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1. > ( $ -* ) )

2. 2>→ (>→ 2>) ( $ -* ) )

3. 2> (� ,1)

4. >→ 2> ( c � ,2,3)

5. >→ (2>→>) ( $ -* ) )

6. 2>→> ( c � ,1,5)

7. (2>→>) → ((>→ 2>) → (>↔ 2>)) ( $ -* ) )

8. (>→ 2>) → (>↔ 2>) ( c � ,6,7)

9. >↔ 2> ( c � ,4,8)
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2P → 2Q

1. P → Q ( �� )

2. 2(P → Q) (� ,1)

3. 2(P → Q) → (2P → 2Q) (K)

4. 2P → 2Q ( c � ,2,3)

� e i h gj ij j y �u gv v tj w

P1 ∧·· ·∧Pn → Q
2P1 ∧·· ·∧2Pn → 2Q
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� 3u gv v tj w . P → Q
3P → 3Q

1. P → Q ( �� )

2. (P → Q) → (¬Q →¬P) ( $ -* ) )

3. ¬Q →¬P ( c � ,1,2)

4. 2¬Q → 2¬P ( D ,3)

5. (2¬Q → 2¬P) →

(¬2¬P →¬2¬Q) ( $ -* ) )

6. ¬2¬P →¬2¬Q ( c � ,4,5)
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ΣB 2 % 1 (' ()+ 1 ) )' 5 > ' ( (8 � # = {Q | 2Q ∈� }<

	 4+ )+ ) - -1 5+ ) ) 8 � # ∪{¬Z} % 1 ΣB + 78 2 % 1 (' ()+ 1 ) )' <

$ 8 4 4� ' 1 % 1 % 4+ > - ( ( - {A1, . . . ,An} ⊆� # 5 6 % 4 4+

Σ `K /0 =⇒¬(>∧A1 ∧·· ·∧An ∧¬Z)<

/2 % (2 - ¬(>∧A1 ∧·· ·∧An) →¬(>∧A1 ∧·· ·∧An ∧¬Z) % 1) -* ) % 4 % ;' - 3<

� - ) 2 + ) - - 1 6 %� ) % - .

E© � � � � � 
FGHI I H G 
G F JK F 
L F JMI M N �H 
 J O 
G F �PH   
I Q 
 JKH LG I LR JK L  JKH J

AB

�� � �� �� � � 	 
� � � � �� � �� � � �'

&

$

%

1. ¬(>∧A1 ∧·· ·∧An ∧¬Z)

2. ¬>∨¬A1 ∨·· ·∨¬An ∨Z (� , % 7 ,1)

3. (>∧A1 ∧·· ·∧An) → Z (� , % 7 ,2)

4. (2>∧2A1 ∧·· ·∧2An) → 2Z ( � D ,3)

5. 2>→ ((2A1 ∧·· ·∧2An) → 2Z)(� , % 7 ,4)

6. >→ 2> (o (< (<
 )

7. >→ ((2A1 ∧·· ·∧2An) → 2Z) (� , % 7 ,5,6)

8. (>∧2A1 ∧·· ·∧2An) → 2Z (� , % 7 ,7)

9. ¬(>∧2A1 ∧·· ·∧2An ∧¬2Z) (� , % 7 ,8)

⇒� % 1 ΣB + 78 2 % 1 (' ()+ 1 ) )' /,' ( )' ,' ' ) - 3 5 6 % )+ 1 � # ∪{¬Z}
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	 4 2 % % 1 � ΣB 2 % 1 (' ()+ 1 ) )' <

�8 , 6+ ( )+ ) 8 8 1 2 -' 2 2' > %& - -4' 4 -* (+ + ) 6 % 1 % % 1

Q0,Q1, . . . 6 - > 8 8 ,' )+ 4 4 8 8 1 .
∆0 =� <

∆i =
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∆ =

⋃
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	 4 2 % % 1 ∆i−1 % 1 ΣB 2 % 1 (' ( )+ 1 ) )' <

	 4+ )+ ) - - 1 5+ ) ) 8 ∆i % 1 ΣB + 78 2 % 1 (' ()+ 1 ) )' <$ 8 4 4� ' 1 ∆i = ∆i−1 ∪{¬Qi−1} 6 -

∆i−1 ∪{Qi−1} % 1 ΣB + 78 2 % 1 (' ( )+ 1 ) )' <


' ' ( % 1 % 4+ > - ( ( - {A+
1 , . . . ,A+

n+} ⊆ ∆i−1 5 6 % 4 4+

Σ `K /0 =⇒¬(>∧A+
1 ∧·· ·∧A+

n+ ∧Qi−1)(+ 2 8 {A−
1 , . . . ,A−

n−} ⊆ ∆i−1 5 6 % 4 4+

Σ `K /0 =⇒¬(>∧A−
1 ∧·· ·∧A−

n− ∧¬Qi−1)
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1 ∧·· ·∧A+

n+ ∧Qi−1)

2. ¬(>∧A−
1 ∧·· ·∧A−

n− ∧¬Qi−1)

3. Qi−1 →¬(>∧A+
1 ∧·· ·∧A+

n+) (� , % 7 ,1)

4. ¬Qi−1 →¬(>∧A−
1 ∧·· ·∧A−

n−)(� , % 7 ,2)

5. ¬(>∧A+
1 ∧·· ·∧A+

n+)∨

¬(>∧A−
1 ∧·· ·∧A−

n−) (� , % 7 ,3,4)

6. ¬(>∧A+
1 ∧·· ·∧A+

n+∧

A−
1 ∧·· ·∧A−

n−) (� , % 7 ,5)
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' ' ( % 1 % 4+ > - ( ( - {A1, . . . ,An} ⊆ ∆ 5 6 % 4 4+

Σ `K /0 =⇒¬(>∧A1 ∧·· ·∧An)<

	 1 % 4+ > - ( ( - i ≥ 0 5 6 % 4 4+ {A1, . . . ,An} ⊆ ∆i<

⇒ ∆i % 1 ΣB + 78 2 % 1 (' ( )+ 1 ) )' 5 ,' ( )' ,' ' ) -<

/' 9 3 ∆ % 1 > -2 (' > - - 4' (+ ( )' ΣB 2 % 1 (' ( )+ 1 ) )' <

	 4 2 % % 1 ∆∪{Z} ΣB 2 % 1 (' ()+ 1 ) )' <

o % (2 - Z = Qi 6 % 4 4 -2' 1 i 5 ∆∪{Qi} % 1 ΣB 2 % 1 (' ( )+ 1 ) )' <

o % (2 - ∆i ∪{Qi} ⊆ ∆∪{Qi} 5 ∆i ∪{Qi} % 1 ΣB 2 % 1 (' ( )+ 1 ) )' <  �< �
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 < o -' 2' 4 4+ > -2 (' > - -4' (+ ( )' ΣB 2 % 1 (' ( )+ 1 )+ ' 4 4+ 6 %* 2 %' 4 4+ Γ 5 /' 3 Σ ⊆ Γ 6 - /' ' 36 % 2 % Z ∈ Γ) -' ¬Z ∈ Γ2 -' 2' 4 4+ 4 -* (+ ' 4 4+ Z<

/' 3 	 4+ )+ ) - - 1 Z ∈ Σ−Γ< $ 8 4 4� ' 1 Γ∪{Z} % 1 ΣB + 78 2 % 1 (' ( )+ 1 ) )' <


' ' ( % 1 % 4+ > - ( ( - {A1, . . . ,An} ⊆ Γ 5 6 % 4 4+

Σ `K /0 =⇒¬(>∧A1 ∧·· ·∧An ∧Z)<

� - ) 2 + ) - - 1 ) %&' ( )* ( ) - .
1. ¬(>∧A1 ∧·· ·∧An ∧Z)

2. Z →¬(>∧A1 ∧·· ·∧An)(� , % 7 ,1)

3. Z ( �� )

4. ¬(>∧A1 ∧·· ·∧An) ( c � ,2,3)


' ' ( Σ `K /0 =⇒¬(>∧A1 ∧·· ·∧An)<
⇒ Γ % 1 ΣB + 78 2 % 1 (' ( )+ 1 ) )' 5 ,' ( )' ,' ' ) - 6 - Σ ⊆ Γ<
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/' ' 3o % (2 - Γ ΣB 2 % 1 (' ( )+ 1 ) )' 5 {Z,¬Z} 6⊆ Γ / ¬(>∧Z∧¬Z)) -* ) % 4 % ;' - 3<

	 4+ )+ ) - -1 Z 6∈ Γ 6 - ¬Z 6∈ Γ<


' ' ( % 1 % 4+ > - ( ( - {A+
1 , . . . ,A+

n+} ⊆ Γ 5 6 % 4 4+

Σ `K /0 =⇒¬(>∧A+
1 ∧·· ·∧A+

n+ ∧Z)

(+ 2 8 {A−
1 , . . . ,A−

n−} ⊆ Γ 5 6 % 4 4+ Σ `K /0 =⇒¬(>∧A−
1 ∧·· ·∧A−

n− ∧¬Z)<

� - ) 2 + ) - - 1 6 %� ) % 6 -.

1. ¬(>∧A+
1 ∧·· ·∧A+

n+ ∧Z)

2. ¬(>∧A−
1 ∧·· ·∧A−

n− ∧¬Z)

3. Z →¬(>∧A+
1 ∧·· ·∧A+

n+) (� , % 7 ,1)

4. ¬Z →¬(>∧A−
1 ∧·· ·∧A−

n−) (� , % 7 ,2)

5. ¬(>∧A+
1 ∧·· ·∧A+

n+ ∧A−
1 ∧·· ·∧A−

n−) (� , % 7 ,3,4)

⇒ Γ % 1 ΣB + 78 2 % 1 (' ( )+ 1 ) )' 5 ,' ( )' ,' ' ) - 6 - 6 % 2 % Z ∈ Γ) -' ¬Z ∈ Γ2 -' 2' 4 4+ 4 -* (+ ' 4 4+ Z<
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%

� < o % 1 ( ) , * %' & - -1 > - 4 4' M = 〈S,R,v〉<

S. 2 -' 2 2' + 1 > -2 (' > - - 4' (+ ()' ΣB 2 % 1 (' ( )+ 1 ) )' + 1 6 %* 2 2 % 6+ 1 4* % 2 2 -<

o -' 2' 4 4+ s, t ∈ S. sRt 6 % ( ( s# ⊆ t<

o -' 2' 4 4+ - ) %> ' 4 -* (+ ' 4 4+ Q. v(s,Q) = true 6 % ( ( Q ∈ s<

� < o -' 2' 4 4+ 4 -* (+ ' 4 4+ Q 5 2 -' 2' 4 4+ s ∈ S. M ,s ||− Q 6 % ( ( Q ∈ s.

$ %&' ()* ( , -2 + 1 )+ + 4 4' (+ 4 4 -' 1 & * 2 )' % 4 4 -.

• ⊥.

M ,s ||6 − ⊥<

	 4+ )+ ) - - 1 5+ ) ) 8 ⊥ ∈ s< o % (2 - Σ `K /0 =⇒¬(>∧⊥) 5 s % 1

ΣB + 78 2 % 1 (' ( )+ 1 ) )' 5 ,' ( )' ,' ' ) - 6 - ⊥ 6∈ s<

• ¬Q.

M ,s ||− ¬Q 6 % ( ( M ,s ||6 − Q 6 % ( (  �? � Q 6∈ s 6 % ( ( 
 < /' ' 3 � ¬Q ∈ s<

< < <
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• 2Q. / ⇐ 3 	 4 2 % % 1 2Q ∈ s< � % ( sRt 5 1' ' 1 s# ⊆ t 5 Q ∈ t 6 - M , t ||− Q

 �? �< 
' ' ( M ,s ||− 2Q<

/ ⇒ 3 	 4 2 % % 1 2Q 6∈ s< $ 8 4 4� ' 1 ¬2Q ∈ s 
 < /' ' 3 �<� 0 ) t0 = s# ∪{¬Q} % 1 ΣB 2 % 1 (' ( )+ 1 ) )'  � < �

 C' 1 & + 1 A -* > � t0. 4 4 - > -2 (< ΣB 2 % 1 (' ( )+ 1 ) )' 4 - - 6+ 1 1 * ( t<� 0 ) sRt 5 2 % (2 - s# ⊆ t< o % (2 - ¬Q ∈ t0 ⊆ t 5 Q 6∈ t 
 < /' ' 3 �< 
' ' (

M , t ||6 − Q  �? � 6 - M ,s ||6 − 2Q<

� < o % (2 - Σ ⊆ s2 -' 2' 4 4+ s ∈ S 
 < /' 3 � 5 Σ % 1 78 )+9 8 > - 4 4' ( ( - M  � < �<o % (2 - {¬P} % 1 ΣB 2 % 1 (' ( )+ 1 ) )' 5 % 1 % 4+ > - ( ( - (+ 1 > -2 (' > - -4' (+ ( )'

ΣB 2 % 1 (' ()+ 1 ) )' 4 - - 6+ 1 1 * ( t ∈ S 6 - P 6∈ t< 
' ' ( M , t ||6 − P  � < �<o % (2 - Σ % 1 78 )+9 8 > - 4 4' ( ( - M = 〈S,R,v〉 6 - % 1 % 4+ > - ( ( - t ∈ S (' )+ 1 5+ ) ) 8 M , t ||6 − P 59 8' ) ) 8 > 8 Σ |=K /0 =⇒ P+ ' 78 & + <

⇒ = 1 1 + ) )* > %& - - 4' 4 % ;' ' 2 - 1 K ?' 4 A+ , )B ) 0 04' 1 + 1 ) %&' ( )* ( )+ %,' - % 1) 8 0& + 4 4' 1 + 1 <
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�U W T ] W ] Y b � b a ` �U ^ � b bU T Y �X W � T ` `T Y � a � b] b �

pv v� hj i e m v� Σ `K ϒ =⇒ P) -, 2 %' ) ) - - 5+ ) ) 8 % 1 % 4+ > - ( ( - 4 -* (+ + (+ + 1 P

78 8 ) ) 09 8 4 -* (+ 6 % 1 % 5 6 % 2 - 2 % % ()* * + 1 (' 1 )* 4+9 - ( ) - �� �� � ��� � � � � � � � � � 6 -(' ) 8 (+ * , - -9 - ( ) - � �� � ��� � � � � � � � � �<

� 4 % A - -4' ( ( - % ( - ( ( - 6 % 2 -' 1 + 1 4 -* (+
• % 1 K. 1 -2 (' % %> - 5 2 * * 4* * 4 -* (+ 6 %* 2 2 % % 1 Σ) -'

• % 1 ( - - )* 6 % 1 % ( ( - + & + 4 4 8 % 4+9 ' ( ) - 4 -* (+ ' () - c %& * (� % 1 + 1 ( ) -'� B (8 8 1 1 � 4 4 8 <

C % 2 - - 4' ( ( - % ( - ( ( - 6 % 2 -' 1 + 1 4 -* (+

• % 1 K. 1 -2 (' % %> - 5 2 * * 4* * 4 -* (+ 6 %* 2 2 % % 1 ϒ) -'
• % 1 ( - - )* 6 % 1 % ( ( - + & + 4 4 8 % 4+9 ' ( ) - 4 -* (+ ' () - c %& * (� % 1 + 1 (B (8 8 1 1 � 4 4 8 <
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� gh m i � k k h� {P,P → Q} `K {2Q → R} =⇒ R

1. P ( �� )

2. P → Q ( �� )

3. Q ( c � ,1,2)

4. 2Q (� ,3)

5. 2Q → R ( C� )

6. R ( c � ,4,5)

? * %> 	� B (8 8 1 )� 8 + ' 9 %' 2 8 0 ) ) 8 8 4 % 2 - - 4' ( ( - % ( - ( ( -<

	 (' > < {P,P → Q} `K {2Q → R} =⇒ 2R+ ' 78 & + <
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} ^ ~ Y^ �W ] ^ � T ] bT ` a a � `T b

• � %� & % ) %9 - ) 8 8 , + 4 4' (' 8 <

⇒ 
 �� � �� �� � � / ` 3.

� % ( Σ `K ϒ =⇒ P 5 1' ' 1 % 1 % 4+ > - ( ( - 8 8 , + 4 4' (+ 1 6 %* 2 % ) Σ′ ⊆ Σ 6 -

ϒ′ ⊆ ϒ 5 6 %' 4 4+ Σ′ `K ϒ′ =⇒ P<

• c � B 6 -� B (8 8 1 )� > % 1 % ) % 1' (' - <

⇒ � � � � ���� � � � � / ` 3.

	 4 2 % % 1 Σ1 ⊆ Σ2 6 - ϒ1 ⊆ ϒ2< $ 8 4 4� ' 1

6 % ( Σ1 `K ϒ1 =⇒ P 5 1' ' 1 Σ2 `K ϒ2 =⇒ P

• �� � ��� � �� �� �� � � � �� � �� � / ` 3.

Σ `K ϒ∪{Q} =⇒ P 6 % ( ( Σ `K ϒ =⇒ Q → P<
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�i l� i i m f� Σ |=K ϒ =⇒ P 6 % ( ( Σ `K ϒ =⇒ P<

� lq h gj r g� (⇒ 3 	 4 2 % % 1 Σ |=K ϒ =⇒ P<

•o %> 7 -2 )' * ( / |= 3.

	 1 % 4+ > - ( ( - 8 8 , + 4 4' (+ ) 6 %* 2 % ) Σ′ ⊆ Σ 6 - ϒ′ = {φ1, . . . ,φn} ⊆ ϒ (' )+ 1 5+ ) ) 8 Σ′ |=K ϒ′ =⇒ P<

• C % 2 - - 4' & + & * 2 )' % )+ %, + + > - / |= 3.

Σ′ |=K /0 =⇒ φ1 → (φ2 → ··· → (φn → P) · · ·)<

• $ 8 0& + 4 4' ( 0 0 ()+ % , + + > - . Σ′ `K /0 =⇒ φ1 → (· · · → (φn → P) · · ·)<

• C % 2 - - 4' & + & * 2 )' % )+ %, + + > - / ` 3. Σ′ `K ϒ′ =⇒ P<

• c % 1 % ) % 1' (* * ( / ` 3. Σ `K ϒ =⇒ P<
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/ ⇐ 3 	 4 2 % % 1 Σ `K ϒ =⇒ P<

•o %> 7 -2 )' * ( / ` 3.

	 1 % 4+ > - ( ( - 8 8 , + 4 4' (+ ) 6 %* 2 % ) Σ′ ⊆ Σ 6 - ϒ′ = {φ1, . . . ,φn} ⊆ ϒ (' )+ 1 5+ ) ) 8 Σ′ `K ϒ′ =⇒ P<
• C % 2 - - 4' & + & * 2 )' % )+ %, + + > - / ` 3.

Σ′ `K /0 =⇒ φ1 → (· · · → (φn → P) · · ·)<

• $ 8 0& + 4 4' ( 0 0 ()+ % , + + > - . Σ′ |=K /0 =⇒ φ1 → (· · · → (φn → P) · · ·)<

• C % 2 - - 4' & + & * 2 )' % )+ %, + + > - / |= 3. Σ′ |=K ϒ′ =⇒ P<

• c % 1 % ) % 1' (* * ( / |= 3. Σ |=K ϒ =⇒ P<
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� ^ _ b bU TU ^ �T T � � b T

T % 1 , +� + 2 (' ' 9 ' ( )+ 1 2 + � 0 ()+ 1 6 %* 2 2 % <

c %& - -4' 4 % ;' ' 2 -1 T2 -, -2 )+ ,' ( )' 1 + 1 4 -* (+

T. 2P → P

s � l � l ghj h l� Σ |=T ϒ =⇒ P 6 % ( ( Σ∪ [[T]] |=K ϒ =⇒ P<

⇒ / K. 1 9 ' , � + + ) )� > 0 0 (B 6 - ) 8 0& + 4 4' ( 0 0 ( )+ % , + + > - 3

s � l � l ghj h l� Σ |=T ϒ =⇒ P 6 % ( ( Σ∪ [[T]] `K ϒ =⇒ P<
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?' 4 A+ , )B ) 0 04' 1 + 1 ) %&' ()* ()+ % ,' - > %& - -4' 4 % ;' ' 2 -4 4+ T.

de fg gh gij fk gh l lm fj no -' 2 2' ) -* ) % 4 % ;' - ) <

p lq f feh fk gh l lm fj n o -' 2 2' > * % ) % -

K. 2(P → Q) → (2P → 2Q)

T. 2P → P

% 4+9 - ) 4 -* (+ + ) <

p lqr gs lt i t gu gv v tj w

{u gv v tj w

⇒

s � l � l ghj h l� Σ |=T ϒ =⇒ P 6 % ( ( Σ `T ϒ =⇒ P<
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S5 % 1 + 29 ' 9 -4+ 1 ) )' ( )+ 1 2 + � 0 ( )+ 1 6 %* 2 2 % <

s � l � l ghj h l� Σ |=S5 ϒ =⇒ P 6 % ( ( Σ∪ [[T]]∪ [[4]]∪ [[B]] `K ϒ =⇒ P 6 % ( (

Σ∪ [[T]]∪ [[4]]∪ [[5]] `K ϒ =⇒ P 6 % ( ( Σ∪ [[T]]∪ [[5]] `K ϒ =⇒ P<

?' 4 A+ , )B ) 0 04' 1 + 1 ) %&' ()* ()+ % ,' - > %& - -4' 4 % ;' ' 2 -4 4+ S5.

p lq f feh fk gh l lm fj n o -' 2 2' > * % ) % -

K. 2(P → Q) → (2P → 2Q)

T. 2P → P

4 : 2P → 22P

5 : ¬2P → 2¬2P% 4+9 - ) 4 -* (+ + ) <

s � l � l ghj h l� Σ |=S5 ϒ =⇒ P 6 % ( ( Σ `S5 ϒ =⇒ P<
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� ^_ b bU TU ^ �T T � � b KD45

KD45 % 1 ( -, 6 -4 4' (' + 1 5 ) , -1 (' )' ' 9 ' ( )+ 1 6 - + * 2 4' &' ( )+ 1 2 + � 0 ( )+ 1 6 %* 2 2 % <

s � l � l ghj h l� Σ |=KD45 ϒ =⇒ P 6 % ( ( Σ∪ [[D]]∪ [[4]]∪ [[5]] `K ϒ =⇒ P<

?' 4 A+ , )B ) 0 04' 1 + 1 ) %&' ()* ()+ % ,' - > %& - -4' 4 % ;' ' 2 -4 4+ KD45.

p lq f feh fk gh l lm fj n o -' 2 2' > * % ) % -

K. 2(P → Q) → (2P → 2Q)

D : 2P → 3P

4 : 2P → 22P

5 : ¬2P → 2¬2P% 4+9 - ) 4 -* (+ + ) <

s � l � l ghj h l� Σ |=KD45 ϒ =⇒ P 6 % ( ( Σ `KD45 ϒ =⇒ P<
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