Stochastic Optimization Methods in Sphere Packing and Covering Problems in Discrete Geometry and Coding Theory

Kari J. Nurmela

Stochastic Optimization Methods in Sphere Packing and Covering Problems in Discrete Geometry and Coding Theory

Stochastic Optimization Methods in Sphere Packing and Covering Problems in Discrete Geometry and Coding Theory

Kari J. Nurmela

Dissertation for the degree of Doctor of Technology to be presented with due permission for public examination and debate in Auditorium N at Helsinki University of Technology (Espoo, Finland) on the 12th of December, 1997, at 12 o’clock noon.

© 1997 by Kari J. Nurmela

ISBN 952-90-9460-4 (with Appendix) ISBN 952-90-9461-2 (without Appendix)

printed by Picaset Oy, November 1997

Cover: The picture shows the best currently known packings of 18 equal circles in a circle. All ten packings have equal density, and it is conjectured that exactly these packings are all the optimal packings of 18 circles.

Contents

Preface vi

List of Publications vii

1 Introduction 1

2 Circle Packings in the Plane 2 2.1 Repulsion Force Method . . . . . . . . . . . . . . . . . . . . . . . . . . . . 3 2.2 Billiards Simulation . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 3 2.3 Tightening the Packings . . . . . . . . . . . . . . . . . . . . . . . . . . . . 4 2.4 Circle Packings in a Square . . . . . . . . . . . . . . . . . . . . . . . . . . 5 2.5 Circle Packings in a Circle . . . . . . . . . . . . . . . . . . . . . . . . . . . 6 2.6 Electrostatic Minimization on a Circular Disk . . . . . . . . . . . . . . . . 7

3 Covering Designs and Constant Weight Codes 8 3.1 Definitions and Basic Results . . . . . . . . . . . . . . . . . . . . . . . . . 8 3.2 Local Search Algorithms . . . . . . . . . . . . . . . . . . . . . . . . . . . . 9 3.3 Searching Covering Designs by Simulated Annealing . . . . . . . . . . . . . 10 3.4 Searching Constant Weight Codes by Tabu Search . . . . . . . . . . . . . . 11

4 Conclusions 12

References 13

Preface

This thesis is a result of the work carried out at the Digital Systems Laboratory of Helsinki University of Technology during 1992–1997. I am very grateful to the head of the laboratory, Prof. Leo Ojala, for making this work possible.

My special thanks go to my thesis instructor, Dr. Patric Östergård, without whom this work would never have been realized. He has co-authored several papers of this thesis and he has continuously given immeasurably valuable comments and guidance throughout my work.

It was a true pleasure to co-author one of the papers in this thesis with Prof. Ronald Graham and Dr. Boris Lubachevsky. I thank Emil Aaltonen Foundation, Tekniikan edistämissäätiö (the Foundation of Technology), Vilho, Yrjö, and Kalle Väisälä Foundation, and Helsinki Graduate School in Computer Science and Engineering (HeCSE) for their financial support during this work.

Espoo, November 1997

Kari J. Nurmela

List of Publications

This thesis consists of a summary and the following publications:

[P1] K. J. Nurmela and P. R. J. Östergård, Upper bounds for covering designs by simulated annealing, Congressus Numerantium 96 (1993), 93–111.

[P2] K. J. Nurmela, Minimum-energy point charge configurations on a circular disk, Research Report A43, Digital Systems Laboratory, Helsinki University of Technology.

[P3] K. J. Nurmela and P. R. J. Östergård, Packing up to 50 equal circles in a square, Discrete & Computational Geometry 18 (1997), 111–120.

[P4] R. L. Graham, B. D. Lubachevsky, K. J. Nurmela, and P. R. J. Östergård, Dense packings of congruent circles in a circle, Discrete Mathematics, to appear.

[P5] K. J. Nurmela, M. K. Kaikkonen, and P. R. J. Östergård, New constant weight codes from linear permutation groups, IEEE Transactions on Information Theory 43 (1997), 1623–1630.

Paper [P2] was written without co-authors. The other papers were written partly by the author; in [P5] Nurmela is the main author.

The computer programs which yielded the results in the papers [P1], [P3], [P5] were written (and mainly designed) by the author, some of the programs in [P5] by M. K. Kaikkonen. In paper [P4] the repulsion-force approach as well as the numerical solving of the systems of equations and the rigidity check of the packings were designed and programmed by the author.

1 Introduction

In 1611 Johannes Kepler claimed that no arrangement of spheres of equal radius in 3-space has density greater than that of the face-centered cubic lattice. This claim is known as the Kepler conjecture [29] and it is generally regarded still as unsettled, although numerous attempts of proof have been made (see, e.g. [30] and the discussion in [29]). The Kepler conjecture is an example of a sphere packing problem which for centuries has resisted mathematicians’ attempts of finding a proof.

In two dimensions the densest packing of circles is known; it is the hexagonal lattice in the plane. However, when the area in the plane is finite, the densest packings are known only in special cases. The problem of packing circles into different geometrical shapes has received much attention since the seminal work of Fejes Tóth [21]. Much work has been done on packing circles on the surface of a sphere, in a square, in a circle, and even in an equilateral triangle. Results and references to earlier work can be found in [16, 27, 28, 50, 54], [P3], and [P4].

The space where we pack spheres does not have to be Euclidean, or even continuous. If we take the points in an n-dimensional Hamming space, an important problem is to find as many points as possible in that space that have mutual Hamming distance at least d. The resulting collection of points is an error-correcting code, which is able to correct up to ⌊(d − 1)/2⌋ = e_{max} errors. Error-correcting codes are essentially points in a Hamming space spread so that the spheres of radius e_{max} around the points have no overlap. The class of error-correcting codes that is investigated in this thesis is that of constant weight codes, where each word has equal weight.

The dual of the packing problem is the covering problem. Whichever problem we consider, we have a set of points and a collection of objects which cover some of the points. Now we are interested in finding the maximum number of objects such that no point is covered more than once (densest packing), or the minimum number of objects such that each point is covered at least once (thinnest covering).

Not surprisingly, also covering of various geometrical shapes has received attention in discrete geometry [42,45,72–74,82]. Coding theoretical examples are covering codes [14], where each point of a Hamming space is included in at least one of the spheres. In this thesis we consider the covering analogue of constant weight codes, covering designs, where each word of given weight in the Hamming space is covered by at least one block of the design.

In addition to their theoretical significance many of the packing and covering problems have direct every-day practical applications. For example if we want to pack as many equal milk bottles as possible in a given box, or produce stamped parts from a coil of metal so that the amount of scrap is minimized, we are facing geometrical packing problems.

In discussions of applications of covering designs, two fields are generally mentioned. They can be used as lottery systems (see, e.g. [48, 55]) and for error-trapping decoding (see [12]). The size (and price) of the lottery system should be as low as possible and we are searching for the thinnest covering. In the case of error-trapping decoding the number of blocks in the covering design gives the complexity of the decoding procedure; this justifies the importance of finding minimal covering designs.

Error-correcting codes were developed to correct errors in noisy communication channels. When the errors are random and independent, we can use block codes where a block of message symbols is encoded into a codeword. If the mutual distance between the codewords is large enough, then we can retrieve the original codeword from the received, slightly distorted codeword by simply looking up the codeword that is closest to the received word. To use the bandwidth of the channel as efficiently as possible a densest packing is needed.

2 Circle Packings in the Plane

Problems of packing congruent circles in different geometrical shapes in the plane were raised in the 1960s, and many results—mainly for small packings—were obtained. Excellent sources of results and open problems are [16, 21]. The development of new, effective optimization algorithms for packing problems and the ever-increasing performance of computing systems have recently brought these problems into focus again; computer-aided methods can now be used to construct good large packings.

In this thesis we have concentrated on two circle packing problems that have received a lot of attention in the past, namely packing circles in a square and in a larger circle. These problems can be geometrically expressed as follows: Determine r2_n and r∘_n , the maximum radius of n non-overlapping circles in a unit square and unit circle, respectively.

In some cases (for example when packing circles in a regular polygon, in a larger circle in the plane, or on the surface of a sphere) the circle packing problem can be stated as that of spreading points, i.e., we try to find a configuration of points in the given region such that the minimum mutual distance between the points is as large as possible. If we denote a point configuration by S = {s_1, s_2, . . . , s_n}, then the function to be maximized is d(S) = min {||s_i − s_j|| : 1 ≤ i < j ≤ n} . (1) In this thesis we use this formulation of the circle packing problems. When packing n circles in a square or in a circle, we denote the maximum values of (1) by d2_n and d∘_n , respectively, and have the following relation between r2_n and d2_n :

r2_n = d2_n 2(d2_n + 1) .

An analogous relation holds between r∘_n and d∘_n .

A packing corresponding to d2_n (or d∘_n ) is called an optimal packing. Optimality of circle packings in a square and in a circle has been proved only for some small values of n and for some n where the optimal packing has a nice structure (see Sections 2.4 and 2.5 for more detailed results). Even if we for larger values of n are not able to find the exact values of d2_n and d∘_n , we can still try to find as good packings as possible, thereby lower-bounding d2_n and d∘_n .

In 1961 Oler proved a theorem [57] that implies the following corollary: if X is a compact convex subset of the Euclidean plane, then the number of points with mutual distance at least 1 is at most 2 √ 3 A(X) + 1 2 P (X) + 1,

where A(X) is the area and P (X) is the perimeter of the convex subset. This corollary can be used to obtain asymptotically tight upper bounds on d2_n and d∘_n .

2.1 Repulsion Force Method

Our first packing method [P3], [P4] is closely related to that of [13] and [35]. The difficulty with (1) when trying to apply an efficient local optimization algorithm is that (1) is not smooth, and, furthermore, most of the first derivatives of the function are zero almost everywhere in the feasible region. To overcome these difficulties, we instead of maximizing (1) minimize the objective function E(S) = ∑ 1≤i<j≤n ( λ ||s_i − s_j||^2 )m , (2)

where λ is a scaling factor to prevent numerical overflows (it is adjusted during the optimization to keep the values of E suitably scaled) and m is a positive integer. Each point is constrained inside the container area, i.e., a unit square or circle. To make the optimization problem unconstrained we use a simple coordinate transformation [P3], [P4].

Equation (2) can be seen as a potential energy function of the point configuration when there are repulsion forces between the points. Different optimization problems are obtained depending on the value of m, which controls the strength of the repulsion forces (see [46]). The optima of (2) approximate those of (1) in the sense that as m tends to infinity, only the shortest distance between the points becomes significant. The energy function (2) is twice continuously differentiable except where two points coincide.

A packing is formed by first finding a local optimum of (2) using a relatively low value of m [P3]. Then the value of m is increased and the optimization step is repeated. If the value of m is not increased too much, the local optima of consecutive approximations (2) are close to each other, so this optimization step is usually relatively fast. Finally, when m is relatively large, a local optimum of (2) is usually close to a local optimum of (1) [P3].

There is a trade-off when selecting the initial value of m: a small m gives faster convergence to the first local optimum but then some good local optima of (1) may be lost.

2.2 Billiards Simulation

In addition to the method described in Section 2.1 we use another packing algorithm in [P4] (see [P4] for a rough comparison of the performance of the algorithms). In this algorithm the hard disks or billiards model of computational physics is employed.

Consider a set S of points spread randomly in the unit circle. We draw circles of diameter d around each point in that set so that the circles do not overlap. Now imagine that we relax the configuration S and let the circles, which can also be thought of as hard disks, move and experience elastic collisions between each other and the area boundary. The initial velocities are chosen randomly.

The computer algorithm used in [P4] simulates the movement and collisions of the disks. The computations are implemented in an efficient, event-driven fashion where the algorithm proceeds directly from one collision to another [38].

During the simulation the radius of the disks is slowly increased, and as a result the disks have less and less room to move around. At some point the movement is totally blocked and we have a local maximum of (1).

In some cases we can make the packing algorithms faster by concentrating only on the packings having certain symmetries and thus reducing the number of variables; a simple example of this technique can be found in [50]. However, while most of the smaller (optimal or conjecturally optimal) packings have symmetries, it seems that when the number of circles is increased, the best currently known packings are more and more rarely symmetric.

In this thesis the billiards approach was used only when packing circles in a circle. Packings in a square by this method were searched in [28], and a few packings of [P3] were improved. Some “families” of packings are also listed in [28], but one very natural and important infinite family is missing; it is described in [54], where the optimality of an infinite subset of this family is conjectured.

2.3 Tightening the Packings

Both methods discussed in Sections 2.1 and 2.2 can give the coordinates of the circles in the packing only with finite precision. To become convinced that we have the correct structure of the packing and to get more accurate numerical values for the locations of the circles we construct a system of nonlinear equations corresponding to the contacts between the circles and between the circles and the boundary. That system is then solved numerically to a desired accuracy.

We first sort all the distances between the points into increasing order and find the location where the distance shows sudden increase. The distances up to this location are assumed to be equal, and points very close to the boundary are assumed to be on the boundary. We then form a system of equations from these assumptions, see Figure 1, where each small bar denotes a contact between two circles or between one circle and the area boundary. Often there are more equations than unknowns in the system, especially when the packing is symmetric. In the system of equations directly corresponding to the packing in Figure 1 there are 93 variables and 120 equations.

In some cases the system of equations corresponding to the structure of a packing has been reduced to a polynomial equation—of one variable—that has a zero at the diameter of the circles [17]. Large irregular packings have so complex polynomials that there is little hope of explicitly constructing them. In practice the diameter of the circles of a large packing can be solved in radicals only in special cases.

Figure 1: A packing of 49 circles in a square.

Previous research has revealed that there are good circle packings in an equilateral triangle and in a square with very narrow gaps between the circles or between a circle and the boundary [27, 44], [P3]. This is why the equations are solved using a very high computational resolution [P3], [P4].

Finding a numerical solution to the system of equations corresponding to the proposed structure of the packing does not guarantee that the structure exists, because of the finite precision in calculations. By using arbitrary precision arithmetic we can make the probability of non-existence very small, thus we are relatively confident about the existence of a packing whenever we manage to numerically solve the system of equations with a high precision. However, the solution might exist and yet, the packing might not be rigid; that is, there might exist a continuous movement of a subset of circles (different from the rotation of the entire assembly when the containing area is a circle), such that no circles overlap or penetrate the boundary.

Numerical evidence for the rigidity of the packings in a circle in [P4] was obtained as follows. We solved the system of equations several times with different initial solutions which were obtained by rotating and slightly perturbing the solution obtained from one of the packing algorithms. Each time the algorithm converged to the same solution (up to a rotation) with a very high precision. If the packing were not rigid, infinitely many different solutions would have existed in some neighborhood of the first solution, and it would be highly improbable that the algorithm would converge every time to the same solution (within the very high computational resolution that was used).

2.4 Circle Packings in a Square

For up to 9 circles, the problem of packing circles in a square was solved in the 1960s by Graham, Meir, and Schaer; the proofs of these cases have been reported in [41,65,67,70]. The proofs for n ≤ 5 are easy, whereas the cases n = 6, 8, 9 require more elaborate mathematical tools. In [65] it is mentioned that the packing of 7 circles has been proven optimal, but the proof has never been published. A computational proof for n = 7 can be found in [52].

For n ≥ 10, only the optimal packings of 14, 16, 25, and 36 circles have been proved by hand (see [79], [78], [80], and [32], respectively); some of those proofs are disputable.

The best currently known packing in Figure 1 for n = 49 found in [P3] concludes the proof that for n = k^2, the square lattice packings are optimal exactly for n ≤ 36. This disproves a conjecture of Wengerodt (who found denser packings for n ≥ 64) that the square lattice packings are optimal for n ≤ 49; see [16] and its references. An open question stated in [16] is whether there are any values of n such that d_n = d_{n+1}. In view of the results in [P3] we conjecture that there are no such n.

Recently, de Groot et al. [18] used computers to find good packings for n ≤ 22. They were later even able to give a computer proof of optimality for the best packings with up to 20 circles [17,58]. In particular, this ended a series of articles on packings of 10 circles (and conjectures about the optimality of the respective packings); see [24, 66, 68, 75] and some further references in [18]. The proofs involve extensive use of computers; as of today this is about as far as we can come with that approach. The proof method of de Groot et al. has been further developed in [52].

2.5 Circle Packings in a Circle

Kravitz [36] was, to our knowledge, the first to consider the problem of packing n congruent circles in a circle. In [36] packings of up to 19 circles are given without any optimality proofs. Graham [26] and Pirl [60] independently proved optimality of packings of up to 7 and 10 circles, respectively. Pirl also presented good packings of up to 19 circles; some of these packings (for n = 14, 16, 17) were later improved by Goldberg [25], who also gave a packing of 20 circles. Goldberg’s packing of 17 circles was further improved by Reis [62], who extended the range of n to 25. The packing of n = 25 is improved in [P4]. Recently, Melissen [40] proved optimality for the case n = 11. One family of good packings has been reported in [39].

A peculiarity of the 18-circle case is that the best known packings of 18 circles have the same d∘_n as the best known packing of 19 circles. There are at least 10 different, equally dense packings of 18 circles. It is conjectured that these 10 packings are exactly the optimal packings of 18 circles in a circle [P4].

The case of 6 circles is analogous to that of 18 circles; different packings can be obtained from the 7-circle packing by removing and reordering circles. There are more than one optimal packing also for n = 11.

In [P3] it was conjectured that d2_n > d2_{n+1} for all n ≥ 2. For packings in a circle a similar claim is not true; an optimal packing of 6 circles is obtained from the optimal packing of 7 circles by removing one circle.

Optimal circle packings in an equilateral triangle are known for n = k(k + 1)/2; k = 1, 2, . . . (the triangular numbers) [56]. It has been conjectured that d^△_{n−1} = d^△_n for all these values of n [27]. Here d^△_n is the largest possible value of (1) when the points are confined to an equilateral triangle with sides of unit length. When packing circles in a circle no other similar situations are known or conjectured except when n = 7 and n = 19. Finally, no infinite family of (conjecturally) optimal circle packings is known in a circle.

2.6 Electrostatic Minimization on a Circular Disk

Thomson’s problem is a well-studied (see [P2] for references) optimization problem where one tries to find a minimum-energy configuration of n equal point charges on the surface of a sphere (or, equivalently, in a sphere [10]). This corresponds to minimizing (2) with m = 1, i.e., the potential is Coulombic. Several tables of solutions to Thomson’s problem have appeared in the literature, see [P2]. A continuously updated table is available electronically through Neil Sloane’s World Wide Web home page currently at <URL:http:// www.research.att.com/~njas/> (note that the address of the page has changed from the one given in ref. [46] in [P2]).

The question what is the minimum-energy configuration of n equal point charges on a circular disk was raised in 1985 by Berezin [3]. It appeared that in the optimal configuration not all the charges are located on the circle boundary when n ≥ 12 (for proofs of this fact, see [31, 43, 63, 77]).

In fact, finding optimal point charge configurations on a circular disk is a difficult multimodal optimization problem. In the literature we can find several examples where a locally optimal configuration was conjectured globally optimal (see [P2] for references). Physical experiments related to this problem were made in [59] (parallel bar magnets on an airbed) and in [7] (small conductive charged balls).

When the number of charges approaches infinity, the problem tends to the well-known problem of charge distribution over a conducting disk [49]. On a conducting circular disk of unit radius the charge density is proportional to (1 − r^2)^{−1/2}, where r is the distance from the center of the disk [61].

Since [81] no more tables or figures of (conjecturally) optimal charge configurations have been published. In this thesis we partially fill that gap in the literature by presenting configurations of up to 80 charges [P2]. In [P2] we use several stochastic global optimization methods. The best performance was obtained by a multi-level single linkage algorithm [64]. Our algorithm employs a special heuristic distance function which is used to prevent multiple optimization runs from initial solutions that are close to each other. That way the solution space is explored more thoroughly when only a limited number of optimization runs can be used.

It is possible to consider other than Coulombic potentials when searching for optimal configurations in a sphere or on a circular disk [4–6, 9, 10, 76]. Leech [37] showed that on the surface of the sphere the only configurations which are in equilibrium under all laws of repulsion forces are those that have a rotational symmetry about every diameter through points of the system, see also [46].

It is interesting to find out which configurations on a disk are in equilibrium under any law of repulsion. In [P2] we prove the following theorem (analogous to that in [37]) that characterizes all such configurations. By “law of repulsion” we mean a repulsive force between two points that only depends on the distance between the points, i.e., the magnitude of the force between p_i and p_j is v(||p_i − p_j||), where v(d) is any function such that v(d) ≥ 0 for all d ≥ 0.

Theorem 1 The configurations of n ≥ 2 points on a circular disk that are in equilibrium under any law of repulsion are exactly

1. n points evenly spaced on the disk boundary, and

2. n − 1 points evenly spaced on the disk boundary and one point in the center of the disk. In this case we require n > 2.

Using the theorem we find out that the best configurations of n ≤ 16 charges in [P2] are equilibrium configurations under any law of repulsion. They are also locally optimal circle packings, but of them only the configurations of up to 6 charges, all of type 1 in Theorem 1, are at the same time globally optimal circle packings (see [P4] and its references). When n = 6 there exists another globally optimal packing of circles that is not a globally optimal charge configuration. It is conjectured that the optimal circle packings and charge configurations are different for all n > 6 [P2].

3 Covering Designs and Constant Weight Codes

Packing and covering problems of discrete geometry have direct applications in coding theory. For example a packing of circles on the surface of a sphere is a spherical code [15]. However, the solution space of the packings or coverings does not have to be continuous. In this thesis we consider two well known coding theoretical structures, covering designs and constant weight codes (packing designs), which both can be defined by a suitable covering or packing in a space whose points are constant weight words in an n-dimensional Hamming space {0, 1}^n.

3.1 Definitions and Basic Results

Let v ≥ k ≥ t and v ≥ m ≥ t. A t − (v, m, k, λ) covering design is a pair (X, A), where X is a set of v elements (called points) and A is a multiset of k-subsets of X (called blocks), such that every m-subset of X intersects at least λ members of A in at least t points.

We define

C_λ(v, m, k, t) = min{|A| : there is a t − (v, m, k, λ) covering design (X, A)}.

For example let X = {0, 1, . . . , 8}. Now the three blocks (or k-sets) {0123, 3456, 5678} are a 2−(9, 4, 4, 1) covering design. However, this design is not a minimal covering design, because {0123, 4567} has also the required covering property. Clearly, a single 4-set will not suffice. Therefore, C_1(9, 4, 4, 2) = 2.

Covering designs are here defined in a very general sense. Most of the published results on covering designs have concerned the case m = t (see [47] for an excellent survey). Some results on the case m > t exist [1, 2, 71]; in those papers λ = 1, and the notation B(t, k, m, v) = C_1(v, m, k, t) is used. A well-known result for covering designs with m = t is the Schönheim lower bound [69]:

Theorem 2 C_λ(v, t, k, t) ≥ ⌈ v k ⌈ v − 1 k − 1 · · · ⌈ v − t + 1 k − t + 1 λ ⌉ · · · ⌉⌉ . While similar theorem is not known for m > t, we can use the following simple volume bound.

Theorem 3 C_λ(v, m, k, t) ≥ λ ( v m ) ∑min(k,m) i=t ( k i )( v−k m−i ) .

Our definition of packing designs is analogous to that of covering designs: a t−(v, m, k, λ) packing design is a pair (X, A), where X is a set of v elements and A is a multiset of k-subsets of X, such that every m-subset of X intersects at most λ members of A in at least t points. Let

D_λ(v, m, k, t) = max{|A| : there is a t − (v, m, k, λ) packing design (X, A)}.

If λ = 1, a design is a packing design if and only if the distance between the blocks (the number of points belonging to exactly one of the blocks) is at least d = 2m − 4t + 2k + 2. From this follows [P1] that we can without loss of generality assume that t = m.

Constant weight codes are t − (v, m, k, 1) packing designs. The notation A(n, d, w) = D_1(n, w −d/2+1, w, w −d/2+1) is used in the literature [8], [P5] to denote the maximum number of binary words of length n and weight w that have mutual distance at least d (because the words have constant weight, the distance d can always be taken even).

An important upper bound for the size of constant weight codes is the first Johnson bound [8], which is the smallest bound obtained by iterating the inequalities A(n, d, w) ≤ ⌊ n w A(n − 1, d, w − 1) ⌋ , A(n, d, w) ≤ ⌊ n n − w A(n − 1, d, w) ⌋

until a trivial bound (as defined in [8]) can be applied.

If a design simultaneously is both a packing and a covering design, it is called a t-design. Steiner systems are t-designs with λ = 1. 2-designs are generally referred to as balanced incomplete block designs (BIBDs).

3.2 Local Search Algorithms

In this thesis we have used two stochastic combinatorial optimization algorithms, simulated annealing [11, 33] and tabu search [23]. Both of them can be classified as local search algorithms: we start from some initial solution, then repeatedly slightly change the current solution according to some rules, until, hopefully, a solution is found that meets our demands.

Both algorithms require that we define the set of feasible solutions (solution space) and a cost function that ranks the solutions. In addition to that we need to specify a neighborhood structure in the solution space to define which solutions are neighbors to each other. From the neighborhood of a solution we obtain the set of moves applicable to that solution.

In simulated annealing we take randomly one of the neighbors of the current solution. If the solution is better than or equal to the current solution, we take that as the new current solution. If the solution is inferior to the current solution, we still accept the change with probability exp(−Δ/T ), where Δ is the difference between the cost of the proposed new solution and the cost of the current solution (assuming minimization of the cost function; maximization can be obtained by reversing the sign of Δ). The temperature T is decreased slowly during the optimization run.

In tabu search we start with an initial solution and move to the best allowed solution in the neighborhood of the current solution. To prevent looping around a local optimum, a tabu list is used. A history based tabu list prevents the inverses of the latest few moves from being used.

A great advantage of the local search algorithms is that because at every iteration the solution is changed only slightly, we often can calculate the change of cost very quickly.

When the solution space is large, the search may take too much time. In such cases we can restrict the solution space by assuming certain symmetries of the solution. For example we can specify an automorphism group of the solution before the search and thus greatly reduce the solution space [P5]. However, most often it is not known if a solution with the desired automorphism group exists.

3.3 Searching Covering Designs by Simulated Annealing

To apply the simulated annealing algorithm to searching for covering designs we have to specify the cost function and the neighborhood. In [P1] we use the cost function

cost(S) = ∑ x∈Xm max (0, λ − |{y ∈ S : |x ∩ y| ≥ t}|) , (3) where S is the multiset of blocks representing the current solution and X_m is the family of all m-subsets of the set X of v points. If (3) reaches zero, we have a covering design.

The most natural neighborhood structure is as follows. Suppose we have a solution S. Then we can make another solution by first selecting one of the k-sets belonging to S, and by replacing a point in this k-set by a point not belonging to this k-set. We define the neighborhood of S as the set of all solutions obtained from S by one such change. To calculate cost changes quickly we rely on an extensive tabulation of neighborhood and covering data [P1], [51]. The computer program cover [51], [P1], which implements this scenario, has been used by several mathematicians and lottery system constructors since its publication in 1993.

3.4 Searching Constant Weight Codes by Tabu Search

Several recent papers have discussed the problem of finding good constant weight codes and a variety of optimization methods have been applied [19, 20, 34]. Unfortunately, a search without limitations on the structure of the code does not work well if we are searching for a large code; in such cases, we can predefine a structure (automorphism group) of the code to facilitate the search. This approach has resulted in almost 40 new codes in [P5] (cf. [8]). The codes in [P5] give improved lower bounds on A(n, d, w) (see Section 3.1).

Given a permutation group, its orbits on the w-element subsets of the n coordinates partition all words of weight w. Following the terminology in [P5], an orbit is called feasible if any two words of the orbit are distance at least d apart. Two (or more) feasible orbits are said to be compatible if any two words in their union are distance at least d apart.

To construct codes, we first compute all feasible orbits for given code parameters and then employ a tabu search based heuristic to find a compatible collection of these orbits that has as many words as possible. This leads to an optimization problem of finding the largest clique in a graph with weighted vertices, which generally is NP-complete [22]. However, our tabu search strategies seem to provide good results within reasonable time in the problem instances of [P5].

Several different neighborhoods, tabu lists, and cost functions have been used in [P5]. Selection of a suitable search strategy depends on the number of different sizes of feasible orbits, the total number of feasible orbits, and the amount of available computing resources.

In some cases the search can be made easier by making a good guess about the structure of the code. For example, we may require that the code consists of orbits of only one size, or we can require that a certain orbit or codeword must be included in the code. These restrictions usually allow us to discard a majority of orbits before the search.

Occasionally, additional words from orbits that are not feasible can be added to the final code. Of course, after adding those words the resulting code is no more invariant under permutations of the group that was used in the search.

By shortening the codes found by tabu search we can get other lower bounds on A(n, d, w). The averaging formulas A(n − 1, d, w − 1) ≥ ⌈wA(n, d, w)/n⌉ , A(n − 1, d, w) ≥ ⌈(n − w)A(n, d, w)/n⌉ always hold [8], but in some cases a better bound can be reached by explicitly counting the number of 1s and 0s in different positions.

Methods similar to those in [P5] can also be used in search of covering designs, when the design size is so large that search without structure (as described in Section 3.3) cannot be applied successfully. Instead of single words, we consider orbits of codewords [53].

4 Conclusions

This thesis gives new methods for finding good solutions to several classical problems in discrete geometry and coding theory. In this thesis computers have played a central role, and furthermore, stochastic optimization algorithms have been the main tool to new results. Each problem is formulated as an optimization problem, and while the problems may seem diverse, it turns out that they share a common background. The multitude of different solution methods reflects the difficulty of the problems.

We have showed that stochastic optimization methods can successfully be used to construct several different mathematical structures, for which general effective construction methods are not known. Purely mathematical constructions often give valuable insight into the structure of the constructed object. Computational methods are very useful in that they can give important knowledge regarding effectiveness of the best construction methods. If better solutions than previously known ones can be found by a computer search, this gives justification for further efforts to develop more sophisticated construction methods. Also, by investigating the structure of a computer-constructed object we sometimes can invent new construction methods or gather deeper understanding of the structure of the computer-constructed object.

Of the problems studied in this thesis, the search for constant weight codes [P5] turned out to be especially successful. Even though constant weight codes have been extensively studied and numerous different construction methods are known [8], almost 40 new codes, better than previously known, were found by the optimization methods of [P5]. It is very probable that by considering automorphism groups not used in [P5] some further new codes can be found by the same search methods.

When searching for covering designs by simulated annealing in [P1], our approach works well with designs that are not very large. The success in [P5] motivates using automorphism groups also in search of covering designs, a work in progress [53] at the moment.

In the literature, packings of n circles in a square or in a circle have been earlier published only for relatively small values of n. Articles [P3] and [P4] extend the values of n to 50 and 65, respectively. These packings (when the improvements in [28] are included) can be used as reference packings for future research.

One aim of studying circle packings in the plane is to find good families of packings; they can be used to construct good lower bounds on the densities of packings for any n. In an equilateral triangle there is an infinite family of packings where each packing is optimal (see Section 2.5). No such families are known in a circle, and based on the results in [P4] it may be that no such families exist (at least no clear pattern is visible in the packings of [P4]). In a square, one such family has been conjectured optimal [54], but the values of n in the family are relatively sparse (n = 2, 12, 120, 1512, . . . ).

Of the circle packings in [P4], especially interesting are those that are also locally optimal configurations of other potential functions. As an example of a different potential function, in [P2] we searched for optimal point charge configurations on a circular disk. In addition to providing the first comprehensive table of configurations and their energies of up to 80 charges, we found all configurations that are locally optimal under any potential; these configurations have either “maximal symmetry” (no other configuration having larger symmetry group with the same number of charges exists) or “almost maximal symmetry” (only one configuration having larger symmetry group exists).

References

[1] J. A. Bate and R. G. Stanton, Some algorithmic results on (2, 3, 3, v) designs and (2, 4, 4, v) designs, Utilitas Math. 20 (1981), 195–220.

[2] J. A. Bate and R. G. Stanton, A survey of (2, 2, l, v) designs, Congr. Numer. 31 (1981), 3–15.

[3] A. A. Berezin, An unexpected result in classical electrostatics, Nature 315 (1985), 104.

[4] A. A. Berezin, Asymptotics of the maximum number of repulsive particles on a spherical surface, J. Math. Phys. 27 (1986), 1533–1536.

[5] A. A. Berezin, Just four repulsive particles can support the fifth inside the volume, Amer. J. Phys. 55 (1987), 199.

[6] B. Bergersen, D. Boal, and P. Palffy-Muhoray, Equilibrium configurations of particles on a sphere: the case of logarithmic interactions, J. Phys. A 27 (1994), 2579–2586.

[7] G. E. Blonder, On the behavior of electrically charged balls confined to a plane: a 2-D model system of great versatility, Bull. Amer. Phys. Soc. 30 (1985), 403.

[8] A. E. Brouwer, J. B. Shearer, N. J. A. Sloane, and W. D. Smith, A new table of constant weight codes, IEEE Trans. Inform. Theory 36 (1990), 1334–1380.

[9] M. G. Calkin, D. Kiang, and D. A. Tindall, Minimum energy configurations, Nature 319 (1986), 454.

[10] M. G. Calkin, D. Kiang, and D. A. Tindall, Minimum-energy charge configurations, Amer. J. Phys. 55 (1987), 157–158.

[11] V. Černy, Thermodynamical approach to the traveling salesman problem: An efficient simulation algorithm, J. Optim. Theory Appl. 45 (1985), 41–51.

[12] A. H. Chan and R. A. Games, (n, t, k)-covering systems and error-trapping decoding, IEEE Trans. Inform. Theory 27 (1981), 643–646.

[13] B. W. Clare and D. L. Kepert, The closest packing of equal circles on a sphere, Proc.

Roy. Soc. London Ser. A 405 (1986), 329–344.

[14] G. Cohen, I. Honkala, S. Litsyn, and A. Lobstein, Covering Codes, Elsevier, Amsterdam. To appear.

[15] J. H. Conway and N. J. A. Sloane, Sphere Packings, Lattices and Groups, Springer- Verlag, New York, 2nd edition, 1993.

[16] H. T. Croft, K. J. Falconer, and R. K. Guy, Unsolved Problems in Geometry, Springer-Verlag, New York, 1991.

[17] C. de Groot, M. Monagan, R. Peikert, and D. Würtz, Packing circles in a square:

a review and new results, in P. Kall, editor, System Modelling and Optimization: Proceedings of the 15th IFIP Conference Zürich, Switzerland, September 2–6, 1991, pp. 45–54, Springer-Verlag, Berlin, 1992.

[18] C. de Groot, R. Peikert, and D. Würtz, The optimal packing of ten equal circles in a square, IPS Research Report 90-12, Eidgenössische Technische Hochschule, Zürich, 1990.

[19] G. Dueck and T. Scheuer, Threshold accepting: a general purpose optimization algorithm appearing superior to simulated annealing, J. Comput. Phys. 90 (1990), 161–175.

[20] A. A. El Gamal, L. A. Hemachandra, I. Shperling, and V. K. Wei, Using simulated annealing to design good codes, IEEE Trans. Inform. Theory 33 (1987), 116–123.

[21] L. Fejes Tóth, Lagerungen in der Ebene, auf der Kugel und im Raum, Springer- Verlag, Berlin, 2nd edition, 1972.

[22] M. R. Garey and D. S. Johnson, Computers and Intractability: A Guide to the Theory of NP-Completeness, Freeman, San Francisco, 1979.

[23] F. Glover, Tabu search—Part I, ORSA J. Comput. 1 (1989), 190–206.

[24] M. Goldberg, The packing of equal circles in a square, Math. Mag. 43 (1970), 24–30.

[25] M. Goldberg, Packing of 14, 16, 17 and 20 circles in a circle, Math. Mag. 44 (1971), 134–139.

[26] R. L. Graham, Sets of points with given minimum separation (solution to problem E1921), Amer. Math. Monthly 75 (1968), 192–193.

[27] R. L. Graham and B. D. Lubachevsky, Dense packings of equal disks in an equilateral triangle: from 22 to 34 and beyond, Electron. J. Combin. 2 (1995), A1, 39 pp. (electronic).

[28] R. L. Graham and B. D. Lubachevsky, Repeated patterns of dense packings of equal disks in a square, Electron. J. Combin. 3 (1996), R16, 17 pp. (electronic).

[29] T. C. Hales, The status of the Kepler conjecture, Math. Intelligencer 16 (1994), 47–58.

[30] W.-Y. Hsiang, On the sphere packing problem and the proof of Kepler’s conjecture, Internat. J. Math. 4 (1993), 739–831.

[31] J. E. M. Janssen and J. B. M. Melissen, An unexpected result in classical electrostatics: problem 92-16, SIAM Rev. 35 (1993), 643.

[32] K. Kirchner and G. Wengerodt, Die dichteste Packung von 36 Kreisen in einem Quadrat, Beiträge Algebra Geom. 25 (1987), 147–159.

[33] S. Kirkpatrick, C. D. Gelatt Jr., and M. P. Vecchi, Optimization by simulated annealing, Science 220 (1983), 671–680.

[34] K.-U. Koschnick, Some new constant weight codes, IEEE Trans. Inform. Theory 37 (1991), 370–371.

[35] D. A. Kottwitz, The densest packing of equal circles on a sphere, Acta Cryst. Sect.

A 47 (1991), 158–165.

[36] S. Kravitz, Packing cylinders into cylindrical containers, Math. Mag. 40 (1967), 65– 71. [37] J. Leech, Equilibrium of sets of particles on a sphere, Math. Gaz. 41 (1957), 81–90.

[38] B. D. Lubachevsky, How to simulate billiards and similar systems, J. Comput.

Physics 94 (1991), 255–283.

[39] B. D. Lubachevsky and R. L. Graham, Curved hexagonal packings of equal disks in a circle, Discrete Comput. Geom. To appear.

[40] H. Melissen, Densest packing of eleven congruent circles in a circle, Geom. Dedicata 50 (1994), 15–25.

[41] H. Melissen, Densest packing of six equal circles in a square, Elem. Math. 49 (1994), 27–31.

[42] H. Melissen, Loosest circle coverings of an equilateral triangle. Submitted for publication.

[43] J. B. M. Melissen and P. C. Schuur, An unexpected result in classical electrostatics:

solution to problem 92-16, SIAM Rev. 35 (1993), 643–644.

[44] J. B. M. Melissen and P. C. Schuur, Packing 16, 17 or 18 circles in an equilateral triangle, Discrete Math. 145 (1995), 333–342.

[45] J. B. M. Melissen and P. C. Schuur, Improved coverings of a square with six and eight equal circles, Electron. J. Combin. 3 (1996), R32, 10 pp. (electronic).

[46] T. W. Melnyk, O. Knop, and W. R. Smith, Extremal arrangements of points and unit charges on a sphere: equilibrium configurations revisited, Canad. J. Chem. 55 (1977), 1745–1761.

[47] W. H. Mills and R. C. Mullin, Coverings and packings, in J. H. Dinitz and D. R.

Stinson, editors, Contemporary Design Theory: A Collection of Surveys, pp. 371– 399, Wiley, New York, 1992.

[48] M. Morley and G. H. J. van Rees, Lottery schemes and covers, Utilitas Math. 37 (1990), 159–166.

[49] R. Nityananda, Electrostatics revindicated . . . classically . . . , Nature 316 (1985), 301.

[50] K. J. Nurmela, Constructing spherical codes by global optimization methods, Research report A32, Digital Systems Laboratory, Helsinki University of Technology, 1995.

[51] K. J. Nurmela and P. R. J. Östergård, Constructing covering designs by simulated annealing, Technical report B10, Digital Systems Laboratory, Helsinki University of Technology, 1993.

[52] K. J. Nurmela and P. R. J. Östergård, Optimal packings of equal circles in a square.

Submitted for publication.

[53] K. J. Nurmela and P. R. J. Östergård, New coverings of t-sets with (t + 1)-sets. In preparation.

[54] K. J. Nurmela, P. R. J. Östergård, and R. aus dem Spring, Asymptotic behaviour of optimal circle packings in a square. Submitted for publication.

[55] W. Oberschelp, Lotto-Garantiesysteme und Blockpläne, Math.-Phys. Semesterber.

19 (1972), 55–67.

[56] N. Oler, A finite packing problem, Canad. Math. Bull. 4 (1961), 153–155.

[57] N. Oler, An inequality in the geometry of numbers, Acta Math. 105 (1961), 19–48.

[58] R. Peikert, Dichteste Packungen von gleichen Kreisen in einem Quadrat, Elem. Math.

49 (1994), 16–26.

[59] D. Pescetti and E. Piano, Equilibrium configurations of parallel repulsive permanent magnets placed inside a circle, Amer. J. Phys. 56 (1988), 1106–1109.

[60] U. Pirl, Der Mindestabstand von n in der Einheitskreisscheibe gelegenen Punkten, Math. Nachr. 40 (1969), 111–124.

[61] N. M. Queen, The distribution of charges in classical electrostatics, Nature 317 (1985), 208.

[62] G. E. Reis, Dense packing of equal circles within a circle, Math. Mag. 48 (1975), 33–37.

[63] R. Richberg, An unexpected result in classical electrostatics: solution to problem 92-16, SIAM Rev. 35 (1993), 644–645.

[64] A. H. G. Rinnooy Kan and G. T. Timmer, Stochastic global optimization methods part II: multi level methods, Math. Programming 39 (1987), 57–78.

[65] J. Schaer, The densest packing of 9 circles in a square, Canad. Math. Bull. 8 (1965), 273–277.

[66] J. Schaer, On the packing of ten equal circles in a square, Math. Mag. 44 (1971), 139–140.

[67] J. Schaer and A. Meir, On a geometric extremum problem, Canad. Math. Bull. 8 (1965), 21–27.

[68] K. Schlüter, Kreispackungen in Quadraten, Elem. Math. 34 (1979), 12–14.

[69] J. Schönheim, On coverings, Pacific J. Math. 14 (1964), 1405–1411.

[70] B. L. Schwartz, Separating points in a square, J. Recr. Math. 3 (1970), 195–204.

[71] R. G. Stanton and J. A. Bate, A computer search for B-coverings, in R. W. Robinson, G. W. Southern, and W. D. Wallis, editors, Combinatorial Mathematics VII, Proceedings of the Seventh Australian Conference on Combinatorial Mathematics, volume 829 of Lecture Notes in Mathematics, pp. 37–50, Springer-Verlag, Berlin, 1980.

[72] T. Tarnai, The observed form of coated vesicles and a mathematical covering problem, J. Mol. Biol. 218 (1991), 485–488.

[73] T. Tarnai and Zs. Gáspár, Covering a sphere by equal circles, and the ridigity of its graph, Math. Proc. Camb. Phil. Soc. 110 (1991), 71–89.

[74] T. Tarnai and Zs. Gáspár, Covering a square by equal circles, El. Math. 50 (1995), 167–170.

[75] G. Valette, A better packing of ten equal circles in a square, Discrete Math. 76 (1989), 57–59.

[76] B. W. Van de Waal, Equilibrium distributions of repulsive particles in a sphere, Amer. J. Phys. 56 (1988), 583–584.

[77] S. Webb, Electrostatics revindicated . . . classically . . . but for 12 equal point charges?

Nature 316 (1985), 302.

[78] G. Wengerodt, Die dichteste Packung von 16 Kreisen in einem Quadrat, Beiträge Algebra Geom. 16 (1983), 173–190.

[79] G. Wengerodt, Die dichteste Packung von 14 Kreisen in einem Quadrat, Beiträge Algebra Geom. 25 (1987), 25–46.

[80] G. Wengerodt, Die dichteste Packung von 25 Kreisen in einem Quadrat, Ann. Univ.

Sci. Budapest. Eötvös Sect. Math. 30 (1987), 3–15.

[81] L. T. Wille and J. Vennik, Corrigendum: Electrostatic energy minimization by simulated annealing, J. Phys. A 19 (1986), 1983.

[82] C. T. Zahn, Jr., Black box maximization of circular coverage, J. Res. Nat. Bur.

Standards Sect. B 66 (1962), 181–216.