5 ; = < 4 5 6 0 8 7 9 1 : 6 > > 6 4 3 6 > = : 2 n ≥ 3 P D > 5 ; = < 4 5 6 7 2 8 7 9 1 : G

6 > > 6 4 3 4 ? 7 2 7 Q R = ln 1
1−z

=
∑

n≥1

1

n
zn

( = 5 J 5 4 N : 2 @̂ 7 5 4 1 7 9 = = 4 ) J

/ 0 1 0 2 8 7 9 : 5 6 7 7 < < > 5 > > ? > > 2

ĉ(z) =
1

2

(

ln
1

1 − z
− z − z2

2

)

⇒ f̂(z) = eĉ(z) =
e−

z
2
− z2

4√
1 − z

� 0 C ? 0 0 2 P 7 6 6 0 R : 2 = 6 4 3 < < > f̂(z) 3 2 F 1
2

G = 7 9 6 > 4 2 7 2 M > < Q 7 E 9 > < < 4 2 7 2 7 9 4 = 3 4 5 8 4 5 6 7 z = 1 J

( � : 2 = 6 4 3 (1 − z)
1
2 f̂(z) 3 2 > 2 > < ; ; 6 6 4 2 7 2 J

)

� : 2 = 6 4 3 < < > f(z) 3 2 7 9 4 = 3 4 5 8 4 5 6 7 z0 6= 0

D 3 5 D > N > 4 2 D 3 5 R : 2 = 6 4 3 < < > f̃(z) = f(z0z)

3 2 7 9 4 = 3 4 5 8 4 5 6 7 1 P D 3 6 7 2 3 < 7 6 7 6 > > 2 5 7 : 9 > > N > 5 5 > 7 6 6 0 z0 = 1 J ] < 7 6 7 6 > > 2 6 3 4 5 6 > 4 5 7 = 5 4

T � [ � H J 6 X � S \ / ] ] / / 1 X V / S V � V / V T S
2 / Â

1 ; O 5 P 7 6 6 0 8 4 5 6 7 z = 1 3 2 f � 2 � 
 � 	 � 7 9 4 = 3 4 5 8 4 5 6 7 = 4 7 = 3 5 5 > B(0; 1 + η)

D 3 < < > = 4 2

η > 0 J

/ 0 < < O 4 2 R : 2 = 6 4 3 g(z) = (1 − z)αf(z) 3 2 > 2 > < ; ; 6 6 4 2 7 2 = 4 7 = 3 5 5 > B(0; 1 + η) �

7 9 4 6 ; 4 5 7 5 6 4 5 4 < < 0 3 2 8 4 5 6 7 7 5 5 0 z = 1

= 7 C 4 6 7 < 1 0 g(z) =
∑

k≥0 gk(1 − z)k J

� ; 6 3 2 > 4 2 > = 4 2 8 : 2 = 6 7 7 9 > 6 : 5 5 > = 4 7 = 3 5 5 > B(1; η) \ {1} N 3 4 1 > 5 5 >

f(z) = (1 − z)−αg(z) =
∑

k≥0

gk(1 − z)k−α,

D 3 6 7 2 7 C = 0 f � 2 / > ; < 3 9 G 5 > 9 D > 2 = 7 9 6 3 4 1 4 > N 3 4 6 > 4 5 4 4 2 > 9 N 4 3 4 ? > �

fn = [zn]f(z) ≈ [zn]
∑

k≥0

gk(1 − z)k−α

= [zn]
∑

k≥0

gk

∑

j≥0

(
k − α

j

)

(−z)j

= (−1)n
∑

k≥0

gk

(
k − α

n

)

=
∑

k≥0

gk

(
n − k + α − 1

n

)

?

� � � � � � � 
 �
( L > 9 E 3 : � ) ] < = 3 3 2 f(z) =

∑

n≥0 fnzn

R : 2 = 6 4 3 5 4 6 7 2 P 7 6 6 0 D 3 < < > = 4 2

α ∈ � \ {0,−1,−2, . . . } 3 2 R : 2 = 6 4 3 g(z) = (1 − z)αf(z) > 2 > < ; ; 6 6 4 2 7 2 = 4 7 = 3 5 5 >

B(0; 1 + η) P η > 0 J ] < = 3 3 2 g � < < 0 8 4 5 6 7 7 2 z = 1 ; 1 8 0 9 4 5 6 O 5 5 0 = 7 C 4 6 7 < 1 0 g(z) =
∑

k≥0

gk(1 − z)k J / 0 < < O 4 2 3 2 = > 4 = 4 < < > m ≥ 0 �

fn = [zn]

{
m∑

k=0

gk(1 − z)k−α

}

+ O (n−m−2+α)

=
m∑

k=0

gk

(
n − k − 1 + α

n

)

+ O (n−m−2+α)

� � � � � 
 � � � / > 9 = > 5 6 7 < < > > 2 F N 4 9 C 7 R : 2 = 6 4 3 6 > M

h(z) = f(z) −
m∑

k=0

gk(1 − z)k−α =
∑

k≥m+1

gk(1 − z)k−α, z < 1.

/ 0 < < O 4 2 3 2 h(z) = (1 − z)m+1−α · h̃(z) P 1 4 5 5 0 R : 2 = 6 4 3 h̃(z) 3 2 > 2 > < ; ; 6 6 4 2 7 2

= 4 7 = 3 5 5 > B(0; 1 + η) J � 3 4 ? > > 2 3 5 3 4 6 6 > > ( = 5 J � 4 < R P F Q 7 2 7 9 > 6 4 2 Q R : 2 Y 6 4 3 2 3 < 3 Q ; M P 5 J

B H I ) P 7 6 6 0 6 0 5 5 0 6 > 8 > : = 5 7 5 5 > 3 2 [zn]h(z) = O
(
n−(m+1−α)−1

)
= O (n−m−2+α)

D >



T � [ � H J 6 X � S \ / ] ] / / 1 X V / S V � V / V T S
2 / B̂

5 4 6 7 2 fn = [zn]

{
m∑

k=0

gk(1 − z)k−α

}

+ [zn] h(z) N 0 4 6 6 7 7 2 1 : = > 4 2 7 2 J 2

� � � � � � � � � � 
 ! � 4 4 	 	 � � � � � � � 
 4 � � � � � � � 
 � � � � 
 � � � � �

X 3 N 7 < < 7 6 > > 2 T > : 5 7 6 6 > H J @ R : 2 = 6 4 3 3 2 f̂(z) =
e−

z
2
− z2

4

(1 − z)
1
2

N > < 4 2 2 > < < > m = 2 J

[ 7 C 4 6 7 6 0 0 2 R : 2 = 6 4 3 ĝ(z) = (1 − z)
1
2 · f̂(z) = e−

z
2
− z2

4

8 4 5 6 7 7 5 5 0 z = 1 �

ĝ(z) =
∑

n≥0

ĝ(n)(1)

n!
(−1)n(1 − z)n

= e−
3
4 + e−

3
4 (1 − z) +

e−
3
4

4
(1 − z)2 + . . .

T > : 5 7 7 2 H J @ 2 3 D > < < > 5 > > ? > > 2 (m = 2

) �

f̂n =
fn

n!
= e−

3
4

(
n − 1

2

n

)

+ e−
3
4

(
n − 3

2

n

)

+
e−

3
4

4

(
n − 5

2

n

)

+ O
(
n−7/2

)
,

1 4 = 0 N 3 4 ? > > 2 X 6 4 9 < 4 2 Q 4 2 = > > N > 2 ; 1 5 J > N : < < > = 4 9 D 3 4 6 6 > > 1 ; O 5 1 : 3 6 3 3 2

fn ≈ n! · e− 3
4√

nπ

{

1 − 5

8n
+

1

128n2
+ . . .

}

.

T > : 5 7 H J @ N 3 4 ? > > 2 N > C N 4 5 6 > > 1 : 3 6 3 3 2 ( = 5 J + 7 2 ? 7 9 P X 1 6 S ' 7 N 4 7 � B I H K ) �

� � � � � � � � �
( L > 9 E 3 : � G X � 7 Q O ) ] < = 3 3 2 R : 2 = 6 4 3 f(z) =

∑

n≥0 fnzn > 2 > < ; ; 6 6 4 2 7 2

= 4 7 = 3 5 5 > B(0; r) P r > 0 P D > 5 7 2 = 7 C 0 < < 0 |z| = r

R : 2 = 6 4 3 < < > N > 4 2 > < Q 7 E 9 > < < 4 5 7 6 7 9 4 G

= 3 4 5 8 4 5 6 7 7 6 z1, . . . , zk

D 3 4 ? 7 2 = 7 9 6 > < : N : 6 3 N > 6 α1, . . . , αk ∈ � \ {0,−1,−2, . . . } J

] < = 3 3 6 g1, . . . , gk

2 7 = 4 7 = 3 5 5 > B̄(0; r) > 2 > < ; ; 6 6 4 5 7 6 R : 2 = 6 4 3 6 P D 3 4 < < > 8 4 5 6 7 4 5 5 0

z1, . . . , zk

8 0 6 7 7

gj(z) =

(

1 − z

zj

)αj

f(z).

] < = 3 3 2 7 ? 7 < < 7 7 2 a = max{R �(αj) | j = 1, . . . , k} J / 0 < < O 4 2 3 2

fn =
1

n

k∑

j=1

gj(zj)n
αj

Γ(αj)z
n
j

+ o
(
r−nna−1

)
.

T � [ � H J 6 X � S \ / ] ] / / 1 X V / S V � V / V T S
2 / @̂

�
�
� � 	 � 	 � � � � 
 � � 
 � 
 � 	 � � � � � � � � � � 	 �

� 3 5 R : 2 = 6 4 3 f(z) =
∑

n≥0 fnzn 3 2 = 3 = 3 2 > 4 2 7 2 P N 3 4 ? > > 2 ( 6 0 ; 6 ; ; � ) = 7 9 6 3 4 1 4 7 2 fn

> 9 N 4 3 4 2 6 4 8 7 9 : 5 6 > > 5 : 3 9 > > 2 � > : Y C ; 2 4 2 6 7 Q 9 > > < 4 = > > N > > 2 ( T > : 5 7 0 J ^ 5 4 N : < < > K @ ) �

fn =
1

2πi

∮

γ

f(z)

zn+1
dz,

1 4 5 5 0 γ 3 2 D 3 = 4 2 3 9 4 Q 3 2 8 3 5 4 6 4 4 N 4 2 7 2 = 4 7 9 9 3 5 J

] < = 3 3 2 7 5 4 1 7 9 = 4 = 5 4 γ = 8 3 5 4 6 4 4 N 4 5 7 5 6 4 5 : : 2 2 4 5 6 7 6 6 : ρ G 5 0 6 7 4 2 7 2 ; 1 8 ; 9 0 J � 3 5 3 2

fn ≥ 0 ∀n

( = : 6 7 2 : 5 7 4 2 = 3 1 E 4 2 > 6 3 9 4 5 4 5 5 > 5 3 N 7 < < : = 5 4 5 5 > ) P 2 4 4 2

|z| = ρ ⇒ |f(z)| ≤
∑

n≥0

|fnzn| =
∑

n≥0

fn| z|n = f(ρ)

7 < 4 max
|z|=ρ

|f(z)| = f(ρ) J

/ 0 5 5 0 6 > 8 > : = 5 7 5 5 > 5 > > ? > > 2 5 4 4 5 > 9 N 4 3 �

(?) fn ≤ 1
2π

·
(

max
|z|=ρ

∣
∣
∣
∣

f(z)

zn+1

∣
∣
∣
∣

)

· 2πρ

=
1

2π
· f(ρ)

ρn+1
· 2πρ =

f(ρ)

ρn
.

[ 3 5 = > > 9 N 4 3 (?) 3 2 N 3 4 1 > 5 5 > = > 4 = 4 < < > ρ > 0 P N 3 4 ? > > 2 ; 9 4 6 6 0 0 N > < 4 6 > 8 > 9 > 5 6 0 < G

< > 4 2 7 2 P 7 < 4 6 4 : = 4 1 1 > 2 ; < 0 9 > D > 2 > 2 6 > N > J [ 3 5 = > 7 ? 7 < < 7 7 2 lim
ρ→0,∞

f(ρ)

ρn
= ∞ P 2 4 4 2

3 8 6 4 1 > > < 4 2 7 2 ρ 3 2 D 3 = 4 2 ? 7 9 4 N > > 6 > 2 D f(ρ)/ρn 2 3 < < > = 3 C ? 4 5 6 > �

D f(ρ) · ρ−n = f ′(ρ) · ρ−n − nf(ρ)ρ−n−1

= ρ−n−1 · (ρf ′(ρ) − nf(ρ)) = 0

⇔ ρf ′(ρ)
f(ρ)

= n (??).

� : 3 1 � V 4 C > 4 6 6 > > P N > 4 = = > > 2 2 7 6 : < < > n ; C 6 0 < O 0 (??) 7 4 8 ; 5 6 ; 4 5 4 = 0 0 2 9 > 6 = > 4 G

5 7 1 > > 2 6 > 9 = > 5 6 4 J 6 9 N 4 3 (?) 3 2 N 3 4 1 > 5 5 > = > 4 = 4 < < > ρ > 0 �
= ; 5 7 3 2 N > 4 2 > 9 N 4 3 2

3 8 6 4 1 3 4 2 2 4 5 6 > J

� � � � � � � � � � " � � 
 � � � 	 � � � � � � 	 
 � �

] < = 3 3 2 f(z) = ez =
∑

n≥1

1

n!
zn J / 0 < < O 4 2 3 2

ρf ′(ρ)

f(ρ)
=

ρeρ

eρ
= ρ,



T � [ � H J 6 X � S \ / ] ] / / 1 X V / S V � V / V T S
2 / ^ �

D 3 6 7 2 N > < 4 6 5 7 1 > < < > > 2 2 7 6 : < < > n 4 2 6 7 Q 9 3 4 2 6 4 = 7 C 0 ρ = n 5 > > ? > > 2 5 7 : 9 > > N > > 9 N 4 3 �

fn =
1

n!
≤ f(ρ)

ρn
=

en

nn
⇔ n! ≥

(n

e

)n

.

V 1 J 1 7 2 7 6 7 < 1 0 2 8 : : 6 7 3 2 P 7 6 6 0 4 2 6 7 Q 9 3 4 2 6 4 8 3 < = : 3 2 N > < 4 6 6 : 2 4 4 2 D 0 ; = 0 5 6 4 ( ; 1 G

8 ; 9 0 ) D > R : 2 = 6 4 3 2 > 9 N 3 > 8 3 < : < < > ; < 4 > 9 N 4 3 4 ? > > 2 9 7 4 < : 5 6 4 J � : 3 < 7 < < 4 5 7 1 1 4 2 N > < 4 2 2 3 4 2

N 3 4 ? > > 2 6 3 ? 4 5 6 > > 5 7 : 9 > > N > N > C N > 6 : < 3 5 ( = 5 J � 4 < R P F Q 7 2 7 9 > 6 4 2 Q R : 2 Y 6 4 3 2 3 < 3 Q ; M P 5 J

B * � ) �
� � � � � � � ! �
( � J � > ; 1 > 2 B Î 0 ) ] < = 3 3 2 f(z) =

∑

n≥0 fnzn

F � > ; 1 > 2 G = 7 < 8 3 4 2 7 2 M

( = 5 J > < < > ) R : 2 = 6 4 3 J S 0 0 9 4 6 7 < < 0 0 2 > 8 : R : 2 = 4 3 6 a(ρ) = ρf ′(ρ)/f(ρ)

D > b(ρ) = ρa′(ρ) J] < = 3 3 2 = : < < 7 = 4 2 n ≥ 1 ; C 6 0 < O 2 a(ρ) = n 8 3 5 4 6 4 4 N 4 2 7 2 9 7 > > < 4 D : : 9 4 ρn J
/ 0 < < O 4 2 3 2

fn ∼ f(ρn)

ρn
n

· 1
√

2πb(ρn)
.

� : 2 = 6 4 3 2 � > ; 1 > 2 G = 7 < 8 3 4 5 : : ? 7 2 ; < 7 4 5 7 6 7 C ? 3 6 3 N > 6 1 : 6 = 4 = = > > 6 ( = 5 J � 4 < R P 5 5 J

B * �� B * K ) P 1 : 6 6 > 7 5 4 1 7 9 = 4 = 5 4 5 7 : 9 > > N > 6 9 4 4 6 6 0 N 0 6 7 C ? 3 6 3 2 C 7 < 8 8 3 6 7 5 6 > 6 > �

( 4 ) R : 2 = 6 4 3 6 1 : 3 6 3 > eP (z) P D 3 5 5 > P (z) 6= 0 3 2 8 3 < ; 2 3 1 4 D > D 3 4 < < > < 4 5 0 = 5 4 8 0 6 7 7

[zn]eP (z) > 0 1 7 < = 7 4 2 = > 4 = 4 < < > n P 3 N > 6 � > ; 1 > 2 G = 7 < 8 3 4 5 4 > �

( 4 4 ) D 3 5 f D > g 3 N > 6 � > ; 1 > 2 G = 7 < 8 3 4 5 4 > P 2 4 4 2 1 ; O 5 fg

D > ef 3 N > 6 5 4 6 0 �

( 4 4 4 ) D 3 5 f 3 2 � > ; 1 > 2 G = 7 < 8 3 4 2 7 2 D > P 3 2 8 3 < ; 2 3 1 4 P D 3 2 = > = 3 9 = 7 4 1 1 > 2 > 5 6 7 7 2

= 7 9 9 3 4 2 3 2 8 3 5 4 6 4 4 N 4 2 7 2 P 2 4 4 2 f +P P f ·P D > P (f) 3 N > 6 � > ; 1 > 2 G = 7 < 8 3 4 5 4 > J

� � � � � � � � � � 7 
 � � � � 	 � � 	 � � � � � �

� : 2 = 6 4 3 3 2 f(z) = ez 5 3 N 7 < < 7 6 6 : 2 > T > : 5 7 H J K > 2 6 > > > 9 N 4 3 2

fn =
1

n!
∼ en

nn
· 1√

2πn
,

5 3 J

n! ∼
√

2πn
(n

e

)n

.

T � [ � H J 6 X � S \ / ] ] / / 1 X V / S V � V / V T S
2 / K̂

�
�
�
�

� ! 
 � " � 
 # $ % � � � � % � $ � � $ � � $

� > ; 1 > 2 4 2 < > : 5 7 7 2 ( H J K ) 6 3 ? 4 5 6 : 5 8 7 9 : 5 6 : : > 9 N 4 3 4 6 > N > 2 4 2 6 7 Q 9 > > < 4 2 � � � � % � ) 
 � � � �

� � � 
 � � � � � 
 
 � J S 7 2 7 6 7 < 1 0 2 4 ? 7 > N 3 4 ? > > 2 ; = 5 4 2 = 7 9 6 > 4 5 7 5 5 > 6 > 8 > : = 5 7 5 5 > 7 5 4 6 6 0 0

5 7 : 9 > > N > 5 6 4 �

] < = 3 3 2 > 9 N 4 3 4 6 > N > 2 > 4 2 6 7 Q 9 > > < 4

I =
1

2πi

∮

γ

eh(z)dz,

1 4 5 5 0 γ 3 2 1 4 7 < 4 N > < 6 > 4 2 7 2 3 9 4 Q 3 2 = 4 7 9 6 0 N 0 P 8 3 5 4 6 4 4 N 4 5 7 5 6 4 5 : : 2 2 > 6 6 : ; 1 8 ; 9 0 8 3 < G

= : D > h(z)

F 6 > 9 N 4 6 6 > N > 5 5 > > < : 7 7 5 5 > M > 2 > < ; ; 6 6 4 2 7 2 R : 2 = 6 4 3 P D 3 < < > 3 2 3 1 4 2 > 4 5 : : 5

max
|z|=R

|h(z)| = h(R), ∀R > 0.

( � 3 4 1 > 5 5 > 7 5 4 1 7 9 = 4 = 5 4 D 3 5 h(z) =
∑

n≥0

hnzn P D 3 5 5 > hn ≥ 0 ∀n ≥ 0 J
)

V 5 4 1 7 9 = 4 = 5 4 � > : Y C ; 2 = > > N > 2 1 : = > 4 5 7 5 5 > Q 7 2 7 9 3 4 N > 2 R : 2 = 6 4 3 2 f(z)

= 7 9 6 3 4 1 7 2

[zn] 1 0 0 9 4 6 6 0 N 0 5 5 0 4 2 6 7 Q 9 > > < 4 5 5 > 3 2

(?) h(z) ≡ hn(z) = ln f(z) − (n + 1) ln z.

S 0 0 9 4 6 7 6 0 0 2 7 2 5 4 2 4 2 6 7 Q 9 3 4 1 4 5 5 0 6 7 7 < < 7 R > 0 > 9 N 3 P D 3 = > 6 3 6 7 : 6 6 > > 7 C ? 3 6 �

(??) h′(R) = 0, h′′(R) > 0.

V 5 4 1 7 9 = 4 = 5 4 = > > N > 2 (?)

6 > 8 > : = 5 7 5 5 > 7 C 6 3 (??) 5 > > 1 : 3 ? 3 2
( N 9 6 J 5 4 N : 2 @̂ 6 : G

< 3 = 5 7 7 2 )

f ′(R)

f(R)
− (n + 1) · 1

R
= 0 ⇐⇒ R f ′(R)

f(R)
= n + 1.

] < 7 6 7 6 > > 2 5 4 6 6 7 2 ( C 7 : 9 4 5 6 4 5 7 5 6 4 ) P 7 6 6 0 R G 5 0 6 7 4 5 7 < < 0 ; 1 8 ; 9 0 < < 0 γ = γR

3 2 R : 2 = 6 4 3 2

eh(z) 1 > 5 5 > 2 4 4 2 = 7 5 = 4 6 6 ; 2 ; 6 8 4 5 6 7 7 2 z = R ; 1 8 0 9 4 5 6 O O 2 P 7 6 6 0 D 3 < < > = 4 2 8 4 7 2 7 < < 0

= : < 1 > < < > θ 3 N > 6 N 3 4 1 > 5 5 > 1 3 < 7 1 1 > 6 > 8 8 9 3 = 5 4 1 > > 6 4 3 6 �

( 4 ) ∮

γ

eh(z)dz ≈
∫

γ[θ]

eh(z)dz

D >

( 4 4 )

eh(z) ≈ eh(R)+ 1
2
h′′(R)(z−R)2

︸ ︷︷ ︸� 	 � � h′(R)=0

P z ∈ γ[θ] J
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θ
R

γ[θ]

γ

X 4 4 9 9 ; 6 0 0 2 = 4 2 2 ; 6 4 2 6 7 Q 9 3 4 1 > > 2 8 4 5 6 7 7 2 R ; 1 8 0 9 4 5 6 O 5 5 0 8 3 < : 2 γ[θ] 5 4 D > > 2 8 4 6 = 4 2

5 : 3 9 > > z = R + it P D > 3 < 7 6 7 6 > > 2 7 ? 7 < < 7 7 2 P 7 6 6 0 N 3 4 1 > 5 5 > 3 2 > 8 8 9 3 = 5 4 1 > > 6 4 3

( 4 4 4 ) ∫

γ[θ]

eh(z)dz ≈
R+i θ

2π
R

∫

R−i θ
2π

R

eh(z)dz ≈
R+i∞∫

R−i∞

eh(z)dz.

R + it

R

θ

� 3 5 3 < 7 6 : = 5 7 6 ( 4 )� ( 4 4 4 ) 3 N > 6 N 3 4 1 > 5 5 > P 5 > > ? > > 2 4 2 6 7 Q 9 > > < 4 < < 7 I > 9 N 4 3

I = 1
2πi

∮

γ

eh(z)dz

≈ 1

2πi

∫

γ[θ]

eh(R)+ 1
2
h′′(R)(z−R)2dz

≈ 1
2π

∞∫

−∞

eh(R) · e 1
2
h′′(R)(it)2dt

=
eh(R)

2π

∞∫

−∞

e−
t2

2
h′′(R)dt

=
eh(R)

2π
·
√

2π

h′′(R)

=
eh(R)

√

2πh′′(R)
.

X 3 N 7 < < 7 6 6 : 2 > Q 7 2 7 9 3 4 N > 2 R : 2 = 6 4 3 2 f(z)

= 7 9 6 3 4 1 7 2 [zn] 1 0 0 9 4 6 6 0 1 4 5 7 7 2 6 0 5 6 0 5 > > G

? > > 2 > 9 N 4 3 �

(? ? ?) [zn]f(z) ≈ eh(Rn)

√

2πh′′(Rn)
=

f(Rn)

Rn+1
n

· 1
√

2πh′′(Rn)
,

T � [ � H J 6 X � S \ / ] ] / / 1 X V / S V � V / V T S
2 / ^ 0

1 4 5 5 0 5 4 4 5

h(R) = ln f(R) − (n + 1) lnR

h′(Rn) = 0 ⇐⇒ Rnf ′(Rn)

f(Rn)
= n + 1.

6 9 N 4 3 (???) N > 5 6 > > 5 7 < N 0 5 6 4 � > ; 1 > 2 4 2 = > > N > > P 3 < 7 6 6 > 7 2 7 6 6 0 > 8 8 9 3 = 5 4 1 3 4 2 6 4 7 C G

? 3 6 ( 4 )� ( 4 4 4 ) 6 0 ; 6 6 0 N 0 6 J

�
�
� � � � 
 � � � � � � � � � � � 	 � � 
 �

1 2 6 7 Q 9 > > < 4 1 : : 2 2 3 = 5 7 5 5 > I[f ] > 2 2 7 6 6 : R : 2 = 6 4 3 f(t)

F 8 9 3 D 4 5 3 4 ? > > 2 M 5 3 8 4 N > 5 6 4 N > G

< 4 6 : 4 < < 7 = > 2 6 > R : 2 = 6 4 3 4 < < 7 bs(t) J
\ 9 3 D 7 = 6 4 3 4 6 > I[f ](s) = 〈f, bs〉 6 > 9
= > 5 6 7 < 7 1 > < < > N 3 4 G

? > > 2 5 > > ? > 8 > < D 3 2 6 4 7 6 3 > R : 2 = 6 4 3 2 f 3 1 4 2 > 4 5 : : = 5 4 5 6 > J [ 0 0 2 6 7 4 5 1 : : 2 2 3 5 I−1[f̂ ]

9 7 = 3 2 5 6 9 : 3 4 R : 2 = 6 4 3 2 f 8 9 3 D 7 = 6 4 3 4 5 6 > > 2 J

� � � � � � � � ! � � � 	 	 � � � = > 2 6 > R : 2 = 6 4 3 6 1 : 3 6 3 > bs(t) = est P

L[f ](s) =

∫ ∞

0

f(t) · e−stdt

� � � � � � � � ! � � � 	 	 � � � = > 2 6 > R : 2 = 6 4 3 6 1 : 3 6 3 > bω(t) = e−iωt P

F [f ](ω) =

∫ ∞

−∞
f(t) · e−iωtdt

� � � � � � 	 ! � � � 	 	 � � � = > 2 6 > R : 2 = 6 4 3 6 1 : 3 6 3 > bp(t) = tp−1 P

M[f ](p) =

∫ ∞

0

f(t) · tp−1dt

[ > 4 = = 4 4 2 6 7 Q 9 > > < 4 1 : : 2 2 3 = 5 7 6 3 N > 6 < 4 2 7 > > 9 4 5 4 > �

I[αf + βg] = αI[f ] + βI[g].

1 6 5 7 > 5 4 > 5 5 > = > 4 = = 4 = 3 < 1 7 7 1 J 4 2 6 7 Q 9 > > < 4 1 : : 2 2 3 5 6 > 3 N > 6 < 0 C 7 4 5 6 0 5 : = : > 6 3 4 5 4 < G

< 7 7 2 J � 3 5 7 5 4 1 7 9 = 4 = 5 4 1 0 0 9 4 6 7 < < 0 0 2 N 4 7 < 0 @ G 8 : 3 < 7 4 2 7 2 T > 8 < > Y 7 G 1 : : 2 2 3 5 �

L±[f ](s) =

∞∫

−∞

f(t) · e−stdt,
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2 4 4 2 3 2 F [f ](ω) = L±[f ](iω) J X > 1 3 4 2 N 3 4 ? > > 2 S 7 < < 4 2 G 1 : : 2 2 3 5 M[f ] 7 5 4 6 6 0 0R : 2 = 6 4 3 2 g(t) = f(e−t)

@ G 8 : 3 < 7 4 5 7 2 T > 8 < > Y 7 G 1 : : 2 2 3 = 5 7 2 > N : < < > �

L±[g](p) =
∞∫

−∞
g(t)e−ptdt =

∞∫

−∞
f(e−t)e−ptdt

=
0∫

∞
f(x)xp

(
−dx

x

)
=

∞∫

0

f(x)xp−1dx = M[f ](p),

D 3 5 5 > 6 7 C 6 ; 1 : : 6 6 : D > 2 N > 4 C 6 3 x = e−t D > 5 4 6 7 2 dx = −e−t dt = −x dt J

�
�

�
�

� � 
 � � 
 � " � & � $ � & � � $ � � � � � �

V 9 4 6 ; 4 5 7 5 6 4 4 2 6 7 Q 9 > > < 4 1 : : 2 2 3 = 5 7 6 C 7 < 8 3 6 6 > N > 6 > 2 2 7 6 : 2 R : 2 = 6 4 3 2 F = > 2 6 > R : 2 = 6 4 3 G

= 7 C 4 6 7 < 1 0 2 M 1 0 0 9 4 6 6 0 1 4 5 6 0 J V 5 4 1 7 9 = 4 = 5 4 D 3 5 f(t) = eλt P D 3 5 5 > λ ∈ � P 2 4 4 2

L[eλt](s) =
∞∫

0

eλte−stdt =
∞∫

0

e(λ−s)tdt

= 1
λ−s

/∞

0

e(λ−s)t = 1
λ−s

(0 − 1) = 1
s−λ

,

= : 2 R �(λ) < R �(s) J L G 1 : : 2 2 3 = 5 7 2 < 4 2 7 > > 9 4 5 : : ? 7 2 2 3 D > < < > 3 2 5 4 6 7 2 ; < 7 4 5 7 5 6 4 = 4 2

N 3 4 1 > 5 5 > P 7 6 6 0 D 3 5 f(t) =
∑n

i=1 aie
λit P 2 4 4 2

L[f ](s) =
n∑

i=1

ai

s − λi
,

7 < 4 R : 2 = 6 4 3 2 f 7 = 5 8 3 2 7 2 6 4 > > < 4 5 4 > F = 7 9 6 > < : = : D > M N > 5 6 > > N > 6 R : 2 = 6 4 3 2 L[f ] 2 > N > 6 P

N 4 7 < 0 8 0 2 4 4 2 7 6 6 0 R : 2 = 6 4 3 2 L[f ] 9 7 5 4 ? ; 6 4 7 6 ; 5 5 0 2 > N > 5 5 > 3 2 N > 5 6 > > N > 2 f � 2 7 = 5 G

8 3 2 7 2 6 4 > > < 4 5 7 2 = 7 9 6 > < : N : 2 8 > 4 2 3 = 7 9 9 3 4 2 J

� > 5 6 > > N > 5 6 4 3 2 S 7 < < 4 2 G 1 : : 2 2 3 = 5 7 < < > F 1 7 < = 7 4 2 M N 3 4 1 > 5 5 >M[tλ](p) = 1
p+λ

J ] 2 G

Q 7 < 1 > 2 > 3 2 P 7 6 6 0 4 2 6 7 Q 9 > > < 4

f̂(p) =

∞∫

0

f(t)tp−1dt

5 : 8 8 7 2 7 7 P D 3 5 D > N > 4 2 D 3 5 8 0 6 7 7 5 7 = 0 f(t) · tp−1 = o (t−1)

= : 2 t → 0 P 7 6 6 0
f(t) · tp−1 = o (t−1)

= : 2 t → ∞ P 7 < 4

{

f(t) = o (t−p) , t → 0

f(t) = o (t−p) , t → ∞.

/ > 9 = > 5 6 7 < 6 > N > 2 R : 2 = 6 4 3 2 f 6 0 ; 6 ; ; 5 4 4 5 6 3 6 7 : 6 6 > > 7 C ? 3 6

{

f(t) = o (t−α) , t → 0

f(t) = o
(
t−β
)
, t → ∞

T � [ � H J 6 X � S \ / ] ] / / 1 X V / S V � V / V T S
2 / ^ *

D 3 4 < < > = 4 2 α, β ∈ � 5 4 6 7 2 P 7 6 6 0 α < β J S : : 2 2 3 5 M[f ](p) 3 2 6 0 < < O 4 2 1 0 0 9 4 6 7 < 6 ;

F 2 > : C > 5 5 > M α < R �(p) < β J

� � � � � � � � � � � � � � � � � � � 	 
 � � � � � � 	 � � � � � � � � � �

] < = 3 3 2 f(t) = δ(t) · tλ P D 3 5 5 > δ(t) =

{

1, 0 ≤ x ≤ 1

0, 1 : : 6 7 2 J/ 0 < < O 4 2 3 2 �

M[f ](p) =

∞∫

0

δ(t) · tλ · tp−1dt

=

1∫

0

tλ+p−1dt

= 1
p+λ

,

= : 2 − λ < R �(p) < ∞.

M G 1 : : 2 2 3 = 5 7 2 < 4 2 7 > > 9 4 5 : : ? 7 2 2 3 D > < < > 3 2 N 3 4 1 > 5 5 > P 7 6 6 0 D 3 5 > 5 ; 1 8 6 3 3 6 6 4 5 7 5 6 4

= : 2 t → 0 8 0 6 7 7

f(t) =
∞∑

i=1

ait
λi , λ1 < λ2 < . . .

D > > 5 ; 1 8 6 3 3 6 6 4 5 7 5 6 4 = : 2 t → ∞ 8 0 6 7 7 f(t) = O
(
tβ
)
, β < λ1 P 2

4 4 2 �

M[f ](p) ≈
∞∑

i=1

ai

p + λi
, −λ1 < R �(p) < −β.

V 9 4 6 ; 4 5 7 5 6 4 D 3 5 R : 2 = 6 4 3 < < > f 3 2 3 9 4 Q 3 2 ; 1 8 0 9 4 5 6 O 5 5 0 8 3 6 7 2 5 5 4 5 > 9 D > 7 5 4 6 ; 5 f(t) =
∑

k≥0 fkt
k P 2 4 4 2 5 7 2 = 7 9 6 3 4 1 7 6 8 7 9 4 > > 6 6 7 7 5 5 > 5 > > ? > > 2 1 : : 2 2 3 = 5 7 2

M[f ](p) =
∑

k≥0

fk

p + k

9 7 5 4 ? ; 4 5 6 0 2 > N 3 4 5 5 > p = 0,−1,−2, . . .

� � � � � � � � � � � � � � � � � � � 	 
 � � � � � � 	 � � � � � � � � � �

] < = 3 3 2 f(t) = e−t J / 0 < < O 4 2 3 2

M[e−t](p) =

∞∫

0

e−ttp−1dt = Γ(p) (=

F

(p − 1)!

M

).

� � � � � � � � 	 
 � � � � 	 M[f ](p) 
 	 
 � � 
 
 
 � � � � � 	 � � � 
 �
� 
 	 � � � � � � � � 	 � � � � � � p = −λi


 	 ai

�

� � � � 	 � � � � � � � � � � � � � � � 
 � 
 	 � � � � � � � � � 	 	 � � 
 � � 	 p = −λi

� 
 � � � � � � � � � � �



T � [ � H J 6 X � S \ / ] ] / / 1 X V / S V � V / V T S
2 / Î

[ 3 5 = > 3 9 4 Q 3 2 ; 1 8 0 9 4 5 6 O 5 5 0 3 2 e−t =
∑

k≥0
(−1)k

k!
tk P D > < 4 5 0 = 5 4 e−t = o (t−α)

∀α > 0

= : 2 t → 0 5 7 = 0 e−t = o
(
t−β
)
∀β > 0

= : 2 t → ∞ P 5 > > ? > > 2 Γ G R : 2 = 6 4 3 < < 7

F 1 7 9 3 1 3 9 5 = 7 C 4 6 7 < 1 0 M

Γ(p) = M[e−t](p) =
∑

k≥0
(−1)k

k!
M[tk](p)

=
∑

k≥0

(−1)k

k!
· 1

p + k
,

D 3 = > 3 2 N 3 4 1 > 5 5 > = : 2 R �(p) > 0 J

�
�

�
�

� � � � � $ � � � " " � � � & % � � & 
 
 � � � 


S 7 < < 4 2 G 1 : : 2 2 3 = 5 7 2 4 2 N 7 9 5 4 3 = > > N > N 3 4 ? > > 2 D 3 C 6 > > T > 8 < > Y 7 G ( 6 > 4 � 3 : 9 4 7 9 G ) 1 : : 2 G

2 3 = 5 7 2 N > 5 6 > > N > 5 6 > �

] < = 3 3 2 f̂ = M[f ]

D > c ∈ � D 3 = 4 2 R : 2 = 6 4 3 2 f̂ > 2 > < ; ; 6 6 4 5 ; ; 5 2 > : C > 2 8 4 5 6 7 J / 0 < < O 4 2

3 2

(?) f(t) = 1
2πi

c+i∞∫

c−i∞

f̂(p)t−pdp ,

∫

(c)

f̂(p)t−pdp.

1 2 6 7 Q 9 > > < 4 (?) N 3 4 ? > > 2 : 5 7 4 2 < > 5 = 7 > f̂ � 2 9 7 5 4 ? ; 4 5 6 0 6 0 ; ? 7 2 6 0 1 0 < < 0 4 2 6 7 Q 9 3 4 2 6 4 8 3 < G

= : 5 4 < 1 : = > = 5 4 D 3 = 3 N > 5 7 1 8 > > 2 6 > 4 3 4 = 7 > > 2 8 : 3 < 4 6 > 5 3 3 2 J

� 5 J � � % % 
 � 
 � � � � � � � � � � � � 8 7 9 : 5 6 : N > 6 4 2 N 7 9 5 4 3 = > > N > > 2 (?)

D >M G 1 : : 2 2 3 = 5 7 2

5 = > > < > : 5 < > = 4 4 2 �

(??)

D 3 5 M[f(t)] = f̂(p), 2 4 4 2M[f(at)] = a−pf̂(p).

� � � � � 	 � 	 � � � � � � � � � � 


( 4 ) 4 2 N 7 9 5 4 3 = > > N > 2 D > < 4 2 7 > > 9 4 5 : : ? 7 2 2 3 D > < < > � D 3 5 M[f(t)] = f̂(p) P 2 4 4 2

∑

k≥1

f(k) =

∫

(c)

f̂(p)
∑

k≥1

k−p dp =

∫

(c)

f̂(p)ζ(p) dp;

( 4 4 ) < 4 5 0 = 5 4 5 = > > < > : = 5 7 2 2 3 D > < < > � D 3 5M[f(t)] = f̂(p) P 2 4 4 2

M
[
∑

k≥1

λkf(akt)

]

= f̂(p)
∑

k≥1

λka
−p
k ,

D 3 6 7 2∑

k≥1

λkf(akt) =

∫

(c)

f̂(p)

(
∑

k≥1

λka
−p
k

)

dp J

T � [ � H J 6 X � S \ / ] ] / / 1 X V / S V � V / V T S
2 / 0 A

� � � � � � � � � � 7 � � � � � � � � � 	 � � � � � � � � �

X : 1 1 > S =
∑

n≥1
(−1)n

n2

J X : 1 1 > 6 6 > N > 6 6 7 9 1 4 6 3 2 7 2 5 4 2 6 0 ; ? 7 2 2 7 6 6 0 N 0 � G

R : 2 = 6 4 3 4 = 5 4 P 7 5 4 1 7 9 = 4 = 5 4 f(t) = cos πt
t2

J

X : 3 9 4 6 7 6 > > 2 S 7 < < 4 2 G 1 : : 2 2 3 5 ( 4 2 6 7 Q 9 > > < 4 < > 5 = 7 6 6 : S > 8 < 7 G 3 C D 7 < 1 4 5 6 3 < < > ) �

f̂(p) =

∞∫

0

cos πt

t2
· tp−1dt =

∞∫

0

cos πt · tp−3dt

= cos
(

p−2
2

· π
)
· Γ(p − 2)

πp−2
(2 < R �(p) < 3).

X : 1 1 > = > > N > > 5 3 N 7 < 6 > 7 2 �

S = −
∫

(c)

cos
pπ

2
· Γ(p − 2)

πp−2
· ζ(p) dp, 2 < c = R �(p) < 3

= −
∫

(c)

π2Γ(p − 2)

Γ(p)
· 2p−1ζ(1 − p) dp

= −π2

2

∫

(c)

2p

(p − 1)(p − 2)
ζ(1 − p) dp

= −π2

2

∑

p=0,1,2

Res
p

= −π2

2

( 20

(−1)(−2)
Res
p=0

ζ(1 − p) +
21

(1 − 2)
ζ(0) +

22

(2 − 1)
ζ(−1)

)

= −π2

2

(
1
2
· (−1) − 2 ·

(
−1

2

)
+ 4 ·

(
− 1

12

))
= −π2

2

(
1
2

+ 1 − 1
3

)
= −π2

12

T > 5 = : 5 5 > 3 2 C ; O ? ; 2 2 7 6 6 ; 5 4 6 0 P 7 6 6 0 ζ G R : 2 = 6 4 3 < < 7 8 0 6 7 7
( ' 4 7 1 > 2 2 )

ζ(p)

ζ(1 − p)
=

πp · 2p−1

Γ(p) cos πp
2

,

D 3 5 6 > 5 > > ? > > 2 7 ? 7 < < 7 7 2

ζ(p) cos
pπ

2
= ζ(1 − p)πp · 2p−1

Γ(p)
,

5 7 = 0 < 4 5 0 = 5 4 5 4 6 0 6 4 7 6 3 > P 7 6 6 0 R : 2 = 6 4 3 < < > ζ(1 − p) 3 2 ; = 5 4 2 = 7 9 6 > 4 2 7 2 2 > 8 > p = 0 P

D 3 5 5 > 5 7 2 9 7 5 4 ? ; 3 2 −1 J



, � 
 � �

� � � � . . � 
 	 � �

� � � � � � � � � � " � � � � � � � � � � � 
 � 
 � 
 � � � 
 �

S 7 9 = 4 6 0 0 2 t(h)
n

� < < 0 n G 5 3 < 1 : 4 5 6 7 2 P 7 2 4 2 6 0 0 2 h � 2 = 3 9 = : 4 5 6 7 2
( D : : 9 9 7 6 6 : D 7 2 P D 0 9 D 7 5 G

6 7 6 6 ; D 7 2 P 2 4 1 7 0 1 0 6 6 O 1 4 7 2 ) 8 : 4 ? 7 2 < : = : 1 0 0 9 0 0 J \ 7 9 C 7 7 < < 7 N 3 4 ? > > 2 = 4 9 D 3 4 6 6 > >

6 7 = 4 D O 4 2 6 4 T (h+1) ∼−→ {•} ×
(
T (h)

)∗ � 1 0 0 9 4 6 7 < < 0 0 2 7 9 4 = 5 7 7 2 T (0) ∼−→ {•} J \ 7 9 G

C 7 7 2 6 > N > < < 4 5 7 < < 7 Q 7 2 7 9 3 4 N > < < 7 R : 2 = 6 4 3 < < 7 8 0 6 7 7 5 4 4 5 t(h+1)(z) = z
(
1 − t(h)(z)

)−1

D > t(0)(z) = z J � 0 4 5 6 0 N 3 4 ? > > 2 1 : 3 ? 3 5 6 > > 5 7 : 9 > > N > 9 7 = : 9 5 4 3 ; C 6 0 < O �

{

th+1 = z
1−th

t0 = z

z 6= 1

⇐⇒

{

th+1 − th+1th = z

t0 = z

[ 3 7 6 7 6 > > 2 < 4 2 7 > 9 4 5 3 4 ? > 1 : : 6 6 : D > 2 N > 4 C ? 3 < < > th = ah/bh

�

ah+1

bh+1

− ah+1

bh+1

· ah

bh

= z

⇔ ah+1

ah+2
− ah

ah+2
= z,

D 3 5 N > < 4 6 > > 2 bh = ah+1

⇔ ah+1 − ah = zah+2

T > 5 = : D 7 2 = > 2 2 > < 6 > ; = 5 4 2 = 7 9 6 > 4 5 7 1 1 > = 5 4 3 5 3 4 6 6 > : 6 : : 1 : : 6 6 : D > 2 N > 4 C 6 3 th = z(ah+1/ah+2)
�

6 0 < < O 4 2 5 > > ? > > 2 < 4 2 7 > 9 4 5 3 4 6 : ; C 6 0 < O

{

ah+1 − zah = ah+2 ⇐⇒ ah+2 − ah+1 + zah = 0

a0 = 0, a1 = 1

/ 0 1 0 N 3 4 ? > > 2 9 > 6 = > 4 5 6 > D 3 = 3 Q 7 2 7 9 3 4 N > 2 R : 2 = 6 4 3 2 6 > 4 F = > 9 > = 6 7 9 4 5 6 4 5 7 2 8 3 < ; 2 3 G

1 4 2 M 6 7 = 2 4 4 = > < < > �

(?) q2 − q + z = 0 ⇔ q = 1
2
± 1

2

√
1 − 4z.

0 B

T � [ � * J X ] � V T T � [ X 1 6 0 @

S 7 9 = 4 6 0 0 2 q1 ∼ +

D > q2 ∼ − J

∴ ah = c1q
h
1 + c2q

h
2

J ' > 6 = > 4 5 6 > > 2 N > = 4 3 6 c1

D > c2

�

{

a0 = c1 + c2 = 0

a1 = c1
2
(1 +

√
1 − 4z) + c2

2
(1 −

√
1 − 4z) = c1−c2

2

√
1 − 4z = 1

⇒ c1 = 1√
1−4z

, c2 = − 1√
1−4z

⇒ ah = 1√
1−4z

((
1+

√
1−4z
2

)h

−
(

1−
√

1−4z
2

)h
)

∴ th(z) = z · ah+1(z)

ah+2(z)
= z · qh+1

1 − qh+1
2

qh+2
1 − qh+2

2

=
z

q1

·
1 −

(
q2

q1

)h+1

1 −
(

q2

q1

)h+2

=
z

q1
· 1 − ρh+1

1 − ρh+2
, ρ =

q2

q1
=

1 −
√

1 − 4z

1 +
√

1 − 4z
.

� : 2 = 6 4 3 < < > th(z) 3 2 7 9 4 = 3 4 5 8 4 5 6 7 7 6

ρh+2(z) = 1 ⇐⇒ ρ(z) = e
2πi
h+2

·k, k = 0, 1, . . . , h + 1.

� 0 4 5 6 0 < 0 C 4 2 2 0 3 9 4 Q 3 > 3 2 ; = 5 4 = 0 5 4 6 6 7 4 5 7 5 6 4 8 4 5 6 7 ρ(z0) = 1 ⇐⇒ z0 = 1
4

P 1 : 6 6 >

6 0 1 0 3 2 8 3 4 5 6 : N > 7 9 4 = 3 4 5 8 4 5 6 7 P D 3 5 5 >

lim
z→z0

th(z) =
1

2
· h + 1

h + 2
.

S : : 6 7 9 4 = 3 4 5 8 4 5 6 7 7 6 5 > > ? > > 2 9 > 6 = > 4 5 7 1 > < < > ; C 6 0 < O 6

ρ(zk) = ωk, k = 1, 2, . . . , h + 1,

1 4 5 5 0 8 4 5 6 7 7 6 ωk = e
2πi
h+2

·k 3 N > 6 = 3 1 8 < 7 = 5 4 5 4 > (h + 2) � 2 5 4 > ; = 5 4 = = O D : : 9 4 > J T > 5 = 7 G

6 > > 2 �

ρ(z) =
1 −

√
1 − 4z

1 +
√

1 − 4z
= ω

⇐⇒
√

1 − 4z =
1 − ω

1 + ω

⇐⇒ z =
1

4

(

1 −
(

1 − ω

1 + ω

)2
)

=
ω

(1 + ω)2
=

ω

1 + ω2 + 2ω
=

1
1
ω

+ ω + 2

=
1

ω∗ + ω + 2

( = : 2 ω 3 2 ; = 5 4 = = O D : : 9 4
)

=
1

2

' 7(ω) + 2
.



T � [ � * J X ] � V T T � [ X 1 6 0 �

S : : 6 = 4 2 7 9 4 = 3 4 5 8 4 5 6 7 7 6 zk

3 N > 6 5 4 6 7 2 � � � � % 
 � 
 � P 1 : 3 6 3 >

zk =
1

2
· 1

1 + cos ϕk

, 1 4 5 5 0 ϕk =
2π

h + 2
· k, k = 1, 2, . . . , h + 1.

� 0 4 5 6 0 3 2 3 9 4 Q 3 > < 0 C 4 2 2 0 8 4 5 6 7

z1 = zh+1 =
1

2
· 1

1 + cos ϕ1

, 1 4 5 5 0 ϕ1 =
2π

h + 2
.

[ 3 5 = > R : 2 = 6 4 3 ρh+2(z) 3 2 > 2 > < ; ; 6 6 4 2 7 2 8 4 5 6 7 7 5 5 0 z1 P 5
4 < < 0 3 2 z1

� 2 ; 1 8 0 9 4 5 6 O 5 5 0

/ > ; < 3 9 G = 7 C 4 6 7 < 1 0 �

ρh+2(z) = ρh+2(z1) + (z − z1) · Dρh+2(z1) + O((z − z1)
2)

= 1 + (z − z1) · Dρh+2(z1) + O((z − z1)
2).

� 0 4 2 3 < < 7 2 R : 2 = 6 4 3

(z − z1) ·
1

1 − ρh+2(z)
=

1

−Dρh+2(z1) + O(z − z1)

3 2 > 2 > < ; ; 6 6 4 2 7 2 8 4 5 6 7 7 5 5 0 z = z1 P 1
4 = 0 < 4

Dρh+2(z1) 6= 0 P D > 5 4 4 5 8 4 5 6 7 z1

3 2

R : 2 = 6 4 3 2 th(z) � � � 
 � � � � � � 
 � � � � � ) � J ( � > N > 2 z1 = zh+1

F 1 : < 6 4 8 < 4 5 4 6 7 7 6 6 4 M 3 2 = : 4 G

6 7 2 = 4 2 @ P = 3 5 = > 5 4 4 2 0 3 2 5 > 6 6 : 1 3 4 5 4 2 = > = 5 4 3 9 4 Q 3 5 6 > 5 > 1 > < < > 7 6 0 4 5 ; ; ? 7 < < 0 3 < 7 N > >

2 > 8 > > ? 7 Q 7 2 7 9 3 4 6 : 2 : 6 ; C ? 7 = 5 4 J / 0 1 0 6 0 ; 6 ; ; 3 6 6 > > C : 3 1 4 3 3 2 P = : 2 1 ; O C 7 1 1 4 2

5 3 N 7 < < 7 6 > > 2 T > : 5 7 6 6 > H J B = 7 9 6 3 4 1 4 7 2 t(h)
n

> 9 N 4 3 4 2 6 4 4 2 J )

� > 5 6 > > N > 2 9 7 5 4 ? ; 2 > 9 N 3 = 5 4 5 > > ? > > 2 �

Res
z=z1

th(z) =
z1

q1(z1)
·
(
1 − ρh+1(z1)

)
· Res

z=z1

1

1 − ρh+2(z1)

=
z1

q1(z1)
·
(
1 − ρh+1(z1)

)
·
(

− 1

Dρh+2(z1)

)

.

T > 5 = 7 6 > > 2 N 4 4 1 7 4 5 7 5 5 0 6 7 = 4 D 0 5 5 0 7 5 4 4 2 6 ; N 0 ? 7 9 4 N > > 6 6 > �

Dρh+2(z) = (h + 2) · ρh+1(z) · ρ′(z)

= (h + 2) · ρh+1(z) · 4√
1 − 4z · (1 +

√
1 − 4z)2

=
4(h + 2)√

1 − 4z
· 1

q1(z)2
· ρh+1(z).

[ > 4 = = 4 > > 2 5 > > ? > > 2 5 4 4 5 9 7 5 4 ? ; < < 7 > 9 N 3 �

Res
z=z1

th(z) =
z1

q1(z1)
·
(
1 − ρh+1(z1)

)
·
(

−
√

1 − 4z1

4(h + 2)
· q1(z1)

2 · 1

ρh+1(z1)

)

= − 1

4(h + 2)
· z1q1(z1)

√
1 − 4z1 ·

(
1

ρh+1(z1)
− 1

)

= − 1

4(h + 2)
· z1q1(z1)

√
1 − 4z1 · (ρ(z1) − 1) ,

T � [ � * J X ] � V T T � [ X 1 6 0 K

D > 6 0 5 6 0 7 ? 7 < < 7 7 2 T > : 5 7 7 2 H J B 2 3 D > < < > = 7 9 6 3 4 1 4 < < 7 t(h)
n

> 9 N 4 3 �

t(h)
n ∼ c1 · (

1

z1
)n + ch+1 · (

1

zh+1
)n

= 2c · ( 1

z1
)n,

1 4 5 5 0

z1 =
1

2
· 1

1 + cos ϕ1
,

ϕ1 =
2π

h + 2
,

c =
1

4(h + 2)
· (1 +

√
1 − 4z1)(

√
1 − 4z1) ·

(
1 −√

1 − 4z1

1 +
√

1 − 4z1

− 1

)

=
4z1 − 1

2(h + 2)

=
1

2(h + 2)
· 1 − cos ϕ1

1 + cos ϕ1

.

[ > 4 = = 4 > > 2 5 > > ? > > 2 5 4 4 5 > 9 N 4 3 �

t(h)
n ∼ 1

h + 2
· 1 − cos ϕ1

1 + cos ϕ1
· (2 + 2 cosϕ1)

n.

� � � � � � � � � � � � � � � � � � � � � � 	 
 � � � 	 
 � � � � �

\ 9 7 5 = 5 4 8 : : 7 < 4 � � 
 � 3 2 6 4 7 6 3 9 > = 7 2 2 7 P D 3 5 5 > 6 > < < 7 6 7 6 6 > N 4 7 2 1 7 9 = = 4 D 3 2 3 D 7 2 ; C 6 7 4 5 7 6

> < = : 3 5 > 6 5 4 D 3 4 6 7 6 > > 2 5 > 1 3 4 C 4 2 5 3 < 1 : 4 C 4 2 J V 5 4 1 7 9 = 4 = 5 4 D 3 2 3 6 / 1 T 6 P / 1 1 � 1 X D >

/ ' 1 V 6 > < < 7 6 7 6 6 > 4 5 4 4 2 5 7 : 9 > > N > 5 6 4 �

�

� �
� � � �

� �

�

�

\ 9 7 5 = 5 4 8 : : 2 = 0 ; 6 6 O 6 7 C 3 5 6 > > C > = : D > D 2 7 J / > 9 = > 5 6 7 < < > > 2 6 0 5 5 0 = : 4 6 7 2 = 4 2 N > 4 2

= ; 5 ; 1 ; 5 6 0 � 	 � � � � 	 � � 
 � � � � � 	 % � � � 	 � 	 � � � � � � 	 
 � � � � 
 6 : < 7 7 n � 2
( 6 > 5 > 4 5 7 5 6 4 D > = > : G

6 : 2 7 7 2 ) 5 > 6 : 2 2 > 4 5 7 2

l G E 4 6 6 4 5 7 2 E 4 2 0 0 9 4 D 3 2 3 2 1 : 3 ? 3 5 6 > 1 > > 2 8 9 7 5 = 5 4 8 : : C : 2 �

S 7 9 = 4 6 0 0 2 > 2 2 7 6 6 : > E 4 2 0 0 9 4 D 3 2 3 D 3 : = = 3 > t N > 5 6 > > N > < < 7 8 9 7 5 = 5 4 8 : : < < 7 5 7 2 N > 5 7 2 G

6 > > < 4 8 : : 6 > ( F A G > < 4 8 : : 6 > M ) t0 �
< < > D > 3 4 = 7 > > > < 4 8 : : 6 > ( F B G > < 4 8 : : 6 > M ) t1 �
< < 0 J [ : 1 8 4 G

= 4 2 N 3 4 3 < < > 6 ; C D 0 J V 8 0 6 9 4 N 4 > > < 4 2 8 9 7 5 = 5 4 8 : : 2 5 4 5 0 5 3 < 1 : D 7 2 1 0 0 9 0 N 3 4 ? > > 2 2 ; 6

< > 5 = 7 > = > > N > 5 6 > �

s[t] = s[t0] + s[t1] + 1

(?) = U [t1]s[t0] + U [t0]s[t1] + 1,



T � [ � * J X ] � V T T � [ X 1 6 0̂

1 4 5 5 0 U [t] ≡ 1 3 2 6 : 3 2 2 7 1 8 > 2 > (??)

4 < 1 7 2 7 N 0 5 6 0 5 ; ; 5 6 0 < 4 5 0 6 6 ; F 6 7 = 2 4 2 7 2 M

> 8 : 1 : : 6 6 : D > J

S 7 9 = 4 6 0 0 2 5 4 6 6 7 2 sn =

�

(s[t] | 5 4 5 0 < 6 0 0 n D 3 2 3 >) D > 6 0 1 0 2 7 = 5 8 3 2 7 2 6 4 > > < 4 5 6 >

Q 7 2 7 9 3 4 N > > R : 2 = 6 4 3 6 > ŝ(z) =
∑

n≥0

sn · zn

n!

J

� 3 5 8 : : C : 2 t 6 > < < 7 6 7 6 : 6 n D 3 2 3 > 3 N > 6 6 > 5 > D > = > : 1 > 2 1 : = > > 2 5 > 6 : 2 2 > 4 5 4 > P 2 4 4 2

6 3 ? 7 2 2 0 = O 4 5 ; ; 5 5 4 < < 7 P 7 6 6 0 8 : : t0 5
4 5 0 < 6 0 0 k D 3 2 3 > D > 8 : : t1 5
4 5 0 < 6 0 0 n− k

D 3 2 3 >

3 2

pn,k =

(
n

k

)

· 1

2n
.

/ 0 1 0 N > 5 6 > > n � 2 6 3 4 5 6 3 2 6 3 4 5 6 3 = 3 7 6 6 > P D 3 5 5 > ; C ? 7 2 6 3 4 5 6 3 2 F 3 2 2 4 5 6 : 1 4 5 6 3 ? 7 2 G

2 0 = O 4 5 ; ; 5 M 3 2 P

( F D 3 2 3 2 B J E 4 6 6 4 3 2 A M )= 1
2

J

� 3 5 ; < 7 4 5 7 5 6 4 u, v, w 3 N > 6 D 3 4 6 > 4 2 8 : 4 C 4 2 < 4 4 6 6 ; N 4 0 5 > 6 : 2 2 > 4 5 1 : : 6 6 : D 4 > D > û, v̂, ŵ
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