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ABSTRACT: In this report, we comparethe expressivpowers of classe®f
logic programg&hat are obtained by constraimng the number n of atomsin
the bodesof rules. This givesriseto the classesf binary programgn  2),
unary programs(n 1) and atomc programs(n = 0). The comparison
is basedon the existence/nonexistenas polynomal, faithful, and modular
(PFM) translationfunctions betweenthe classes.As a result, we obtain a
strict ordering on the classe®f logic programsunder considerationunder
the leastmodel semantics Binary programsareshown to be asexpressivas
unconstrainedorogramsout strictlymore expressivéhan unaryprogramsin
addition, unaryprogramsarestrictly more expressivéhan atomc programs.
This settingremainsvalid evenif we considernormal logic programs,in
which negative literals may appearin the bodes of rules, under the stable
model semanticsWe alsotakepropositionalsatis ability into consideration
and estblishthat atomc programsare strictly more expressivéhan setsof
clausesunder classicakemanticsFinally, we studypolynomial, faithful, but
non-modularalternativeso PFM translationfunctionsthat do not exist.We
obtain a breakthroughin this respectby shaving that an arbitrarynormal
logic programP can be reducedto setof clausesisinga faithful translation
function in time proportionalto jjPjj  log, jHb(P)j. Asanimplication of
thisresult,the classesflogic programsunder consideratiorbecomeequally
expressivé measuredn termsof polynomal and faithful translationfunc-
tions.

KEYWORDS: Modularity, Translationfunction, Expressiveower
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INTRODUCTION

In logic programning [44], a simplerule-basedanguages usedfor knowl-
edgerepresemtion in a declarativeway so that queries can be answered
usinga procedurebasedn the resolutionprinciple [39]. Clark [7] proposed
soona form of necation, namely negation asfailure to prove,to enhance
the knowledgerepreseration capabilitiesof logic programs.Thisis how the
classof generalor normallogic programswas r stestablished,but it turned
out dif cult to incorporatethe negation asfailure principle into resolution
proceduregc.f. SLDNF-resolutionin [32]) in a satishctoryway For exam-
ple, the orderin which rulesareconsideredy the resolutionproceduremay
affectanswes that aregivento the queries. Sud a featuremakedogic pro-
gramning with negation asfailure lessdeclarativeand dependenton the
implementation of the resolutionprocedure.

Fortunately Gelfond and Lifschitz cameup with a solutionto this prob-
lem: stable model semanticq16] for normal logic programs. In this ap-
proad, negative literalsin rules are interpreted simultaneouslywhich re-
storeghe declarativenature of programning with rules. Moreover,the em-
phasisis more on computing stable models(or answersetd17]) for a given
logic programratherthan usinga resolutionprocedurefor queryanswering.
Thisis because problemathandis typically formulatedasalogic program
sothat stable modelscorrespondto the solutionsof the problem. Due to
recentinterestin thisapproat, answesetprogramning is nowadaysonsid-
eredasa self-shndng constraintprogrammng paradgm [35, 36].

The succes®f stable modelsand answersetprogramning is much due
to ef cient implementations,sud assSMODELS [41] and DLV [11], which
weredevelopedduring the lastdecade.This work involveddevelopmenif
seart algorithmsfor computingstablemodels.The basictechniqueisto use
a branch and bound algorithm [42] and the well-foundedmodel[45] asan
apprximationto boundseart space However eventighterapproimations
can be devisedgiven assumption®n stable modelsto be computed. Such
principleshavebeenincorporatedto the searb algorithmbehind SMODELS
[41], for instance.One sud principle triesto applyrulescontrapositivelyif
theheadhofaruleh a;;:::;a, isknown/assumedo be falsein a stable

be true in M. Then a;, or respectivelyg; in the latter case,must be false
in M, andin this way, our knowledge/assumptionsn the stable model M
being computed(i.e. the appraximation) is re ned a bit by the truth value
assignedo a; or & in general.Theseobserationssuggesthat the useof this
principle could be acceleratedf the number of atomsin the bodesof rules
werereducedsomehav. Conseaiently, we are facedwith a fundamentl
guestionif sud areductionis possibleandfeasiblen the r stplace.

To addressandanswetthis question,thisreportconcentrate®n analyzing
the expressiv@owers of logic programclasseshat are obtained by restrict-
ing the number n of atomsin the bodes of rules. The analysisbuilds on
threesyntctic subclassesamelybinaryprogramgn  2), unaryprograms
(n 1) and atomc programgn = 0). The centralideais to developand
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apply a method that is similar to the one usedby the author [22, 26] for
classifyingnon-monotonc logicsby their expressivg@ower. A basicstepin

sudh analysigs to chedk the existenceof a polynomal, faithful and modu-
lar (PFM) translationfunction betweentwo classeslf we areableto prove
that sudh a translationfunction doesnot existbetweencertain classesthen

the syntctic constraintdmposedon the classearesigr cant and affectex-
pressivepower. In particular, if thereis no PFM translationfunction that
reducesthe number of bodyatoms,then the reductionis likely to be infea-
siblein practiceasit cannotbe donein a systemati¢gmodular)way. In fact,
the resultsestblishedin this reportindicate that the number of bodyatoms
can be reduceddown to two, but gang below that is impossiblein a faith-
ful and modularway In other words,arbitraryprogramscan be translated
into binaryonesin thisway, but binary/unaryprogramscannotbe translated
into unary/atonic ones.In orderto understand theseintranslatbility results
better, we will alsoaddressnon-modularalternativesn thosecasesvhere
modulartranslationgurn out to be impossible.

On the other hand, many problemsthat havebeen solvedusing answer
setprogrammng methodologyhavealsoformulationsasclassicakatis abil-
ity problems.However,sud formulationstend to be more dif cult andless
condse. For example,formulating an Al planning problemis much easier
asa normal logic program[8] than asa setof clauseq28]. This suggests
that thereis a real differencein expressiv@ower that could be formally es-
tablishedusingthe methodsdevisedn this report. For this reasonwe take
propositionalsatis ability (i.e., setsof clausesunder classicaimodels)into
considerationin orderto compareit with the classe®f logic programsdis-
tinguishedin this report. It turns out that propositionalsatis ability formsa
clasgthat is strictly lessexpressivéhan the classesf normal logic programs
addressedn thisreport.

The restof this reportis organized asfollows. In Section2, we review
the syntax and semanticsof the formalismsaddressedn this report: nor-
mal logic programsunder stable model semanticsaand setsof clausesunder
classicabemantics Moreover,we distinguishsyn&ctic subclassesf normal
logic programswhich are takeninto consideration. To prepareforthcom-
ing expressivenesmalysiswe distinguishthree fundamentl propertiesof
translationfunctionsin Section3: polynomiality, faithfulnessand modular-
ity. Conseaently, a methodfor comparingthe expressivpowers of classes
of logic programsis estblished. The actual expressivenesmalysistakes
placein Section4. The classe®f logic programsare orderedon the basis
of their expressiv@owers which givesriseto an expressiv@ower hierardy
for the classesinder consideration.Thesecomparisonsnvolve intranslata-
bility resultsthat count on the modularity property However this leavesus
the possibilityof obtaining faithful, polynomial, but non-modulartranslation
functions. Such alternativesare pursuedin Section6. A particularobjective
in this respectis to translatefaithfully arbitrarylogic programsinto setsof
clausesn polynomal time. Asa preparatorystepin this respectwe present
analternativecharacterizatiorof stablemodelsin Section5. Finally, weper-
form comparisonswith relatedwork in Section7 and the reportendswith
conclusiongn Section8.

1 INTRODUCTION



2 PRELIMINARIES

In this section,we reviewthe basicterminologyand de nitions of logic pro-
gramsaswell aspropositionalsatis ability. The syntaxof normal logic pro-
gramsis explainedin Section2.1 while Section 2.2 concentrateon their
semantics.In Section2.3 we introduce synfctic restrictionsthat play the
keyrole in forthcoming expressivenessalysisThe lastsubsectionpnamely
Subsection?.4, reviewsthe details of setsof propositionalclausesaswell as
their classicamodel-theoreticsemantics.

2.1 Normal Logic Programs

A normal (logic) programP is asetof expressioner rulesof the form

(2.1) a byiinibyr il Cm

this paper,werestrictourselvedo the purely propositionalkcaseand consider
only programsthat consistof propositionalatoms. The symbol denotes
default negation or negation asfailure to prove[7] which differsin animpor-
tantwayfrom classicahegation denotedby : . We de ne defult literalsin
the standardwayusing asnegation. The informal intuition behind arule
(2.1) within a normal programis that the atom a can be inferred usingthe

exactmodel-theoreticemantic®of ruleswill be givenin the nextsubsection.

Givenarule r of the form (2.1), the atoma formsthe headof r whereas
the positiveliteralsby; : : : ; b, andthe negativeliterals c;;:::; ¢y, together
form the bodyof r. Despiteof the notation usedin (2.1), we interpret the
body asa setof literals, which implies that the order of the literals is not
relevant. To enable easyreferenceto the atoms/literalsin the body, we

We generalizethesenotationsfor any normal programP in the obvious
way, e.g.headP) = fhead(f) j r 2 Pg, and body(P), body® (P), and
body (P) areanalogouslyde ned. The positivepartr™ of arule r is de-
ned ashead) body" (r).

For now, the HerbrandbaseHb(P) of a normal logic programP is de-
ned asthe setof atomsthat appearin the rulesof P, although a slightly
more generalde nition will beintroducedin Section3.1. In the seqiel, the
classof normal programsgs denotedby P. To easehe forthcomng semanti-
cal de nitions, we distinguishpositive(normal) programsnhich arenormal
programsP whoseeveryrule r 2 P satisfybody (r) = ;. Conseaently,
the classof positiveprogramd * formsa propersubclassfP.

IProgramswith variablesconstantsandfunction symbolsarecoveredmplicitly through
Herbrandinstantiation. However the forthcoming expressivenessalysiss basedn n ite
programsandHerbrandinstanceswhich meanghatfunction symbolsarenot fully covered.

2 PRELIMINARIES 3



2.2 Stable Model Semantics

Normal programscan be given a standardmodel-theoreticsemantics. An
interpretationl  Hb(P) of anormal programP determneswhich atomsa
of Hb(P) aretrue (a 2 1) andwhich atomsarefalse(a2 Hb(P) 1). The
satishctionrelation = is givenin De n ition 2.1 below. In particular, note
that necativedefault literalsthat may appeatrin the bodesof rulesaregiven
aclassicalnterpretationatthispont: |  a () | 6 a Moreover,the
interpretation of rulesis similar to that of classicalmplications.

Denition 2.1 Letl Hb(P) beaninterpretation of normal programpP .
Foranatoma2 Hb(P),l ra () az2l.

For anegtiveliteral abasecona2 Hb(P),l F a () a62.

1.

2.

3. ForasetofdefultliteralsL,| =L () 8l2L:1F I
4. Foraruler,l r () | F body(r) impliesl £ headr).
S.

Finally, | isa(classicalmodelofP I FP) () 8r2P: 1 Fr.

Although the preceding de nition givesthe classicalsemanticdor arbi-
trary normal programsP, the ultimate semanticsassignedo normal pro-
gramswill be differentasminimal modelsaredistinguished.

De n ition 2.2 AmodelM E P isaminimal modelofP if andonlyif there
isnomodelM = P sucd thatM® M.

In particular,everypositiveprogramP is guaranteedo possesa unique
minimal model of which equalsto the intersectionof all modelsof P [32].
We let LM(P) stand for this particular model, i.e. the leastmodel of P.
The leastmodel semanticss inherently monotonic: if P P2 holds for
two positiveprogramsthen LM(P) LM (PY. Moreover,the leastmodel
LM(P) can be constructediteratively asfollows (see[32] for a complete
treatment). De ne an operatorTp on setsof atomsA  Hb(P) by setting
Te(A) = fhead() jr 2 P andbody’ (r) Ag. The iteration segienceof
the operatorTp isde ned inductively:

T " 0=,
Tp"i= Tg(Tp "i 1)fori> 0,and
Tp"! = o Tp"i.

It followsthatLM(P) = Tp " ! = Ifp(T p). Thisresultmatcheswith our

intuition on rules: LM (P) containsonly necessarilyrue atomsof Hb(P)
that can be inferred by usingthe rulesof P recursively Note thatthis xed
point isreacedwith a n ite numberof iterationsif P is n ite. In the seqel,
we usethe constructionaboveto de ne the level number lev(a) for eah
atoma2 LM (P), i.e.the leastnaturalnumberi sud thata2 Tp " i.
Gelfond andLifschitz [16] proposeawayto applythe leastmodel seman-

ticsto anarbitrarynormal programP . Given aninterpretationM  Hb(P),
i.e.amodel canddate,their ideaisto reduceP to apositiveprogram

(2.2) PM=1fr*jr2PandM\ body (r)= ;g

4 2 PRELIMINARIES



In thisway, the necativedefault literalsappearingn the bodesof the rulesof
P aresimultaneouslyinterpretedwith respecto M . Sincethe reductP™ is
a positiveprogram,it hasa naturalsemanticgdeternmined by the leastmodel
LM(PM). Equatingthis model with the model canddateM usedto reduce
P leadsto the following notion of s@ability.

De n ition 2.3([16]) AninterpretationM  Hb(P) of a normallogic pro-
gramP isastablemodelofP () M = LM(PM).

Everystablemodelof P isalsoa classicamodel of P in the sensef De -
nition 2.1, but not necessarilyiceversa.ln generalanormallogic program
neednot havea unique stable model (seeP, in Example2.4 below) nor a
stable modelsat all (seeP, in Example2.4). In contrastto the leastmod-
elsof positiveprogramsstable modelsmay changein a non-monotornc way
which impliesthat conclusionsamaybe retractedunder stablemodel seman-
tics. Thisis demonstratedbelown usingprogramsQ; andQ, in Example2.4.
Normal logic programsare well-suitedfor a variety of knowledgerepresen-
tation and reasomg tasks.The readeris referrede.g.to [35, 36] for further
example®n usingnormallogic programsn practice.

Example 2.4 Considerthe following normal programs.
1. ProgramP, = fa b; b ag? hasstablemodelsf ag andf bg.
2. ProgramP, = fa ag hasno stablemodels.

3. Programg); = fa bgandQ, = P, [ fb g haveunique stable
modelsM, = fagandM, = f bg, respectivelyputM, 6 M.

2.3 Syntactic Restrictions

Asdiscussedn the introduction, one of the goalsof this paperis to exam-
ine the possibilitieof translatingavay positivebodyliteralsfrom rulesunder
stable model semantics.To prepareforthcoming analysis|et us distinguish
normal/positivgprogramshat areobtainedby restrictingthe number of pos-
itive bodyliterals,i.e. jbody™ (r)j, allowedin aruler.

De n ition 2.5 A rule r of a normal programis called atomic, unary or bi-
nary, if jpody™ (r)j = 0,jbody* (r)j 1, orjbody* (r)j 2, respectively

Moreover,we saythat a rule r is strictlyunaryif jbody™ (r)j = 1, i.e. it
is unary and not atomc. Strictly binary rules are de ned analogouslyi.e.
jbody” (r)j = 2. We extendthesecondtions to coverlogic programsn the
obviousway: a logic programP satis esany of thesecondtions giventhat
everyrule of P satis esthe condtion. For instance,an atomc normal pro-
gramP containsonly rulesof the form a Ci.:::. Cm. Thecondtions
setin De n ition 2.5imply that atomc programsare unary onesand unary
programsare binary ones. Conseaently, the respectiveclasse®f normal
programgdenotedby A, U, and B, respectivelyareorderedby inclusion as

2We usesenicolons*;” to separateulesin logic programs.

2 PRELIMINARIES 5



follows:A U B P. Inthelastclasstherearealsonon-binarynormal
programghat haveatleastonerule r with jbody™ (r)j > 2.

The samesyngctic restrictionscan be appliedwithin the classof positive
programsP ™ distinguishedin Section2.2. For instance,anyunary positive
programconsistf rules of the verysimpleformsa  andb c. Let
us introduce supescriptedsymbolsA*, U*, B* to denotethe respective
subclassesf P*, which areorderedanalogoushA* U* B P*.
Moreover,for ead classC amongA, U, B, and P, it holdsthat C* C
Let us alsonote that the condtions of De n ition 2.5 havebeen carefully
designedo be compatiblewith Gelfond-Lifsditz reduction. If P isanormal
programbelongingto C and M Hb(P), then PM is a member of the
respectiveclassC" . Finally, we emphasizethat the semanticsof the logic
programsin the classesntroduced sofar is determned by the stable/least
model semantics.

2.4 Setsof Clauses

We de ne classicaliteralsin the standardway usingclassicahegtion: as
the connective.A clauseC isa n ite setof classicaliterals

(2.3) fag;::;an byt bng

representinga disjunction of its constituents. A setof clausesS represents
a conjunction of the clausesC containedin S. We let Hb(S) denotethe
Herbrand baseof a setof clausesS sothat interpretations! for S can be
de ned assubsetsfHb(S) in analogyto Section2.2. To enablecomparisons
with respectto De n ition 2.1, we give below the classicaimodel-theoretic
semanticof setf clauses.

De nition 2.6 Letl Hb(S) beaninterpretation of a setof clauses.

1. Foranatoma2 Hb(S),l Fa () aZ2l.

2. Foranegtiveliteral : abasecbna2 Hb(S),l F:a () | 6 a
3. ForaclauseC2 S, FC () 92C:IF I

4. Finally,| isamodelofS (denotedbyl  S) () 8C2S:I F C.

Similarly to logic programsa setof clausesS givesriseto a setof models,
but the essentiatlifferenceisthatall classicamodelsaretakeninto account.
A setof clausesS is satis ableif it hasat leastone model, and unsatis able
otherwise. Let us yet paint out that setsof clausescorrespondto classical
propositionaltheoriesin the conjunctivenormal form (CNF).

6 2 PRELIMINARIES



3 TRANSLATION FUNCTIONS

The author hasanalyzedthe expressiv@owers of non-monotoric logicsin
a systematidashion[22, 26, 23] which extendspreviouswork by Imielin-
ski[20] and Gottlob [19]. The comparisonis basedon the existence/non-
existenceof polynomial, faithful and modular (PFM) translationfunctions
betweennon-monotonc logicsunder consideration. As a result of several
pairwisecomparison®f non-monotonc logics,the expressiveower hierar-
chy (EPH) of non-monotonc logics[26] wasgraduallyestblished.

In this report, we proposean analogousrameworkto comparethe ex-
pressivgpowers of classe€ of logic programs.However the frameworkwill
be somevhat different from the one usedby the authorin [24], asthe na-
ture of logic programshasto be takeninto account. We proceedasfollows.
Aspreliminary issuesyve distinguishgeneralpropertiesof logic programsn
Section3.1landproposeanotion of equivalence namelyvisibleequivalence
in Section3.2. Thisis to preparethe introduction of PFM translationfunc-
tionsbetweenclassesflogic programsn Section3.3. Section3 endswith a
presenation of the resultingclassi cationmethodin Section3.4.

3.1 Gereral AssumptionsaboutLogic Programs

At this level of abstraction]ogic programsP areunderstoodsyngcticallyas
setsof expressionbuilt of propositionalatoms. This is to coveralsoother
formalismsin addition to normal logic programsntroducedin Section2.1.
There we de ned the HerbrandbaseHb(P) asthe setof atomsthat effec-
tively appearnn P. Basically we would like to applythe sameprinciple at
this levelabstractionput sometimeghereis a needto extendHb(P) by cer-
tain atomsthat do not appearin P. This kind of a settingmay arisee.g.
when aparticularlogic programP isbeng optimized. Supposehatanatom
a2 Hb(P) isrecognzed useles# the programP andall of its occurrences
(and possiblythe rulesinvolved) are removedfrom P. Thusa 62Hb(P9
holdsfor the resultingprogramP® LetusmentionP = fa agandP°= ;
asconcreteexamplesf sud programswhoseleastmodelscoincide. The
fact that a is forgottenin this way impedesthe comparisonof the two pro-
gramsin asensgasto be de ned in Section3.2), sincethe Herbrandbases
becomedifferentaccordng to our de nition.

Beforepresentingour solutionto this problem, let usdiscussa further as-
pectof Herbrandbasespamelythe visibility of atoms.Whenlogic programs
are developedto solvea problem at hand, it is typical that only a certain
portion of atomsthat appeaiin programsarerelewantfor representinghe so-
lutions of the problem. In this setting,programsmaycontain auxiliaryatoms
thatareonly locally relevantanddo not appeaiin otherprogramgormulated
for the problem. Conseaently, the models/intepretationsassignedo two
programganaydiffer alreadyon the basisof auxiliaryatoms.A wayto handle
thissituationisto hidelocalinformationin analogyto conventionalprogram-
ming languagesRatherthan introducing a hiding mechanism for atoms,we
concentrateon spedfying visibleatoms,asdedded by the programmer To
solvethe problemscoveredby the discussiorabove we proceedasfollows.

3 TRANSLATION FUNCTIONS 7



De n ition 3.1 Formally, alogic programis atriple hP; A; Vi where

1. P isasetof expressiongules)built of atoms;
2. A isasetof additional atoms;and

3. V speces which atomsappearingn P andA areconsideredvisible.

By a slightabuseof notation we useP to referto the programdespitethe
additional structureassignedy De n ition 3.1. The setsA andV areoften
leftimplicit to bereferredbythe notationsHb,(P) andHb, (P), respectively
From now on, we useHb(P) to denotethe setof atomsthat appeasin P
and A above. Asa derivednotion, we de ne the hidden part of Hb(P) as
Hb,(P) = Hb(P) Hby(P). To easethe treatmentof programsin the
seqiel, we makesomedefault assumptionsegardng the setof atomsHb(P)
andHb, (P). Unlessotherwisestated,we assumehat

Hb(P) is minimal, i.e. Hb,(P) = ; and Hb(P) contains only the
atomsthatactuallyappeatin P; and

Hb, (P) ismaximal,i.e. all atomsof Hb(P) arevisible.

Example3.2 GivenP = fa bg, the default interpretation is that the
setHb(P) = fa; bg, Hb,(P) = Hb(P) = fa; bg, andHb,(P) = ;. Butif we
wantto makean exceptionwe haveto add expliatly thatHb(P) = fa; b; cg
andHb,(P) = fa;cg, for example. By thesedeclarationsthe hidden part
Hby, (P) isimplicitly assignedo f bg. More formally, this would meanspec¢-
fying alogic programhP; f cg; f &; cgi conforming to De n ition 3.1.

The unique stablemodel of P isM = fag, asthereareno rulesfor b.
This suggestasimpli cation Q = fa gofP. To keeptradk of b, we may
de ne Hb,(Q) = fbg sothatHb(Q) = Hb,(Q) = fa; bg holdsby default.

It is important to understand any extensiongo Herbrand basesso that
they contribute to the length of the program,too. This would not be the
caseif some(evenin n ite) setof atomsweredeclaredasHb(P) separately
not asa part of the program. If admitted by the syntax, we takeunions and
intersectionsof of logic programscomponentby component.

De n ition 3.3 The union and intersectionof logic programshP; Aq; Vii
andhP,; A>: Vi are

fPl[ Pz;Al[ Az;Vl[ V2| andfPl\ Pz;Al\ Az;Vl\ Vzi,
respectively

Asa consegencesof De nition 3.3, we haveHb(P [ Q) = Hb(P) [
Hb(Q), Hby (P [ Q) = Hb,(P) [ Hb\(Q), andHby(P [ Q) = (Hbn(P)
Hb,(Q)) [ (Hbh(Q) Hb,(P)) foranyprogramd® andQ. The hiddenparts
of Herbrand basesmay shrink in this way when logic programsare joined
together

Generallyspeakingthe setHb, (P) can be understoodasa programin-
terfaceof P andit givesthe basisfor comparingthe programP with other
programofinterest.The atomsn Hby(P) areto be hiddenin anysud com-
parisons.Having now settledour concernsrecardng the Herbrandbaseof
programsywe makesomegeneralassumption®n classesf logic programs.

3 TRANSLATION FUNCTIONS



De n ition 3.4 Anyclas<C of logic programanustsatisfithe following.
Al. EveryP 2 Cis n ite.
A2. Cisclosedunder unions, i.e.8P 2 C:8Q2 C.:P[ Q2 C.
A3. Cisclosedunder intersections i.e.8P 2 C:8Q2 C:P\ Q2 C.

A4. Thereis a semanticoperatorSent for the classC which mapsa pro-
gramP 2 Cto asubsebf2"°(P) deternining the semanticfP.

Theseassumptionsvill be neededwhen the requirementsfor translation
functionsareformulatedin Section3.3. The r stassumptiomnre ectsthe fact
thatwetakelogic programsaspotentialinputsto translatoprogramsHence
wemustbe ableto encodeanyprogramunder consideratiorasa n ite string
of symbolsThe followingtwo assumptiongnsurethatlogic programswithin
aclasscan be combinedin arbitraryways.For instance,the classof normal
logic programswith an odd number of rulesis not in accordancewith A2
nor A3. By the fourth assumptionthe semanticsof eat programP in a
classC is deternined by a setof total ® interpretationsSem:(P). Given an
interpretationl 2 Sen(P), ead atoma 2 Hb(P) isassignedither to true
or falsein analogyto De n itions 2.1 and 2.6. Hence we assumewo-\alued
semanticgor the classesf logic programsn thisreport.

Notethatthe n ite fragmentofthe classesflogic programsCintroduced
in Section 2.3 satisfyassumptionA1-A4. In the seael, we identify these
classesastheir n ite fragments.For instance,the union of two n ite binary
normal programsis alsoa n ite binary normal program. In particular, the
semanticassignedy the respectivesemanticoperators

(3.1) Sem(P)=SM(P)=fM Hb(P)jM = LM(P")g:

NotethatPM = P holdsforanypositivgorogramP andM  Hb(P), which
impliesthatLM (P) isthe unique stablemodelof P. Hencethe stablemodel
semanticandthe leastmodel semanticgoincide for positiveprograms.

AssumptionsA1-A4on classe®f logic programsare so loosethat it is
alsopossibleto view the classof n ite setsof clausesSC asa classof logic
programs. As explainedin Section 2.4, the semanticaloperatorfor SC is
basedsolelyon classicamodels:

(3.2) Semyc(S) = CM(S)=fM  Hb(S)jM F Sg:
3.2 Visible Equivalence

Havingde ned the semanticoflogic programson an abstractevel,the next
issueis to de ne the condtions on which two represerativesP and Q of a
givenclas=flogic programsC canbe consideredo be equivalent. It is natu-
ral thatthe answelto this questiongoeshad to semanticsA straightforard
notion of equivalenceis obtainedby equating Senx(P) and Sent(Q). This
correspondso the basicnotion of equivalenceproposedor normal programs

31t is quite possiblgo generalizeA4 to coverpartialmodelslike the well-woundedmodel
[45], but such modelsarenot addressedn thisreport.
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10

under stablemodel semanticsbut strongemotionshavealsobeenproposed.
For instance,Lifschitz etal. [29] considerP andQ stronglyequivalentgiven
thatSenmt(P [ R) = Sent(Q[ R) for all otherprogramsR. Conseqently;,
the strongequivalenceof P and Q impliesthat P and Q canbe freelyused
to substituteeat other. Althoughsud a notion seemsttractiveat the r st
glance,adravbad isthatit is all toorestrictive— allowing only verystraight-
forward semantics-preservingod cations to rulesof programs.

Another problem with both approatesis that the modelsin Sem:(P)
and Sent (Q) haveto be identical subsetof Hb(P) and Hb(Q), respec-
tively. Therefore we proposea notion of equivalencewhich triesto takethe
interfacesof logic programsproperlyinto account. The ideais that atomsin
Hb(P) Hb,(P)andHb(Q) Hb,(Q) areconsideredaslocalto P andQ
andnegligibleasfar asthe equivalenceof the programss concerned.

De n ition 3.5 Logic programsP 2 CandQ 2 C arevisibly equivalent
denotedbyP  Q, if andonlyif Hb,(P) = Hb,(Q) andthereis abijection
f :Senx(P)! Senw(Q) sud thatforeveryM 2 Seng(P),

(3.3) M\ Hb,(P) = f(M)\ Hb,(Q):

Note that this notion of equivalencecan be applied both within a single
classof logic programsand betweendifferent classesyhich maybe synac-
tically and/or semanticallydifferent. This is a veryimportant aspectaswe
intend to studythe interrelationshipof sud classesf programs.

Example 3.6 Consideranormallogic program
P=fa b; b ac ac ag

with Hb, (P) = f a; cg andthe stablemodelsM; = fa;cgandM, = fb; cg.
ThusHby(P) = fbg is hiddenwhen we compareP with asetof clauses

S=ffadg f. a:dg facg f: acgg

possessingxactlytwo classicaimodelsN; = fa;cg and N, = fd;cg, as
Hb(S) = f&a; c; dg. We canhide d by settingHb, (S) = fa;cg. ThenP | S
holds, asHb,(P) = Hb,(S) andthereis a bijection fromf : SM(P) !
CM(S) that(i) mapsM; toN, sothatM;\ Hb,(P) = fa;cg = N;\ Hb,(Q),
and (ii) mapsM, to N, sothatM, \ Hb,(P) = fcg= N,\ Hb,(Q).

Therearealsoreasonablalternativego .

De n ition 3.7 Logic program® 2 CandQ 2 C°areweaklyVvisibly equiv-
alent, denotedbyP |, Q, if andonly if Hb,(P) = Hb,(Q) and

(3.4) TM\ Hb,(P)jM 2 Sem(P)g=
fN\ Hb,(Q)jN 2 Sems(Q)g:

Proposition 3.8 The relations , and , areeaquivalencerelationsamong
all programs.
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PROOF. The re exivity of  follows essentiallyby the identity mapping
I Sem(P) ! Seny(P) for any P from any C. The symmetryof
is alsoeasilyobtained. Given P, Q for any programsP and Q from
anyclasse€ and C°, respectivelythe existenceof an inversefor a bijection
f :Semp(P)! Semo(Q)isguaranteedForthetransitivityof ,letf; and
f, bethe bijectionsinvolvedin the assumedelationsP , Q andQ | R,
respectivelyfor P 2 G, Q 2 G, andR 2 G. Itisclearthatf,; f,is
alsoa bijection, and we havefor all M 2 Seny, (P) thatM \ Hb,(P) =
f1(M)\ Hb,(Q) = f2(f1(M))\ Hby(R) = (f. f2)(M)\ Hb,(R). More-
over,Hb,(P) = Hb,(Q) andHb,(Q) = Hb,(R) imply Hb,(P) = Hb,(R).
HenceP |, R isthecase.

For ., the proofisimmediate,sinceP ,, Q isobtainedasanintersec-
tion of two equality/equivalencerelations:the onedetermined by Hb, (P) =
Hb, (Q) andthe otherdetermned by (3.4). 2

It is worthwhile to do somecomparisons.By settingHb, (P) = Hb(P)
and Hb, (Q) = Hb(Q), the weakrelation , becomesverycloseto the no-
tion of weakequivalencediscussedn the beginnng of this section,if inter-
pretedwith respecto the classof normal programsaunder the stable model
semantics. The only differenceis the implied additional requirement that
Hb(P) = Hb(Q) if , isto hold. Bythe approat takenin Section3.1this
requirementbecomef little account:Herbrandbasesrealwaysextendble
to meetHb(P) = Hb(Q). Actually, we can statethe sameabout , using
a generalizednotion of weakeaquivalence: P Q is de ned to hold for
P2CandQ2 C () Sem(P)= Semx(Q). Itisclearthat isalsoan
equivalencerelationamongall programs.

Proposition 3.9 If Hb,(P) = Hb(P) equalsto Hb,(Q) = Hb(Q), then
P Q() P wQ() P vQ

PROOF. Assumethat Hb,(P) = Hb(P) equalsto Hb,(Q) = Hb(Q) for
someP 2 CandQ 2 C° Forthe r stequivalence,it is suf cient to note
that (3.4) reducesto Sent(P) = Semx(Q) giventhat Hb,(P) = Hb(P)
and Hb,(Q) = Hb(Q). In addition, Hb,(P) = Hb,(Q) holdsby our as-
sumptions.To estblishP  Q () P  Q, wenotethatif Sem(P)
and Semo(Q) consistof identical subset®f Hb(P) = Hb(Q), the identity
mappingi servesasthe bijection involvedin De n ition 3.5. On the other
hand,the existenceof sut abijection implies Sem(P) = Sem»(Q) by our
assumptions. 2

Example 3.10 Recallthe normal logic programP and the setof clausesS
from Example3.6.NowP , Sholds,asfM \ Hb,(P)jM 2 SM(P)g=
ff a;cg;fcggequalstof N\ Hb,(S)jN  Hb(S) andN F Sg.

The settingdemonstratedby Examples3.6 and 3.10is an instance of a
more generalrelationshipbetween , and .

Proposition 3.11 Foranylogic program$ andQ,P ,Q =) P Q.

PROOF. SupposeP |, Q andP 6, Q. The formerimpliesHb,(P) =
Hb, (Q) andthe existencef abijectionf : Senx(P)! Semx(Q) sud that
(3.3)ismet by everyM 2 Seng(P). On the otherhandP 6,, Q implies
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thatthereisM 2 Semy(P) such thatM \ Hb,(P) 6 N\ Hb,(Q) for all
N 2 Sem(Q); or therolesof P and Q canbe interchanged. But thisis a
contradction, asM \ Hb,(P) = f(M)\ Hb,(Q) andf (M) 2 Semx(Q).
2
However,the convesedoesnot hold in general,asto be shavn below.
The distinction betweenthe two relationsbecomessooncrudal when we
formulate the criteriafor a semantics-preservirtganslationfunction in Sec-
tion 3.3.

Example3.12 Let us modfy the normal programP from Example 3.6 by
settingHb,(P) = fcg. ThenfM \ Hb,(P) j M 2 SM(P)g containsonly
f cgalthoughSM(P) = ff a; cg; f b; cgg. Givenasetof clausess®= f cgwith
Hb, (S9Y = Hb(SY = fcg wehaveCM(S9 = ff cgg. ThenP , Sholds,
butP 6, S° because bijection betweenSM(P) andCM(S9 isimpossible.

3.3 Requirementsfor Translation Functions

12

We arenow readyto formulateour criteriafor atranslationfunction Tr : C!
C’thattransformsogic programsP of oneclassCinto logic programsTr(P)
of anotherclassC’ In many casef interest,the latter classis a subclass
or asuperclassf C, but it makesalsosenseo performtranslationdetween
classeshat areincomparablein this respectsud asP and SC introduced
sofar). It is assumedelow that both the sourceclassC and the targetclass
C satisfyassumptioné1-A4madein De n ition 3.4.

De n ition 3.13 A translationfunction Tr : C! C°is polynomial if and
only if for all program&? 2 C, the time required to computethe translation
Tr(P) 2 Cispolynomial in jjPjj.

Here jjPjj standsfor the length of the programP in the number of sym-
bolsin a stringrepreseration of P. Note that the length of the translation
jiTr(P)jj isalsopolynomial in jjPjj if Tr is polynomal. Thusthe polynomi-
ality requirement servessa rough upper bound how much time and space
may be usedto computea translation. In many casesthis bound is by no
meanstight, and evenlinear time translationfunctions can be devisedfor
particularclassesf logic programs.Many timesthis is alsohighly desirable
to allow ef cient transformationof knowledgefrom one represerdtion to
another

De n ition 3.14 Atranslationfunction Tr : C! Clisfaithful if andonly if
forallP 2 C,P  Tr(P).

HereweemphasizehatP , Tr(P) impliesHb,(P) = Hb,(Tr(P)) by
the de nition of . Thusa faithful translationfunction Tr mayintroduce
new atoms,which haveto remain invisible, or forgetold invisible atoms.
Moreover,if weinsiston polynomality, then the number of new atomsgets
bounded,too. The possibilityofintroducing newatomsis a crucial optionfor
translationfunctionsto be presentedn thisreport. Thisisbecausenewatoms
serveasshorthandgor more complexlogical expressionthat savespaceand
enabletranslationfunctions betweencertain classesThe existenceof a bi-
jection f betweenSent(P) and Semo(Tr(P)) ensureghat the semantics
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of P is capturedby Tr(P) to areasonabl@egree:thereis a one-to-onecor-
respondencef modelsand the modelscaincide up to Hb, (P). Thusboth
braveand cautiousconclusionswith respecto the models/intepretationsin

Senx(P) is preservedvithin the languagedetermned by Hb,(P). More-
over, it is often desirablein answerset programning that the modelsin

Sem(P) correspondo the solutionsof the problembeing solved,and a bi-

jectiverelationshipis required in orderto preservahe number of solutions.
This is an important aspectof translationfunctionsthat is often neglected
in literature. To understand the need for a tight relationship, considera
variant of De n ition 3.14 obtained by changing , to ,. Let ussaythat
Tr : C! Clis weaklyfaithful if andonlyif P, Tr(P) forallP 2 C. For
thisrelation, it isenoughto ful Il

(3.5) fM\ Hb,(P)jM 2 Semx(P)g=
fN\ Hb,(Tr(P))j N 2 Semx(Tr(P))ag:

When (3.5) holds, it is possibleto capturemodelsof P in a senseusing
Tr(P), but e.g.counting the modelsin Sent(P) maybecomeinfeasiblein
termsof Tr, asone modelM 2 Sent(P) may have exponentiallymany
corresponthg modelsN 2 Semx(Tr(P)) sud thatM \ Hb,(P) = N\
Hb,(Tr(P)) = N\ Hb,(P). Asacorollaryof Proposition3.11, we know
that a translationfunction Tr that s faithful in the senseof De n ition 3.14
is alsoweaklyfaithful. However,the convesedoesnot hold in generalfor
the reasongust explained. The third requirement for translationfunctions,
namelymodularity, is basedn the following notion of programmodules

De n ition 3.15 Anytwo logic programsP 2 CandQ 2 C satisfymodule
conditions if andonly if

M1. P\ Q=;,
M2. Hba(P)\ Hb,(Q) = ;,
M3. Hby(P)\ Hb(Q) = ;, and
M4. Hb(P)\ Hbn(Q) = ;.

Intuitively, the r sttwo module condtions makeP and Q disjaint pro-
gramsn the sensef De nition 3.1. ThusP [ Q, asgivenin De n ition 3.3,
canbeunderstoodasadisjoint union of P andQ. The lasttwo requirements
makesurethat P and Q canonly sharevisibleatoms.

De n ition 3.16 A translationfunction Tr : C! C°is modular if and only
if forallP 2 CandQ 2 Csatisfyinghe module condtions M1-M4,

(3.6) Tr(P[ Q) = Tr(P)[ Tr(Q);
andthe translationsl'r (P) andTr(Q) satisfynodule condtions M1-M4.

Theaim ofthe modularitycondtion isto enforcethelocality of Tr with re-
spectto subprogram® andQ, which satisfithe module condtions M3 and
M4 andcanthusbe viewedasprogrammodulesthatinteractthroughvisible
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atomsonly. The condtions M1 and M2 imply that sudy modulescannot
sharerulesnor atomsextendng the Herbrandbase By (3.6),the modulesP

andQ haveto be separatelyranslagbleandthe translationTr (P [ Q) isob-
tainedasthe union of the translation®of the modules.In addition, amodular
translationfunction is supposedo preservenodule condtions M1-M4, i.e.
the respectivdranslationstr(P) and Tr(Q) aresupposedo remaindisjoint
and shareonly visibleatoms.Note thata programP with Hb, (P) = Hb(P)
andHb,(P) = ; canbearbitrarily partitionedinto modulesP; and P, sud
thatHb, (P;) = Hb(P;) fori 2 f1;2gandHb,(P) = Hb,(P1) [ Hb,(P,) =

Hb(P;) [ Hb(P,) = Hb(P). This obseration implies that sud a program
P canbe translatedrule by rule usinga modular translationfunction. The
modularity condtion becomedessrestrictivewhen programssharerulesor
involve hidden atomsand (3.6) neednot be applicable.

Proposition3.17 If Try : G ! G andTr, : G ! G aretwo polynomal,
faithful, or modulartranslationfunctions,then their compositionTr; Tr; :
G ! G isalsopolynomial, faithful, or modular,respectively

PROOF. Supposethat both Try and Tr, are polynomal. Then thereis a
polynomal p; : N! N anda Turing machine M, sud that M; computes
Try(P) in atmostp,(jjPjj) stepsfor anyP 2 C,. An analogousstatement
holdsfor a polynomal p,, amadine M», Tr,, andG.

It followsthat (Tr;  Try)(P) = Try(Try(P)) is computedby MM, in
at mostp.(jiPjj) + p2(jjTr1(P)jj) steps. Note thatjjTry(P)ii  pu(iiPii)
holds by the propertiesof Turing macdines. Moreover,p, is dominated by
amonotorically increasingpolynomial p : N!  N.* Thusp,(jjTri(P)jj)
p(jiTri(P)ji)  p(p:(jiPjj)) holds,the number of stepstakenby M 1M, is
boundedby ps(jjPjj) = p.(iiPJi) + p(P.(ijPij)), andTr, Tr ispolynomial.

LetusthenassumehatTr, andTr, arefaithful, i.e.it holdsforanyP 2 C
thatP  Try(P) andTry(P)  Tra(Try(P)). Then the transitivity of

v (recall Proposition3.11)impliesP | Try(Try(P)),i.e. P (Try
Tr2)(P).

Then considerthe casethat Tr, and Tr, aremodularandlet P andQ be
anyprogramdgrom G sud thatthe module condtions M1-M4 aresatis ed.
Usingthe modularityof Try, weobtain Try(P [ Q) = Try(P)[ Tr.(Q) and
the translationsTr,(P) and Tr,(Q) satisfythe module condtions M1-M4.
Thenwemayappeako the modularityof Tr,, to esablishTr,(Tr (P[ Q)) =
Tro(Try(P) [ Tri(Q)) = Tro(Try(P)) [ Tro(Try(Q)) and the translations
Tro(Try(P)) and Tr,(Tr(Q)) satisfythe module condtions M1-M4. 1t fol-
lowsthat (Try Tr)(P[ Q) = (Try Tr)(P)[ (Try Try)(Q) andthe
translationgTry Try)(P) and(Try Try)(Q) satisfythe module condtions
M1-M4 — indicating thatthe compositionTr; Tr, ismodular. 2

3.4 Classi®catiorMethod

The criteriacollectedin De n itions 3.13—-3.1deadto a methodfor compar-
ing classe®f logic programson the basisof their expressiv@ower. We say

4E.g.,givenanypolynomial po(x) = a,x" + :::+ apx?, the polynomial p(x) = ja,jx" +
211+ japjx? ismonotorically increasingandp,(x)  p(x) holdsforall x 2 N.

14 3 TRANSLATION FUNCTIONS



Relation De nition Explanation

C<prm C|C pem CandC6 pry C| Cis strictlylessexpressiveéhan C°
C=prm C|C pem CandC ppy C| CandCareequally expressive
C6prm C°|C6ppy CCandC6 pry C| Cand Careincomparable

Table 1: Relationsusedby the Classi cation Method

thatatranslationfunction Tr : C! C°isPFM if andonly if it is polynomial,
faithful, and modular simultaneously If there existssud a translationfunc-
tion Tr, wewriteC ppy C°to denotethatthe clas<C? is atleastasexpressive
asthe clas<C. Thisissimplybecausehe essentialsf anyprogramP 2 Ccan
be capturedusingthe translationTr(P) 2 C° In certain casesye areable
to constructacounter-examplevhich shavsthata PFM translationfunction
is impossible,denotedby C 6 pry C° The baserelations pry and 6 pey
amongclasse®f logic programsform the cornerstonesof the classi cation
method- givingriseto relationsgivenin Tablel.

It is sometimesconvenent to introduce variantsof the relations pgy
and 6 pry Which are obtained by droppingsomeof the threerequirements
andthe corresponihg letter(s)in the notation. For instance,if we estblish
C6 gy Cfor certain classe€ and C° of logic programsthen C 6 pgy C°fol-
lowsimmediately. Also,non-modulartranslationfunctionswill be addressed
in thisreportandthe resultingrelationshipsnvolve pg ratherthan pry .
In certain casesit is easyto esablishrelationshipsegardng pryv . By the
following, we addressa frequently appearingcasewherethe synaxis gener-
alizedwhile the semanticss keptcompatiblewith the original one.

Proposition 3.18 If CandC® aretwo classesflogic programssuc thatC
CPandSen(P) = Semo(P) forallP 2 C, thenC  pry C.

PROOF. Let Trip bethe identity translationfunction for which Tr\p (P) =
P for everyP 2 C. It is clearthat Trp is polynomal. For the faithful-
nessof Tr,p, we note that Hb, (Tr(P)) = Hb,(P) and the identity map-
pingi : Semx(P) ! Semx(P) is the bijection insistedby faithfulness,as
Sent(P) = Semxo(P). To seethe modularityof Trip, letP 2 CandQ 2 C
sud thatmodulecondtionsM1-M4 from De n ition 3.15aresatis ed.Now
Trp(P[ Q =P[ Q= Trp(P)[ Trp(Q). Thetranslationslrp(P) = P
andTrp (Q) = Q satisfiyM1 andM2, asP and Q do by assumptionMore-
over, Trp doesnot affectthe visibility of atomssothat Trp (P) = P and
Trip (Q) = Q meetthe condtions M3 and M4, too. 2
In many casesye manageto constructfaithful translationfunctionsthat
only add new hidden atomsto programsbeing translated. The following
theoremshavshow sud translationfunctionsareprovedfaithful in general.

Theorem3.19 LetTr : C! C°beatranslationfunction with the following
propertiedor everyP 2 C:

1. Hb(P) Hb(Tr(P)) andHb,(Tr(P)) = Hb,(P);
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2. thereis an extensionfunction Ext : Sem(P) ! Semw(Tr(P)) such
that8M 2 Seny(P) : M = Ext(M)\ Hb(P);and

3. if N 2 Sem(Tr(P)), thenM = N\ Hb(P) 2 Sem(P) sud that
N = Ext(M).

ThenTr isfaithful.

PROOF. Let P any programfrom the classC. By the secondassumption
on Tr, thereis afunction Ext thatmapsamodelM 2 Senx(P) to another
N = Ext(M) in Semo(Tr(P)). It isestblishedin the segiel that Ext isa
bijection that meetsthe requirementssetup in De n ition 3.5.

Let usassumehat Ext is not injective,i.e. therearetwo modelsM; and
M, in Sem(P) suc that M; 6 M, and Ext(M;) = Ext(M,). Thus
alsoExt(M,) \ Hb(P) = Ext(M,)\ Hb(P) holdsandM; = M, by the
propertiesof Ext, a contradction. Hence Ext is necessarilynjective. By
the third requirementon Tr, we havea projectionfunction Proj that maps
N 2 Semxo(Tr(P))toM = N\ Hb(P) 2 Senx(P). Let usassumehat
Proj isnot injective. Then therearetwo modelsN; 6 N, in Senm(Tr(P))
sud that Proj(N;) = Proj(N;), i.,e. Ny \ Hb(P) = M = N, \ Hb(P)
whereM belongsto Seny(P). Butthenweobtain N, = Ext(M) = N, by
the third requirementon Tr, a contradction. ThusProj isinjective aswell.

In fact, the requirementson Tr imply that Proj(Ext(M)) = M for any
M 2 Sem(P). Thus Ext and Proj are inversesof ead other aswell
asbijective. In addition, we haveHb,(Tr(P)) = Hb,(P) by the r stre-
quirementon Tr. Let M be any model from Senx(P). RecallthatM =
Ext(M)\ Hb(P) holdsbythe secondrequirementon Tr. SinceHb, (P) =
Hb,(Tr(P)) Hb(P), weobtainM \ Hb,(P) = Ext(M)\ Hb,(Tr(P)).
Sincethe choice of M wasarbitrary wemayconcludeP , Tr(P). 2
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4 EXPRESSIVE POWER ANALYSIS

In this section,we comparethe expressivpowers of the classesf logic pro-
gramsintroducedin Section2.3 usingthe classi cation method presented
in Section3.4. Due to the nature of the syntctic constraintsmposedin
Section2.3, the key problemis to seewhetherthere arewaysto reducethe
number of positivebody literalsin the bodes of rules. The resultsof this
sectionwill indicatethat this is possibleto someextent,but not in general,
i.e. thereis no faithful andmodularwayof removingall positivebodyliterals
from rules. Asa preparationfor the expressivpower analysisye distinguish
certain propertiegprogrammodulesin Section4.1. The actualanalysisakes
placein twophasesAt r st,weaddresghe clasof positiveprogramd? * and
the respectivesubclasses Section4.2. Afterthatthe classhormal programs
P is subjectedto similar analysisin Section4.3. However,the extended
syntax of normal logic programsand the stable model semanticsn its full
generalitymakesthe analysianore intricate and involved. Finally, we take
classicapropositionallogic into considerationn Section4.4 andrelatesets
of clausesunder classicamodelswith the otherclasses.

4.1 SomeProperties of ProgramsModules

We preparethe forthcoming expressivpoweranalysidy presentingwo use-
ful propertiesof programmodulesunder the least/sable model semantics.
The r stpropertyis relatedwith a positiveprogramP [ Q consistingof two
subprogram$ and Q sothat the module condtions M1-M4 from De n i-
tion 3.15are satis ed. Here the aim is to provide suf cient condtions for
removingeither one of the modulesby ewaluatingits effecton the joint least
modelLM (P [ Q) andbyrepladng it with acompensatingatomc program.
Formally, we proposeareductionthatyieldsa setof atomc rules.

De n ition 4.1 Givenapositivenormal programP 2 P* andaninterpreta-
tion |, the visible net reduction of P isP = fa ja2 Hb,(P)\ Igso
thatHb, (PY) = Hb(P,") = Hb,(P) which makesall atomsof P visible.

ThereducedprogramP’ overestimateB in asensesincea maybein-
cludedin P\ evenif thereisnoruler 2 P sud thatheadr) = a. However,
thereductP) canbeformedexternallywithout knowing exactlywhich rules
constitutethe programP being reduced. In addition, we assumedhat the
interpretation | in De nition 4.1 may contain atomsoutsideHb(P). This
settingis easilyrealizedwhen P is placedasa programmodule in the con-
textof anotherprogramQ. If | isamodelfor P [ Q, then the setof atoms
encodedasatomic rulesin P canbe understoodasthe maximum contribu-
tion of the rulesof P for the atomsthattruein | . In the seqiel, wewill apply
the visiblenetreductionw.r.t. leastmodelsin the following way.

Lemma4.2 Let P and Q be two positiveprogramssatisfyingthe module
condtions M1-M4 andM = LM(P [ Q) Hb(P) [ Hb(Q). Then
LM(Py [ Q) = M\ (Hb,(P)[ Hb(Q)) holdsfor the visible net reduct
Py -
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PROOF. Letusdene N = M\ (Hb,(P)[ Hb(Q)) andassuméhatN 6;
Py [ Q. Thisleadsto two possibilitiesN & Py, orN 6 Q.

(i) If N & Py, thenweknow by De n ition 4.1thatthereisarule a
in Py sudh thata2 Hb,(P),a2 M,andN 6 a . Thelastimplies
a62N anda62M bythede nition of N, acontradction.

(i) IfN 6 Q,thereisaruler 2 Q sudthatN & r,i.e.headf) 62N and
body* (r)  N. It followsby the de nition of N that headr) 62M
andbody® (r) M, asheadr) 2 Hb(Q) andbody® (r) Hb(Q).
ButthenwehaveM 6j r. A contradction, asM F Q.

ThusN F Py, [ Q holdsandit followsthatLM(Py, [ Q) N.

To esablishthe conveseinclusion,wede ne M; = Tp; o " i andN; =
M; \ (Hby(P)[ Hb(Q)) foralli 0 and proveN; LM(Py [ Q) by
induction oni. The basecasestrivial, asN; = M; = ; byde nition. Letus
thenassumehata2 N;,i.e.a2 M; anda2 Hb,(P) [ Hb(Q). Thenthere
isaruler 2 P[ Qsud thatheadr) = aandbody™ (r) M; i.Ifa2 N;
holds,too,thena 2 LM(Py, [ Q) bytheinductive hypothesiglirectly. Thus
a 62N; ; isassumedn the seqiel. Two casedaveto be consideredrecall
thatP \ Q = ; bythe module condtion M1.

(@) If r 2 Q, weknow that head() 2 Hb(Q) andbody® (r)  Hb(Q).
Thus body™ (r) N; 1 which isincluded in LM(Py, [ Q) by the
inductive hypothesis. Conseqiently, we know that headr) = a 2
LM(PY [ Q).

(b) If r 2 P, it holdsthatheadr) 2 Hb,(P) andbody® (r) Hb(P), as
headf) = a 2 Hby(P). Thusthe rule headf) 2 Py, . It follows
thathead() = aiscontainedin LM (Py, [ Q).

Thusa 2 LM(Py, [ Q) holdsuncondtionally andwe haveestblishedthat

Ni LM(Py [ Q)foralli O.ItfollowsthatN LM(Py, [ Q). 2
The secondoropertyletsusto combinestablemodelsof programmodules

under certain circumstancego form a stablemodelfor alargerprogram.

Lemmad4.3 Let P and Q be two normal programssatisfyingthe module
condtions. If M 2 SM(P), N 2 SM(Q), andM \ Hb,(P)\ Hb,(Q) =
N\ Hb,(P)\ Hb,(Q),thenM [ N 2 SM(P[ Q) and(P[ QNIM =
PN QM.
PROOF. LetM 2 SM(P) andN 2 SM(Q) suc that M \ Hb,(P) \
Hb,(Q) = N\ Hb,(P)\ Hb,(Q). Letusprove(P [ QMIN = pM [ QN.
Consideranyruler 2 P andanya 2 body (r). fa2 N Hb(Q),
it followsthata 2 Hb,(P)\ Hb,(Q), sinceP and Q satisfythe module
condtions. Thus alsoa 2 M by our assumption®on N and M. Thus
body (r)\ N 6 ; impliesbody (r)\ M 6 ;. It followsthatr* 2
PMIN () body (r)\ (M[ N)=:; () body (r)\ M = ; and
body (r)\ N=; () body (’Y\ M =; () r*2PM. Thuswe
haveesablishedthatPMIN = PM andQY[N = QN isobtainedby symme-
try. All thatremainsto benotedisthat(P [ Q)MIN = pMIN[ QVMIN holds
directly by de nition.
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A direct consegenceisthatM [ N = LM(PM)[ LM(QN) iscontained
in LM(PM [ QN) = LM((P [ Q)MIN). To esablishthe inclusion in the
otherdirection, let usassumehatM [ N 6 PM [ QN. Two casesirise.

() IfM[ N 8 PM holds,thereisaruler 2 P sud thatbody (r)\ M =
;,body*(r) M [ N, andhead() 62M [ N. Now anyatoma 2
body® (r) Hb(P) thatiscontainedin N Hb(Q) isalsocontained
in M Hb(P). Thisis becauseanysud atommustbe a memberof
Hb,(P)\ Hb,(Q) andthe modelsM andN areassumedo coincide
on theseatoms.It followsthatbody™ (r) M andhead() 62M . But
thismeansthatM 6j PM isthe caseacontradction.

(i) fM [ N 6 QN holds,we obtain acontradction by symmetry

ThereforeM [ N E PM [ QN isthe casewhich impliesLM(PM [ QN)
M [ N.ThusM [ N = LM(PM [ QV) = LM((P [ QMN). 2

4.2 Positive Programs

In Section 2.3, we identi ed three subclassesf P* which are obtained
by restrictingthe syntex of the rules whereasthe semanticsof logic pro-
gramsin theseclassesemainsunchanged. Thus we obtain the relation-
shipsA*  pev U pem BT pem P directly by Proposition3.18,
but it remainsopen whether theserelationshipsare strict or not. We be-
gin with a studyof the relationshipB® pgyq P*. In fact, any non-binary
rule a by;:::; b, wheren > 2 can be rewrittento reducethe number

n lnewatomsa;:::;a, 1, which remainlocalto thisparticularrule, and
the following binaryrules:

a by a;
(4.1) a  bya; iy a2 byogan g
an 1 bn:

It should be intuitively clearthat the heada of the original rule can be in-

inferable.Asaresult,anynon-binaryprogramP getstranslatednto abinary
oneTrgn (P) sothatthe corresponthg translationfunction is PFM.

Theorem4.4 P*  pey BY.
PROOF. A spedal caseof the proofof Theorem4.16. 2

Corollary 45 B* = PEM P*.

Let us then addressthe strictnessof the relationshipU*™  ppy B*. It
turnsout in the seauel thatthereis no PFM translationfunction from B* to
U*. To esablishthis, we needa subsidary resulton unary programsP: if
an atomaisincluded in LM(P), then P containsat leastone atomc rule
which causeshe atomato beinferablebythe strictlyunaryrulesof P, i.e.to
beincludedin LM(P). NotethatLM(P) = ; foranystrictlyunaryprogram
P.
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Lemma4.6 LetP = P; [ Py beaunarypositiveprogramwhereP; con-
tainsthe strictly unaryrulesof P and Py containsthe atomc rulesof P. If
a2 LM(P), then Py containsan atomc ruleb  sud thata 2 LM(P; [

fb g).

PROOF. We usecompleteinduction on the level number lev(a) > 0to
provethe claim foranyatoma 2 LM(P,[ Po) = LM(P).

Forthe basecaseassumehatlev(a) = 1 which impliesthata2 Tp,(p, '
1= Tpp(;). Thusa  mustappearin Py. It is alsoclearthat a 2
Teifag " 1= Tpyrag (b)sothata2 LM(P.[ fa g).

Then considerthe casethatlev(a) = i > 1. Thena2 Tp,(p, " | and
thereis a unaryrule a b2 P,sudthatb 2 Tpp, " 1 1. Since
b2 LM(P.[ Po) andO < lev(b) < lev(a) = i, it followsby the inductive
hypothesighat thereis an atomc rule ¢ in Py sud thatb 2 LM (Py [
fc g ). Thisimpliesa2 LM(P,[ fc g ), becausdgherulea bbelongs
to P;. 2

We arenow readyto estblishthat unaryprogramsarestrictly lessexpres-
sivethan binary ones.The proofbelow demonstratelow it isimpossibleto
expresshe conjunctive condtion (b andc) in the bodyofarulea b;c
usingunaryrules.In fact,if we attemptto capturethis condtion in termsof
unaryrules,the condtion turnsinto a disjunctiveone: alreadyb or c alone
is suf cient to infer a — assunng that a doesnot follow from our transla-
tion directly. It is alsoworth pointing out that our counter-exampl@oesnot
dependon the polynomiality requirement. Thus the intranslagbility result
emboded in Theorem4.7 covesarbitrarilylargetranslations!

Theorem4.7 B* 6y U*.

PROOF. Let usassumehatthereis afaithful and modulartranslationfunc-
tion Tryy from B* to U™. Then considera strictly binary programB =
fa Db;cg, atomc (aswell asunary) programsA; = fb gandA, =
fc g ,andthetranslationTryny (B[ Ai[ Aj). NotethatB, A, andA, sat-
isfy the module condtions asany combination, sinceHb,(B) = Hb(B) =
fa;b;cg, Hby (A1) = Hb(A;) = fbg, and Hb,(A;) = Hb(A;) = fcg.
Conseqently, the modularity of Tryy impliesthat Trgn(B [ AL [ A2) =
Tron(B) [ Trun(A1) [ Trun (A2) wherethe modulesTryy(B), Trun(Aq),
andTryn (Ay) areunary

SinceHb, (B[ Ai[ Ay = fab,cgandM = LM(B [ Ai[ Aj) =
f & b; cg, the faithfulnesof Tryy impliesHb, (Tryn (B[ ALl Az)) = fa;b;cg
andfab;cg N = LM(Tryn(B[ AL[ A2)) = LM(Tryn(B)[ Trun(A)[
Tryun (Ao)). Similarly, we note that Hb, (Tryn (B)) = Hby(B) = fa;b;cg,
Hb, (Trun(A1)) = Hby(A1) = fbg, and Hby(Trun(A2)) = Hby(Az) =
f cg. Thenwe mayapplyLemmad4.2to obtain (Tryn (A1) [ Trun(A2))y =
fb ; cg and

(4.2) N°= LM(Trgn(B)[ fb ; c g )
= N\ (Hb(Tryn(B)) [ Hby(Trun (A1) [ Hby(Trun(Az)))
= N\ Hb(Tryn(B)):

Let us then partition the translationTryy (B) into a setof atomic rules
Trun(B)o and a setof strictly unary rules Tryn(B);. Sincea 2 N© we
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mayuseLemmad4.6to estblishthat Tryn(B)o[ fb  ; ¢ g containsan
atomc ruled sudthata2 LM(Tryn(B):[ fd g ). Therearethree
possibilities:eitherd = b, d = b, ord  belongsto Tryn(B)o. Ead of
thesethreecasesmpliesa2 LM(Tryn(B)[ fb g )ora2 LM(Tryn(B) [
fc g ).

On the otherhand,the programsA; andA; giverisetoM; = LM(A;) =
fbgand M, = LM(A;) = fcg. Then the corresponahg modelsN; =
LM(T run(A1)) and N, = LM(T ryn(A5)) satisfyb 2 N andc 2 Ny, re-
spectivelyasTryy isfaithful. It followsby the monotoricity of the operator
LM( )thataZ LM (TrUN(B)[ Trun (Al)) ora2 LM (TrUN(B)[ Trun (Az))
Thusa2 LM (Tryn(B [ Ay)) holdsora2 LM (Tryn(B [ Az)) holdsbythe
modularityof Tryy . Butthena2 LM(B[ A;) ora2 LM(B[ A,), because
Tryy isfaithful. A contradction, sinceLM(B[ A;)) = LM(B[ Ay) = ;. 2

Corollary 4.8 B* 6 ppy U*,U" <ppy BT, andU* <pgy P*.

Anintranslatbility resultis obtainedin the lastcaseaswell.
Lemma4.9 For positiveatomc programs, LM(P) = fhead() jr 2 Pg.

Theorem4.10 U* 6y A*.

PROOF. Let ussupposehatthereis afaithful and modulartranslationfunc-
tion Trar from U™ to A*. Let usthen studya strictly unary programU =
fa bg, anatomic programA = fb g, andthetranslationTrar (U [ A).
SinceHb, (U) = Hb(U) = fa;bg andHb,(A) = Hb(A) = fbg, the mod-
ule condtions are trivially satis edby U and A. Then the modularity of
Trar impliesTrar(U[ A) = Trat(U) [ Trar(A) whereboth Trar(U) and
Trat (A) areatomic programsLet usthen appealo the faithfulnessof Trat:
a2 LM(U[ A)anda62LM(A) imply a2 LM(Trat(U) [ Trar(A)) and
a62LM(Trat(A)), respectivelylt followsby Lemma4.9thatthe rule a
mustappearin Trat(U), sinceboth Trar(U) and Trat (A) areatomic.
On the other hand, we haveLM (U) = ; which impliesa 62LM(U). It
followsby the faithfulnessof Trar thata 62LM (Trar(U)), a contradction.
2

Corollary 4.11 TheclassA™* relatesto other classeasfollows:
U" 6ppm AT, A" <ppw U", A" <ppy B*,andA* <pem P™.

Theorems4.4,4.7and4.10eshblishastrictorderingamongthe classesf
logic programsA ™, U*, B® andP* thatcanbe summarizedoy a hierardy:

(4.3) A" <ppw U" <ppm B" =ppw P™:

The relationshipsn this hierardy indicatethat the number of positivebody
literalscan be limited to two without an effectivelossof expressivpower.

4 EXPRESSIVE POWER ANALYSIS 21



4.3 Normal Programs

22

The analysiof normal programgesembleshat of positiveprograms By the
mutual inclusionsof the classesnd Proposition3.18, we obtain analogous
relationshipsA  pev U pem B pemv P. From now on, our plan is to
generalizeTheorems4.4,4.7and4.10to the caseof normallogic programs.
Realizingsud aplanbails down to eseblishingthat negativebodyliteralsdo
not compensatgositivebodyliteralsin awaythat would makea difference
with respecto the caseof positiveprograms Asthe r ststepof the plan, we
generalizethe translationfunction Trg,y for normal programsA singlerule
r givenin (2.1)istranslatednto the following setof rulesTrgy (r):

a bya; cyiin Cmg
(4.4) a  byag i a2 by a1

an 1 bn
whereay;:::;a, 1 arenewatomsthataresupposedoremainlocaltor. The
readermight nd it temptingto copynegativebodyliterals c¢;;:::; ¢y to

everyrule in (4.4),but aquadratictranslationwould result.

De n ition 4.12 ForevernyP 2 P, de ne Trgn (P) =

(4.5) frjr 2 P andjbody’ (r)j 29[
fTren (r) jr 2 P andjbody” (r)j > 2g:

Moreover,letHb,(Trgn (P)) = Hba(P) andHb, (Trgn (P)) = Hb,(P).

To easecorrectnessonsiderationsyede ne foread non-binaryruler 2
P, the translationTrg)y (1) in (4.4), and an interpretation | Hb(P), the
setof implied bodyatomsiBA(r; 1) which containsg from (4.4) whenever

;. Thenwemayde ne IBA(P;1) = fIBA(r;I) jr 2 Pgforanormal
programP andan interpretation | Hb(P). Note that the Herbrandbase
Hb(Trgn (P)) isobtainedasHb(P) [ IBA(P; Hb(P)).

Lemma4.13 LetP beanormal programandQ the translationTrg (P).

1. IfM; M, Hb(P)andMiE PM2 thenN; F Trgn (P)N2 where
N; = Mi[ IBA(P:M;) andN, = M, [ IBA(P;M,).

2. Ile N Hb(TI‘B|N (P)) anle F Tren (P)Nz, thean M,
andM; E PM2 hold forM, = N1\ Hb(P) andM, = N, \ Hb(P).

PROOF. (1) SupposghatM; M, Hb(P)andM; F PMz. Dene N,
andN, asabove.Then assumehatN, 6 Trg (P)N2. Two casesrise.

(@) Thereisarule r 2 P sud thatjbody” (r)j 2, r isincluded in
Trew (P), N2\ body (r) = ;,andN; & r*. Sincer containsonly
atomsfrom Hb(P), it followsthatM,\ body (r) = ; andM 6§ r*.
ThusM, 6j PMz contradcting our assumptions.
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(b) Thereisarule r 2 P sud thatjbody (r)j > 2, Trgn(r) from
(4.4) is included in Trgy (P), and somerule of Trgy (r)N2 is not
satisedin N;. Basically there are three different kind of rules in
Trgin (r) giving riseto the respectivecases.(i) Supposehat the rule
involvedis a by;a; ¢1;:ir; ¢y from Trgn (r). It followsthat

de nition of N; andthe factthata; 2 N; imply thatb, 2 My, ...,
b, 2 M;. Thusfby;:::;b, M which impliesthat M, & r™.

M; F PMz_(ii) Theunsatis edruleisa ; bi;a wherel< i< n.
Note that this rule is included uncondtionally in Trgy (P)N2. It fol-
lowsthatb; 2 N1, & 2 Ny, butg ; 62N;. Usingthe de nition of N
aqin, g 2 N; impliesfbj.;:::; by M1, anda 1 62N; implies

the de nition of N; that b; 62N, a contradction. (iii) Asa spedal
casethe rule in questionis a, 1 b,. It followsthatb, 2 N4 but
a, 1 62N, acontradction with the de nition of Nj.

To conclude,N1 6 Trgn (P)N2 impliesacontradction. Hencethe claim.

(2) Let N, N> Hb(TrB”\] (P)) and N4 F TrenN (P)Nz_ De ne M1
and M, asabovesothatM; M,. Let usassumahatM; 6§ PM2. Then
thereisaruler 2 P sud thatM,\ body (r) = ; andM, 6j r*. Twocases
arisefor our further consideration.

(@) If jbody™ (r)j 2, thenr isincluded in Trg)\ (P) assud and the
de nitions of M; and M, asthe respectiveprojectionsof N; and N,
w.r.t. Hb(P) imply N, \ body (r) = ; andN; 6 r*. ThusN; §
Trgn (P)N2, acontradction with our assumptions.

(b) If jbody™ (r)j > 2, then Trg (r) from (4.4)is included in Trgy (P)
insteadof r. SinceM; 6 r*, weknow thatfby;:::;b,g M; and
a 62M;. We proveby decreasingnductiononi n 1lthatg is
included in N;. In the basecasei = n 1, weobtaina, ; 2 Ny,
sincea, 1 b, 2 Trgn (P)N2 is satis edin N, andb, 2 N; holds
by the de nition of M; asb, 2 M. Induction stepfollows,i.e.leti <
n 1. Notethattherule g bi+1; a+1 Isuncondtionally includedin
Trgn (P)N2. Sincebi.; 2 M; weobtain by, 2 N4 bythe de nition
of M;. Moreover,a+; 2 N; followsbythe inductive hypothesisThen
weobtaing 2 Ny, asg, bi.1; &+ issatis edbyN;. To conclude,
we haveestblishedthatIBA(r;M1) Nj;anda; 2 N, in particular.

It follows by the de nition of M, that a bi;a; is a member of
Tran (P)N2. Sinceb; 2 N1, & 2 N4, anda bi; & is necessar-
ily satis edby N4, weobtaina2 N;. Thusa2 M, bythede nition of
M {, acontradction.

ThusM, 8] PMz |eadsto acontradction. HenceM; | PMz isthe case. 2
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Proposition4.14 Let P be anormallogic program.If M is a stable model
of P,thenN = M [ IBA(P;M) is a stable model of Trg\y (P) sud that
M = N\ Hb(P).

PROOF. Let M be astablemodelof P,i.e.M = LM(P™). SinceM [
PM, weobtain by the r stitem of Lemma4.13thatN F Trgn (P)N holds
forN = M [ IBA(P;M). SincelBA(P;M) IBA(P; Hb(P)) consists
of new atomsnot appearingin Hb(P), it isclearthatM = N \ Hb(P).
Let usthen supposeahatN is not the leastmodel of Trg,y (P)V, i.e. thereis
N® N sudthatN°fE Trgn (P)V. Consideranya2 N NC Two cases
arisedependng on the membesshipofain Hb(P).

If a2 Hb(P), thenwe obtain by the secondtem in Lemma4.13that
MO= N9 Hb(P) M isamodelof PM. But this contradctsthe
stability of M ! ThusN® Hb(P) = N\ Hb(P) isnecessarilyhe case.

If a2 Hb(Trgn (P)) Hb(P), then aisone of the newatomsa; in-
volvedin (4.4)anda 2 IBA(P;M),asa 2 N. It followsbythede ni-

N\ Hb(P), asestblishedaboveweobtainb;,; 2 N%:::;b, 2 N°by
the de nition of N. SinceN°fE Trgn (P)N andthe positiverulesof
(4.4)areuncondtionally includedin Trgy (P)V, it followsinductively
thata, 12 N%a, ,2 NC%:::.a 2 N® Thusa2 N° acontradction.

Hencethereisno ain the differenceN N® ThenN°%= N musthold —
contradcting our previousassumptionThisimpliesN = LM(T rgn (P)N),
i.e.N isastablemodelof Trg (P). 2

Proposition 4.15 Let P be a normal logic program.If N is a stable model
of Trgin (P), thenM = N\ Hb(P) is a stable model of P such thatN =
M [ IBA(P;M).

PROOF. Let N be astablemodel of Trgy (P), i.e. N = LM(T rgin (P)N).
SinceN E Trgn (P)N, we obtain by the seconditem in Lemma4.13that
M E PM holdsforM = N\ Hb(P). Let A be the setof atomsN \
(Hb(Trgn (P)) Hb(P)) sothatN = M [ A. It isprovednextthatA =
IBA (P; M). We do this by by shaving for ead non-binaryruler 2 P and
the corresponadhg translationTrgy (r) in (4.4)thata 2 A if and only if
a 2 IBA(P;M). Weusedecreasingnductiononi n 1asfollows.

In the basecasei = n 1. Nowa, 12 A () a 12 N bythe

de niton of A () a, 1 2 LM(Trgn(P)N), asN isstable, () b, 2
LM(Trgw (P)N), astherule a, 1 b, isincludedin Trgn (P)N, ()
b, 2 M bythedenitionofM () a, 1 2 IBA(r;M). Induction step
follows:0< i< n 1 Itfollowsthata 2 A () & 2 N bythede nition
of A () & 2 LM(Trgn(P)V),asN isstable, () b, anda.; belong
toN = LM(Trgn (P)N), asTrgn (P)N containsthe rule a Dii1; 841,
() b1 2 M anda.; 2 A bythede nitionsofM andA () bix1 2 M
anda.; 2 IBA(r;M) bytheinductivehypothesis( ) & 2 IBA(r;M).

Thuswe haveestblishedthatN = M [ IBA(P;M). Then supposédhat
M isnottheleastmodelof PM ,i.e.thereisM® M sudthatM®E PM | It
followsbythe r stitemin Lemma4.13thatN°E Trgy (P)N holdsfor N°%=
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MO[ IBA(P;M9. SinceM® M, weobtain IBA(P;M9 IBA(P;M)
andN° N, which contradcts the siability of N. ThusM = LM(PM) is
necessarilyhe caseandM isastablemodelof P. 2

Theorem4.16 P pry B.

PROOF. Let us begin with the faithfulnessof Trgy . It is clear by De -
nition 4.12that Hb(P)  Hb(Trgn (P)) and Hb, (Trgn (P)) = Hb,(P).
By Proposition4.14 there is an extensionfunction Extgy : SM(P) !
SM(Trgn (P)) that mapsM 2 SM(P) into N = Extgn(M) = M [
IBA (P; M) included in SM(Trgy (P)) sud thatM = N \ Hb(P). In ad-
dition to this, we know by Propositiord.15thatif N 2 SM(Trg (P)), then
M = N\ Hb(P) 2 SM(P) andN = Extg (M). ThusTrg)y isfaithful by
Theorem3.19.

To estblishmodularity of Trgn, let P and Q be two normal programs
sud thatthe module condtions M1-M4 from De n ition 3.15aresatis ed.
It isobviousby De nition 4.12thatTrgn (P [ Q) = Tren (P) [ Tren (Q).
Let us then addressthe module condtions. (M1) Supposethat Trgy (P)
and Trgy (Q) sharearule r. Two casesrise.

1. Supposethatr 2 P. Thenjbody® (r)j 2 holdsby the de nition
of Trgy (P). Moreover,it followsthatr 62Q, asP \ Q = ; bythe
module condtions. It followsthatr 62Trg\ (Q), a contradction.

2. Supposeghatr 2 Trgy (r9 for somenon-binaryrule r®2 P. It follows
by the module condtions that r® 62Q. This meansthat no rule from
Trew (r9 isincludedin Trgin (Q), sincetheserulesareuniquely deter-

It followsthat Trgn (P)\ Tren (Q) = ;. (M2) Becausd® andQ satisfithe
secondmodule condtion, we know thatHb,(P) \ Hb,(Q) = ;. ByDeni-
tion 4.12,thesesetsare preservedy Trg , i.e. Hoa(Trgn (P)) = HbL(P)
andHba(Trein (Q)) = Hba(Q). ThusHb,(Tren (P))\ Hba(Tren (Q)) = ;.
(M3) LetusthenassumehatHby,(Trgn (P)) andHb(Trg)y (Q)) sharesome
atoma. Again, two casesrise.

1. Assumehata 2 Hb,(P). SinceP and Q satisfymodule condtions,
we know thata 62Hb(Q). Sincea 2 Hb(Trg)y (Q)), the atoma must
beoneofthe newatomsa;;:::; 1 asso@tedwith anon-binaryrule
r 2 Q with jbody” (r)j = n. A contradction by De nition 4.12,as
a2 Hby(P) andP isalsosubjectto translationasamodule of P [ Q.

2. Supposethata 2 Hby(Trgn(P)) Hbn(P). Then a mustbe one

with jbody™ (r)j = n. If a2 Hb(Q), thenaisnot new, acontradction.
If a2 Hb(Trgn (Q)) Hb(Q), then a mustbe one of the new atoms
asso@tedwith a non-binaryrule r°2 Q with jbody” (r9%j > 2. Suc
atomsaredifferentby De n ition 4.12,a contradction.

ThusHb,(Trgn (P))\ Hb(Trgn (Q)) = ;. (M4) Thelastmodulecondtion
followsby symmetrywith respecto the precedng one.
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By de nition 4.12andthe modularity of Trgy , the translationTrgy (P)
of anormal programP 2 P canbe computedon arule-by-rulebasisMore-
over,the translationcan be donein time linear to jjPjj, becaus€(i) binary
rules can be passedn unmod ed and (i) any non-binaryrule (2.1) con-
sistingof 2n + 3m + 2 symbolsis replacedby n rules (4.4) consistingof
(6+3m)+(n 2) 6+4=6n+3m 2symbols(ii) theatomsin Hb,(P)
remainintact. 2

Corollary 4.17 B =pgy P.

The main intranslaability resultof this work follows:it is esablishedthat
binaryrulesarenot expressiblén termsof unaryrulesevenif we allow arbi-
trarynumber of negativeliteralsin the bodesof rules.

Theorem4.18 B 6 ¢ U.

PROOF. Let usassuméhatthereis afaithful and modulartranslationfunc-
tion Tryy from binarynormallogic programdo unaryones.This translation
function is to be appliedto a strictly binarynormallogic program

B=fa bc b cac abg

in conjunction with atomic programsA; = fa g ,A,=fb g ,andA;z =
fc g . For theseprogramsHb,(B) = Hb(B) = fa;b;cg, Hb, (A1) =
Hb(A;) = fag, Hb,(A;) = Hb(A,) = fbg, andHb, (A3) = Hb(A3) = fcg.
Asthere are no invisible atomsand the rules of the four programsare all
distinct, the module condtions from De n ition 3.15aretrivially satis ed.

Notethattherulesof B essentiallexpresshatif anytwo of the atomsa, b,
and c areinferable,the third one shouldbe,too. Thusead of the programs
B[ Ai[ A, B[ A Az, andB [ Az[ A; hasaunique stable model
M = fa;b;cg. Since Tryy is faithful and modular, there are respective
unique stablemodels

8

< Ny = LM(Tron(B)N* [ Tron (AN [ Trun (A2)N?)
(4.6) o No = LM(Tryn(B)N2 [ Trun (A2)N2 [ Trun (As)™?)

" Nz = LM(Trun(B)N* [ Trun(As)Ne [ Trun(A)™?)

of the translationsTryn (B [ A1 Az), Trun(B [ Az Asz),andTryn(B [
Az [ A;). Thesethree stable modelshaveto be assumedilifferent, asthe
modulesconstitutingthe respectivdranslationgnayinvolveinvisible atoms
andead of themis basedn adifferentcombinationof modules.

Let usthenturn our attentionto the r stequationin (4.6) andthe “miss-
ing module” Tryy (Az). Note that Az hasa unique stablemodelM 3 = fcg.
Let N5 = LM(T run (As)N3) be the corresponihg unique stable model of
Tryun (Az), asimplied by the faithfulnessof Tryy. Note that Tryy (B [
A: [ Ay) and Tryn (As) satisfythe module condtions, asB [ A [ Az
and Az do and Tryy is modular. In addition, Hb, (Trgn(B [ A1 [ A2))\
Hb, (Trun(As)) = fcg and both N; and N2 contain ¢ sothat we may ap-
ply Lemma 4.3 to concludethat Ny [ N2 is a stable model of Tryy (B [
A1 Ay)[ Tryn(As) which equalsto Tryn(B [ Ar[ Az Asz) bythe mod-
ularity of Tryy. Moreover,the reduct of the translationw.r.t. N [ Ng is
Trun(B [ Ar[ ANt [ Trun(AgMs.
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We let N ¢ stand for the unique stable model of Tryy (A1) which is guar-
anteedto existby symmetryand which correspondgo the unique stable
model M; = fag of A;. Similarly, let N9 be the unique stable model cor-
responéhg to M, = fbg. Then we may concludethat alsoN, [ N2 and
Nz [ NJ are stable modelsof Tryn(B [ A1 [ A2 [ As) by usingthe last
two equationsof 4.6 concernng N, and N3 in a symmetricfashion. On
the other hand, M is the unique stiablemodelof B [ Ay [ Az [ Ags, too.
But then Trygn(B [ A1 [ A2 [ Asz) must havea unique stable model —
implying thatN; [ N2 = N[ N2 = N3[ NJ Thuswe maydistinguish
N = Nl\ Hb(TrUN(B)) = Nz\ Hb(TrUN(B)) = N3\ Hb(TrUN(B)),and
rewritethe precedng setof equalitiesas

8
< N M(Tron(B)N [ Tron (AN [ Trun (A2)N?)

[ N[ N9=L
4.7) . N[ N[ NS= LM(Tron(B)N [ Trun(A)NE[ Trun(As)N9)
"N Ng[ Nf LM(TrUN(B)N [ TVUN(A3)N§[ TrUN(Al)Nf)

which still correspondo the unique stablemodelsof Tryn(B [ A [ A2),
TrUN(B [ Az[ Ag), andTrUN(B [ A3[ Al)’ respectivel.y

We proceedbyredudngthe r stequationin (4.6)usingLemma4.2. Note
thatTryn (A1) [ Trun(A2) = Trun (AL Az) bythe modularityof Tryy and
Hb, (Tron (AL [ Az)) = fajbg Hb(Tryn(B)). Thus we obtain N =
LM(Trun(B)N[ fa ; b g )byLemmad4.2.RecallthatN containscin
addition to aandb. Let Tryy(B)Y and Tryy(B)Y denotethe disjoint sets
of atomric and strictly unary rules of Tryy (B)N, respectively It follows by
Lemmad4.6thatthereisanatomicruled in Tr(n(B)Y [ fa ;b g
sud thatc 2 LM(Tryn(B)Y [ fd g ). AsSLM( ) isamonotoric operator,
we obtaintwo casesc 2 LM(Tryn(B)N [ fa g )orc2 LM(Tryn(B)N |
fb g).

In the r stcase,we obtain c 2 LM(Tryn(B)N [ Trun (A)N?) by the
monotoricity of the operatorLM( ) agin. Recallthat Hb, (Tryn(A3)) =
Hb, (A3) = fcg bythe de nition of Tryy. Asaresultof applyingLemma
4.2 to the third equationin (4.7), Trun (A3)V? isreducedto fc g, sothat
N[ N2= LM(Tron(B)N [ Trun(ADNY[ fc g ). Sincec belongsto
LM(T run (B)N [ Trun (A1)NT) thissimpliestoN [ NO= LM(T ryn (B)V [
Trun (Al)'\'f). BecauseN Hb(Tryn(B)), N2 Hb(Tryn (A1), andN
andN ?caincide onthe atomsin Hb, (Tryy (B))\ Hb, (Tryn (A1) = fag, we
getTrUN(B)N = TrUN(B)N[Nf andTrUN(Al)Nf = TrUN(Al)N[Nf. Then
the modularity of Tryy impliesN [ N2= LM(Tryn(B [ A)NIND). Thus
Trun(B [ A;) possessessiablemodelN [ N2 containing f a; b; cg. A con-
tradction, sinceB [ A; hasaunique stablemodelf ag.

In the secondcase,we can analogouslyconstructa stable model N [
N2 for Tryn(B [ A2) usingthe secondequation in (4.7). Again, thisis a
contradction, asfa;b;cg N [ N2 andf bg is the unique stable model of
B[ A, 2

Corollary 4.19 B 6 ppy U, U <ppy B, andU <pgy P.

It remainsto explorethe strictnes®f the relationshipA  ppy U. At this
paint, it is worth demonstratinga particulartranslationtechnique [40, Proof
of Theorem 3.10], which suitably expldts new atomsand negative literals
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andthusservessa potentialcanddatefor afaithful and modulartranslation
functionfromU to A.

Example4.20 Considernormal logic programsP; = fa bgandP, =
fb  cgandatranslationof P, [ P, into anatomc normallogic program

Trar(Pi[ P2) = Trar(Py) [ Trar(P2)
= fa b; b bg[ fb C C cg

where the intuitive readng of the new atomsb and T is that b and ¢ are
false respectivelyThe translationtriesto capturethe rulesof P usingakind
of double negation. In particular, the rulesb bandc c canbe
understoodto encodethe standardclosedworld assumption38]: b and c
arefalseby default. The programsP; [ P, and Trat (P [ P2) behaveas
follows.

Stablemodels Stablemodels
A Ofpl[ P2[ A OfTrAT(Pl[ P2[ A)

: : fb; cg
fa g fag fa;b;cg
fb g fa; bg fa;b;cg
fcg fa;b;cg fa;b;cg

By the precedng analysisthe translationTr a7t (P1 [ P2) seemgo capture
the essentialsf P; [ P, in amodularand faithful manner However,severe
problemsarisewith programscontaining an inferential loop that letsoneto
infer a from a, for instance. The simplestpossibleexampleof this kind is
P = fa ag havinga minimal model LM(P) = ;. Unfortunately the
translationTrat (P) = fa a, a ag hastwo stable modelsf ag and
f ag. The formermodelis whatwewould expecton the basiof our example,
but the latteris a spuriousstablemodel— dashingour hopesfor Trat being
faithful and modularin general. It is provedin the following theoremthat
the problemswith Trar cannotbe settled.

Theorem4.21 U6y A.

PROOF. Supposéhereis a faithful and modular translationfunction Trat
from U to A. In the seqiel, we analyzetwo unary normal programsJ; =
fa bgandU, = fb ag, their combinationswith atomc normal pro-
gramsA; = fb gandA, = fa g , andther translationsuinderTrat. TO
ched the module condtions, we note that Hb, (U;) = Hb(U;) = fa;bg =
Hb(U,) = Hb,(Uy), Hb, (A1) = Hb(A;) = fbg, andHb, (A;) = Hb(A,) =
fag. Becausdahereareno hidden atomsand the rulesof the four programs
aredistinct, the module condtions aretrivially satis edby U; andA4, by U,
andA,, byU; [ AjandU, [ Ay, andbyU; [ U, andA; [ A,.

The programU; [ A; hasaunique stablemodelM; = LM (U [ Ay) =
fa;bg. The translationTrat (U [ A1) = Trar(U) [ Trat(A1) andthe
modularityof Trat impliesHb, (Trar (U [ A)) = Hby (UL [ Ay) = fa; bg.
SinceTr a1 isalsofaithful, the translationTrat (U, [ A1) hasaunique stable
modelN; = LM(Trar (Ui [ A1)™) = LM(Trar(U)M+ [ Trar (A1) sudn
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thatfa;bg Nj. Thenit holdsby symmetrythatM, = LM(U, [ A,) =
f a; bgisthe unique stablemodelof U,[ A, andN, = LM(T rat(Ux[ An)N2)
is the unique stable model of the translationTrar (Us [ Az) = Trat(Uo) |

Trat(A5), for which Hb, (Trar (U2 [ Az)) = Hby (U, [ Ay) = fa; bg holds,
sothatfa;bg No.

Recallthat Trat (U [ A1) = Trat(Uy) [ Trat(Ay) is an atomc pro-
gramanda 2 LM(Trat(U)Nt [ Trar(A7)N). It followsby Lemma 4.9
thata  mustbelongto the reduct. Sincea 62Hb, (Trar(A;)) anda 2
Hb, (Trat (U;)) by the faithfulnessof Trar, and the translationsTrar(U;)
and Trat (A,) satisfymodule condtions by the modularityof Trat, we have
a62Hb(Trat(A1)). Thusa cannotbelongto Trat(A1)Nt. Soit mustbe-
longto Trat(Uy)N1. It followsby symmetrythatb  belongsto Trar (Uy)N2.

BecausdJ; [ A; andU, [ A, satisfthe module condtions,andN; and
N, caincide up totheatomsin Hb, (Trat (U[ A2))\ Hby(Trat(Us[ Ay)) =
f a; bg, weknow by Lemma4.3thatN; [ N, isastablemodelof Trat (U [
A1) [ Trar(Uz2 [ Az) which equalsto Trar (Ur) [ Trar (A1) [ Trar(U2) [
Trat(A2) = Trar (U [ Uo) [ Trar(AL[ A,) by the modularity of Trat.
Moreover,the reduct (Trat (Ui [ A1) [ Trat(Us [ A))N:IN2 jsthe union
of Trar (U [ ANt and Trar (U [ A2)N2,ie. Trar (UMt [ Trar (Up)N2 |
Trar (AN [ Trar (AN,

SinceHb, (Trat (A1) = fbgandHb, (Trat(A,)) = fagarecontainedin
Hb(Trat (U.[ Uy)), Lemmad.2impliesthatN = (N[ N2)\ Hb(Trar (U]
U,)) equalsto LM(T rar (U)N[ Trat(U))N2[ fa ; b g ). Sincea be-
longsto Trar (U)Nt andb  to Trar (Uo)N2, wecanesablishthatN ecuals
to LM(T rat (U)N: [ Trar (Uo)N2). Moreover,the equality Trat (UMt |
Trat(Ux)N2 = Trat(Uq[ Uo)N followsbythede nition of N andthefactthat
N; and N, caincide on the atomsin Hb, (Trat(Uy)) = Hby(Trat(U)) =
fa;bg. ThusN = LM(Trar (UL [ Ux)V) isastablemodelof Trat (Ui [ Uy).

SinceHb, (U, [ Uy) = Hb(U,[ U,) = fa;bgandHb, (Trar (U] Uy)) =
Hb, (U, [ U,) bythe faithfulnessof Trar, andN \ Hb, (Trar (U [ Uy))
f a; bg, the faithfulnessof Trat impliesthatU; [ U, hasa stablemodel M
fa; bg. A contradction, as; isthe unique stablemodelof U; [ U,.

NI

CorO”ary 422 U6pem A,A <pgm U, A <pgm B, andA <pem P.

In orderto makeour view complete,let us yet addressthe relationship
betweenpositiveprogramsand normal programs Recallthat by Proposition
3.18,C" prm Choldsfor anyof the classe€ under consideration.

Theorem4.23 ForanyC?2 fA ;U;B;Pg,C6¢ C".

PROOF. Let usassumehat thereis a faithful translationfunction Tr from
Cto C". Consideralogic programP = fa ag which servessarepre-
senttive of the classC. Let Q be the translationTr(P) in C". Now P has
no stable models,but the translationQ hasa unique stable model LM(Q),
which contradctsthe faithfulnessof Tr. 2

Corollary 4.24 ForanyC?2 fA ;U;B;Pg,C6 pey C" andC’ <ppy C.

The resultinghierardy of classesf logic programgsillustratedin Figure
1.
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Figure 1. ExpressivePower Hierarchy basedon polynomal, faithful and
modular (PFM) translationfunctions

4.4 Comparisorwith Propositional Logic

30

It is worthwhile to relate our frameworkwith propositionallogic. It is as-
sumedthat a propositionaltheory S is givenasa setof clausesof the form

(2.3)2> The fundamentl satis ability problem (SAT) is aboutcheding if a
givensetof clausesS hasa modelin the senseof De n ition 2.6. However,
in this report,we areinterestedn all modelsof S ratherthan cheding the
existenceof a model. This is becausat is assumedhat the modelscorre-
spondto the solutionsof the problem formalizedasa setof clausesS. It is
possibleo capturethe modelsof a setof clausesS with the stable modelsof
atranslationof S into a normal program. In fact, we can do this usingonly
atomic rules. The basicideais asfollows.Therulesa aanda aare
neededto selectthe truth value of eat atoma 2 Hb(S). Herea 62Hb(S)

isanewatommearing thata is false(c.f. Example4.20). Given theserules,
we obtain all model canddatesfor S asthe stable modelsof the rules. Yet
we haveto ensurethat all clausesof the form (2.3) are satis ed — this is
accomplishedby introducing anewatomf 62Hb(S) andan atomc rule

(4.8) f f:oa;;ii ay by by

for eadh clause(2.3) in S. Thesekinds of rules excludemodel canddates
in which someof the clausess false. If the full syneax of normal programs
Is assumedthen it would be more intuitive to usea rule of the form f
by;iii b f; aiii; &, which is not atomc, but “double negation’ is
neededin orderto makethe rule atonic. Yetanothertechnique is givenin
[36]: anewatomc isintroducedfor ead clause(2.3)which istranslatednto

Then (4.8) can be replacedby f f; c. However,to meetthe module
condtions from De n ition 3.15,we haveto localizethe choice of truth val-
ues. For this reasonwe translatea clausec of the form (2.3) into a setof

SAny propositionaltheory can be transformednto clausalform and the transformation
is polynomial if newatomscanbeintroduced. Without newatomsit is dif cult to transform
formulassuchas(a; * : a1) = _ (an  : &) into clausalform.
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rules

Trp(c) = ff¢ f¢ ag; i an; bi;iin; bLal
(4.9) fa &, & aj0<i ng
f by bf; bf bijO<i ng

implies that the choice of the truth value of an atoma is sharedby the rules
in which the atomappeas. However thesechoicesaresyndironized, asa is
sharedamongthe rules,andthisis how ais assigne unique truth value.

De n ition 4.25 A setof clausesS is translatednto

Tree(S) = SfTer(c)j c2 Sg[ fa a a aja2 Hb,(S)g
with Hb,(Tr e (S)) = ; andHb(Tr.p(S)) =
Hb(S)[ ff®jc2 Sg[ fa“jc2 Sandaappeasincg[ faja2 Hb,(S)g:

The visiblepartHb, (Tr.p (S)) = Hby(S).

A particularfeatureof the translationTr p (S) is that all atomsof Hb(S)
actuallyappearin the rulesof Tr p (S) and thus Hb,(Tr p (S)) can be left
empty The rulesasso@ated with the atomsin Hb,(S) are necessaryn or-
der to capturethe classicamodelsof S properly sinceHb(S) may contain
atomsthat do not appearin the clausesof S; and accordng to De n ition
2.6 classicamodelsof S aresubset®f Hb(S). Given a setof clausesS, an
interpretationl  Hb(S), andaclausec 2 S, wede ne the setof comple-
mentaryatomsCA(c; M ) which isto contain a® whenevera appeasin c and
a 62\ . For the setS aswhole, welet

(4.10) CA(S;M):[ fCA(c;M)jc2 Sg[ faja2 Hba(S) Mg

which takesalsothe additional atomsfrom Hb,(S) properlyinto account.
We arenow readyto addresghe correctnessf the translationfunction Trp.

Proposition 4.26 Let S be a setof clauses. If M Hb(S) is a classical
modelof S, thenN = M [ CA(S;M) is a stable model of Trp(S) sudc
thatN \ Hb(S) = M.

PROOF. Let M be a (classical)model of S and de ne N asabove. The
reductTr.p (S)N contains(i) a foreaha2 M, (i) & for ead occur-
renceof anatoma 2 Hb(S) M in aclausec?2 S, and(iii) a foread
a2 Hb,(S) M. In particular,therule f¢ isnotincluded for anyclause

is not satis edin M. ThusN = LM(Trp(S)V) byLemma4.9andN isa
stablemodelof Tr p (S). SinceCA(S; M) containsonly atomsthatarenew
relativeto Hb(S), wehaveM = N \ Hb(S) bythede nition of N. 2

Proposition 4.27 Let S beasetof clausesIf N Hb(Tr.p(S)) isastable
modelof Tr p (S), thenM = N\ Hb(S) F SandN = M [ CA(S;M).
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PROOF. Let N Hb(Tr p (S)) be a stable model of Tr p (S) and de ne
M asabove.Let us r stassumehatf® 2 N for somec 2 S. It followsby
Lemma 4.9 that ¢ must belongto Tr.p (S)N. Bythe r strule in (4.9)
this meansthat f¢ 62N, a contradction. Then considerany a® sud that
a2 Hb(S) appeasinc2 S.Nowa*2 N () a belongsto Tr.p(S)N
byLemma4.9 () a62N by(4.9) () a62M () a2 CA(S;M).
Finally, let a be anyatomfrom Hb,(S). Nowa2 N () a belongs
to Trp (S)N byLemma4.9 () a62N bytherulea aincludedin
Trp(S) () a62M () a2 CA(S;M). RecallingHb(Tr.p(S)) from
De nition 4.25,weconcludethatN = M [ CA(S;M) holds.
SupposethatM 6§ S, i.e. thereis aclausec 2 S of the form (2.3) not

M. The samerelationshold w.r.t. N by the de nition of M. Thus the
rulesbf ;:::;bG are not included in the reduct Tr p (S)N sothat

that f© 62N. Then the rule f°  belongsto Trp(S)N sothatf® 2 N,
contradction. HenceM isamodelof S. 2

Theorem4.28 SC  pey A.

PROOF. The translationfunction Tr p transformsa clause(2.3) consisting
of 2n + 3m + 2 symboldnto asetof rules(4.9) with atmost3n + 3m+ 5+
n (5+5)+m (5+5)= 131+ 13mn+ 5symbolsThe translationof eat
atoma 2 Hb,(S) consistof 10 symbolsMoreover,de nition 4.25suggests
thatTr p (S) canbe producedon aclause-by-claudeasisn alinear number
of stepsThusweconcludethat Tr p islinear aswell aspolynomal.

To estblish modularity, let S and T be two setsof clausessud that
the module condtions M1-M4 from De n ition 3.15 are satis ed. De -
nition 4.25impliesthat Tr p(S[ T) equalsto the union of Tr p(S) and
Tr p(T). The module condtion M1 is satis edby the translationsTr p (S)
and Trp(T), asS\ T = ; by M1, Hb,(S)\ Hb,(T) = ; by M2, and
the introduction of new atomsguaranteethat the setsof rules (4.9) and
fa a, a a | a2 Hb,(S)g that constituteTr p (S) remain distinct
from thoseof Tr p (T). The module condtion M2 istrivially satis ed,since
Hba(Trp (S)) = Hba(Trp(T)) = ; byde nition. In addition, M3 and M4
remainvalid, asTr p addsnewatomsthatremainlocal to the translationsf
SandT.

It remainsto shawv Tr p faithful. First, De nition 4.25implies for any
setof clauseghat Hb(S) Hb(Trp(S)) and Hb,(Tr.p(S)) = Hby(S).
In Proposition4.26,we shav that Ext,p : CM(S) ! SM(Trp(S)) isan
extensionfunction which mapsM 2 CM(S)toN = Ext,p(M) = M [
CA(S;M) includedin SM(Trp(S)) such thatM = N\ Hb(S). Moreover,
we know by Proposition4.27thatif N 2 SM(Tr.p(S)), thenM = N\
Hb(P) 2 CM(S) andN = Ext,p(M). The restfollowsby Theorem3.19.

2

On the other hand, it is impossibleto translatean atormic normal pro-
gramP into a setof clausedn afaithful and modularway This resulthas
been esablishedby Niemela [36, Proposition4.3] for normal programsn
general but different notionsof faithfulnessand modularityareemployedin
Niemel&@sproof.
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Theorem4.29 A 6 gy SC.

PROOF. Let us assumehat there existsa faithful and modular translation
function Tr : A ! SC. Then consideratomc normal logic programs
P, = fa agandP, = fa gwith Hb,(P;) = Hb(P;) = Hby(P,) =

Hb(P,) = fag. It is clearthat P, and P, satisfythe module condtions
from De nition 3.15. The programP; hasno stable modelswhile P, has
aunique stablemodelM = fag. SinceTr isfaithful, the translationTr (P,)

mustbe propositionallyinconsistent By the modularityof Tr, the translation
Tr(P.[ P2) = Tr(P1) [ Tr(P2) which is alsopropositionallyinconsistent,
i.e. hasno models.But this contradcts the faithfulnessof Tr, sinceM isalso
the unique stablemodelof P, [ P,. Hencethereisno sud Tr. 2

Corollary 4.30 A 6ppy SC, SC<pgy A,SC<prw U, SC<pey B, and
SC<ppm P.

Theorem4.31 SC6 ¢ C" holdsforanyC?2 fA ;U;B;Pg.

PROOF. The setof clausesS = ff a;: agg hastwo classicamodelsM; = ;
and M, = fag which cannotbe faithfully capturedby a positiveprogram
P = Tr(S) possessingunique stablemodel LM (P). 2

Theorem4.32 C" 6 gy SCholdsforall classe€ 2 fA ;U;B;Pg.

PROOF. We begin with the classU by assunng the existenceof a faith-
ful and modular translationfunction Tr¢. from U* to SC. To establisha
counter-examplewe usepositiveunary programsP; = fa gandP; =
fa agwhich satisfthe module condtions, asHb, (P;) = Hb(P;) = fag
fori 2 f1;29. Now P; and P, haveunique stable modelsLM(P,) = fag
andLM(P,) = ;, respectivelylt followsby the faithfulnessof Trc_ thatthe
unique classicamodelsof Trg (P1) and Trg (P,) areN; and N, sud that
M; = N;\ fagandM, = N, \ fag. It followsthat Trc (P;) F aand
TreL (P2) E : a On the otherhand,weknow by the modularityof Trc, that
TroL (P P2) = Tro (Py)[ Tre (Py). It followsthatTre (P1[ P2) E a: &,
l.e.Trey (P1[ P2) hasno models.However the programP,[ P, hasaunique
stablemodel LM(P,[ P,) = fag which contradctsthe faithfulnessof Trc,.

The programsP; and P, abovearealsorepreserativesof the classe8*
andP " . In thisway, the proofabovecovesclasse€ 2 B ; P g, too. The fate
of A needsreconsideratiorasP, 62A* . In fact, we may substituteP, = ;
with Hb,(P,) = f ag for P, aboveto obtain aproofof A* 6 gy SC. 2

By the precedng resultswe may makepredsethe positionof SCin the
expressivpower hierardwy illustratedin Figure 1. Thatis, SCis strictly less
expressivéhan anyofthe classe# , U, B, andP, but incomparablewith the
respectiveclassesf positiveprograms.

Corollary 4.33 C" 6 pry SCholdsfor all classe€ 2 fA ;U;B;Pg.
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5 YET ANOTHER CHARACTERIZATION OF STABILITY

34

In Section6, wewill studynon-modularalternativedo translationfunctions
that wereshavn not to existin Section4. Asa preparationfor one particu-
lar translationfunction, we will addressan alternativesemanticgor normal
programsnamelythe one basedn supportednodels2]. It turnsoutin the
sequel that we are able to characterizestable modelsassupportedmodels
possessinglevelnumbering# which extendghe notion of level numbers,
r stintroducedfor positiveprogramsin Section2.2, to the caseof normal
programs.

De n ition 5.1 A classicaimodelM of a normal programP is a supported
model of P if andonly if for everyatoma 2 M thereisaruler 2 P suc
thatheadr) = aandM F body(r).

Inspiredby this notion, we de ne the setof supportingrulesSR(P; 1) =
fr2 P j I F body(r)g P foranynormal programP and an interpre-
tation | Hb(P). Thus the intuition behind this setis that ead rule
r 2 SR(P; 1) providesasupportfor headr).

De nition 5.2 Let M be a supportedmodel of a normal programP. A
function# fromM [ SR(P; M) toN isalevelnumberingw.r.t. M iff

(5.1) 8a2 M :#a=minf#rjr 2 SR(P;M) anda= headr)g
and

(5.2) 8r 2 SR(P;M) :
_ maxf#bjb2 body’(r)g+ 1;ifbody* (r) 6 ;:
#r = :
1 otherwise.
It isimportant to realizethat a level numbering neednot existfor every
supportedmodel. Thisis demonstratedy the following example.

Example 5.3 Consideralogic programP consistingoftworulesr; = a b
andr, = b a. There are two supportedmodelsof P: M; = ; and
M, = fa;bg. The r stmodel hasa trivial level numbering with an empty
domain, sinceM; [ SR(P;M;) = ;. For the second,the domain M, |

SR(P;M;) = M, [ P. The requirementsin De nition 5.2 lead to four
equations:#a= #rq,#ri.=#b+ 1L, #b=#r,,and#r, = #a+ 1. From
theseweobtain# a= # a+ 2. Hencethereisno levelnumberingw.r.t. M .

Proposition 5.4 LetM be asupportednodel of P. If thereis alevel num-
beringw.r.t. M , then the levelnumberingis unique.

PROOF. Supposehat# ; and# , aretwo level numberingsw.r.t. M. It is
provedby induction on # 1(x) > Oforx 2 M [ SR(P;M) that# 1(x) =
# 2(X).

Basecase:#,(x) = 1. If x = aforanatoma 2 M, then# (a) = 1
() thereisaruler 2 SR(P; M) sud thatheadr) = aandbody™ (r) = ;
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() #2a = 1. Similarly, if x = r forforaruler 2 SR(P;M), then
#1(r)=1() body"(r)=; () #ar)=1

Induction step: #.(X) = n> 1 Ifx = r foraruler 2 SRP;M),
then# 1(r) = maxf# 1(b) j b2 body" (r)g+ 1. Note thatbody* (r) 6 ;,
as# ((r) > 1. Then consideranyb 2 body™ (r). Since#1(b) < n we
obtain # ,(b) = # 1(b) by the inductive hypothesis.Thus# ,(r) = # 1(r)
holds,too. If x = aforanatoma2 M, then# 1(a) = # 1(r) for somerule
r 2 SR(P; M) such thatheadr) = ayieldng the minimum valuefor# ,(r).
By the precedng analysiswe know that# ,(r) = # ((r) for this particular
rule sothat# ,(a) # 1(a). Then supposeahat# ,(a) < # 1(a), i.e. thereis
aruler®2 SR(P;M) sud thatheadr® = aand#,(r9 < #,(r). Bythe
inductive hypothesist 1(r9 = # ,(r% which impliesthat# ;(r% < #,(a), a
contradction. Hence# ,(a) = # 1(a) isnecessarilyhe case. 2

The questionis how one candetermne levelnumberingsin practice.In
fact,the shemeintroducedin Section2.2 canbe extendedo coverrulesas
well.

De n ition 5.5 LetP beapositiveprogramandM = LM(P). Letusde ne
level numberslev(a) for atomsa 2 M asin Section2.2. Given any rule
r 2 P sud thatbody™ (r) = body(r) M, de ne the levelnumber

maxf lev(b) j b 2 body” (r)g+ 1; if body* (r) 6 ;:

(5:3) lev(r) = 1; otherwise.

Assigimg levelnumbersin this wayis compatiblewith De n ition 5.2.

Lemmab5.6 LetP beapositiveprogramM = LM(P),anda2 M.
1. Foreveryr 2 SR(P; M) sudch thathead() = a lev(r) lev(a).
2. Thereisr 2 SR(P; M) such thathead() = aandlev(r) = lev(a).

PROOF. Recallthatlev(a) isthe leastnumbern > Osud thata2 Tp " n
buta 62Tp " n 1. Sincea2 Tp " n, thereisaruler 2 P sud that
headr) = aandbody" (r) Tp " n 1 which is containedin M =
Ifp(T p). It followsthatr 2 SR(P; M) andlev(b) < n foranyb 2 body™ (r).
Thus lev(r) n holds by the de nition of lev(r) in (5.3). To conclude,
thereisaruler 2 SR(P; M) sud thatheadr) = aandlev(r) lev(a).

1. Letr®2 SR(P; M) beanyrule sud thatheadr9 = a. Then suppose
that0 < lev(r9 < n. Two casesariseon the basisof (5.3). (i) If
body® (r9 = body(r9 = ;, thenlev(r9 = 1anda2 T, " 1. On
the other hand lev(r® < n impliesa 62T, " 1, a contradction.
(i) If body* (r% = body(r9 6 ;, wehavebody" (r% M, asr®2
SR(P; M), andlev(b) < lev(r9 foreat b 2 body* (r9. It followsthat
body* (r9 Tp " mwherem isthe maximum valueamongf lev(b) j
b2 body* (r%g. Thusa2 Tp " lev(r9. But thisis a contradction, as
lev(r9 n 1landa62Tp " n 1 Toconclude,lev(rd lev(a).

2. Bythe r stitem, we havelev(r) = lev(a) for therule r above. 2

The characterizatiorof stablemodelsis then establishedasfollows.
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Proposition 5.7 [33, Corollary 1] Any stable model M Hb(P) of a nor-
mal logic programP s alsoa supportedmodel of P.

Theorem5.8 LetP beanormal program.

1. If M is a stable model of P, then M is a supportedmodel of P and
there existsa unique levelnumbering# : M [ SR(P;M) ! N wr.t
M de ned asfollows. (i) Fora 2 M, let#a = lev(a). (ij) Forr 2
SR(P; M), let#r = lev(r*).

2. If M isasupportednodel of P andthereis alevelnumbering# w.r.t.
M, then# isunique andM isastablemodel of P.

PROOF. (Item1). LetM beastablemodelofP. ThenM isalsoasupported
modelof P by Proposition5.7. Recallthateath r 2 SR(P; M) satis esM
body(r) which impliesthatr* 2 PM body" (r) M, andheadr) 2 M,
asM isalsoaclassicamodel of P. Let usnow provethat the levelnumbers
meetthe requirementsof De n ition 5.2.

Consideranya 2 M. It should be estblishedthat # a is the mini-
mum amongf#r j r 2 SR(P; M) andhead() = ag. It is clearthat this
setis non-empty asM is a supportedmodel of P. Then considerany
r 2 SR(P;M) sud that headr) = a. Now #r is de ned aslev(r*)
givenin (5.3). Sincer 2 SR(P;M), weobtainr* 2 SR(PM;M). Thus
#r = lev(r™) lev(a) by the r st claim of Lemma 5.6. By the sec-
ond claim, thereis arule r° 2 SR(PM ;M) sud that headr9 = aand
lev(r® = lev(a). Then thereis arule r®2 SR(P;M) sud thatr® =
(r%*, head(® = aand#r%= lev(r® = lev(a). Thus#a = lev(a)
is the minimum in question. Then consideranyr 2 SR(P;M). There
aretwo possibilities. If body* (r) = ;, we obtain body* (r*) = ; sothat
#r = lev(r’) = 1 by (5.3). Thisisin perfectharmonywith De n ition
5.2. On the other hand, if body*(r) 6 ;, #r = lev(r*) is de ned as
maxflev(b) j b2 body" (r*)g+ 1. Sincebody® (r*) = body" (r) and
#b = lev(b) foread b 2 body™ (r) byde nition, #r = lev(r*) coincides
with maxf#bj b2 body* (r)g+ 1asinsistedby De n ition 5.2.

We may concludethat # is alevel numberingw.r.t. M. SinceM is a
supportednodel of P, the uniquenesof # followsby Proposition5.4.

(Item 2). LetM beasupportednodelof P and# alevelnumberingw.r.t.
M. The uniquenesof# followsby Proposition5.4. It followsthatM F P
andM E PM. Thusit isimmediately clearthat LM(PM) is containedin
M . It remainsto provethatM  LM(PM). We usecompleteinduction on
#a> 1toshovthata2 M impliesa2 LM(PM).

Basecase:#a = 1. Supposethata 2 M. Since#a = 1, the only
possibilityis that thereisarule r 2 SR(P; M) sud that headf) = a and
body® (r) = ;. It followsthata belongso PM sothata2 LM(PM).

Induction step:#a = n > 1. Supposethata 2 M. Since#a > 1,
thereisaruler 2 SR(P;M) sud thathead() = a, body* (r) 6 ;, and
#a = #r. Then consideranyb 2 body* (r). Since#r = maxf#b°
b°2 body* (r)g + 1, weobtain# b < n. Moreoverr 2 SR(P; M) implies
thatb 2 M. Thusb 2 LM(PM) by the inductive hypothesisand we have
eshblishedthatbody” (r) LM(PM). On the otherhand,r 2 SR(P; M)
impliesthatr* = a  body* (r) 2 PM. It followsthata2 LM(PM). 2
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6 NON-MODULARTRANSLATION FUNCTIONS

In Section4, we shovedthat faithful and modulartranslationsannotbe es-
tablishedbetweencertain classe®f logic programs.However this doesnot
excludethe possibilitythatapolynomal andfaithful, but non-modularntrans-
lation function could be devisedfor the classesvolved. Sudc alternatives
aretakeninto considerationin this section.We proceedasfollows. Section
6.1 covesthe caseof positiveprogramsn which non-modularalternatives
areveryeasyto obtain. A non-modularandfaithful translationfunction from
normal programsto atomc normal programsis developedin Section6.2.
This is a far more complicatedobjective,asnormal programsmay possess
multiple stablemodels.Finally, in analogyto Section4, we end this section
by comparinglogic programswith setsof clausesn Section6.3.

6.1 Positive ProgramsRevisited

Theorems4.7 and 4.10, which were estiblishedin Section4.2, state that
B* 6,y U" andU*™ 6ry A™, respectively Despitetheserelationships,
it is straightfonard to obtain a non-modulartranslationin caseof positive
programs.Basically this bails down to the factthat the leastmodel LM (P)

canbe be computedin polynomial time foranyP 2 P*. Thenit ispossible
toreduceanyP 2 P* to anatomc programin the following way:

De n ition 6.1 ForanypositiveprogramP 2 P, de ne
Trm(P)=fa ja2 LM(P)g.

Moreover,let Ho,(Tr y (P)) = Hb(P) LM(P) sothatHb(Tr y (P)) =
Hb(P). The visiblepartHb, (Tr y (P)) = Hb,(P).

Theorem6.2 P* pr A™.

PROOF. It isclearthat Tryy, isfaithful, sinceHb, (Tr oy (P)) = Hb,(P) by
de nition andbothP andTry (P) havethe unique stablemodelLM(P) =
LM(T rat(P)) by Lemma4.9. The translationfunction Tryy, ispolynomal,
asLM( P) canbe computedin polynomal time. If the iterativeconstruction
from Section2.2 is usedasa basis,a quadratic algorithm is obtained, but
thereisalsoalinear time algorithmawailable[9]. 2
Asa consegence,the relations prpy and gy giveriseto diverseclas-
si cations for the classe®f positivelogic programs. In fact, the hierarcy
obtainedwith pry iISmorere ned thanthe oneobtainedwith gy . Thus
pEm Seemgo providea more accuratemeasureof expressiveness.

COfOllary 6.3 A" =PE u* =PE B* =PE P*.

Example 6.4 The translationfunction Tryy introducedin De n ition 6.1is
indeed non-modular For instance,the programsU = fa bgandA =
fb g fromthe proofof Theorem4.10aretranslatedasfollows: Tr y (U [
A) = fa ; bg ,butTryy(U) = ; with Hoa(Trow (U)) = fa;bg and
Trim (A) =fb g . ThUSTrLM (U [ A) 6 Trm (U) [ Trim (A) 2
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Generallyspeakingthe translationTryy (P) obtainedby a non-modular
translationfunction Tryy is often heavilydependenton particularinstances
of P sothatalreadyslightchangedo P mayalterTryy (P) completely Con-
seaiently, ashortconing of non-modulartranslationss thattheydo not nec-
essarilysupportupdates This is alsoclear on the basisof the translation
function Try introducedin Theorem6.2. E.g.,in Example6.4,the effectof
removingA fromTr y (U[ A) = fa ; b g isthorough,asTr y (U) = ;.

6.2 TranslatingNormal Programsinto Atomic Ores

38

Asshavnin Section6.1,it is easyto obtain anon-modularandfaithful trans-
lation function for removing positive body literals in the caseof positive
programs. The settingbecomesfar more complicatedwhen normal logic
programsaretakeninto considerationsincea normal programmay possess
severabktable modelsandit is not clearhow to apply Tr.y from De n ition
6.1. Neverthelessyeintend to developa polynomal andfaithful translation
function Trat sothat an arbitrarynormal programP getstranslatednto an
atomc programTrar(P). It is clearby the resultspresentedn Section4.3
that Trar must be non-modularif faithfulnessis to be expected.Our idea
is to apply the characterizationof stable modelsdevelopedn Section5 so
that eadh stablemodel M of a normal programP is eventuallycapturedas
asupportednodelM of P possessinglevelnumberingw.r.t. M. To recall
the basicconceptdrom Section5 we givean exampleof alevelnumbering.

Example6.5 LetP = frq;r,; rsgbea(positive)normal programconsisting
oftherulesrr = a ; ro,=a b; andrz=Db asothatHb,(P) =
Hb(P) = fa;bg. The unique stablemodelM = LM(P) = fa;bg is sup-
portedby SR(P; M) = P. The unique levelnumbering# w.r.t. M isdeter-
minedby#r, = 1, #a= 1,#r3= 2, #b= 2, and#r, = 3. 2

However thereisno explidt wayof representinglevelnumberingwithin
anormal programand we haveto encodesud a numbering usingproposi-
tional atoms. Then a natural solution is to usea binary represerstion for
the individual numbersdetermned by alevelnumbering# . Unfortunately
everyatomin Hb(P) maybe assigned differentlevel number in the worst
case. This settingis actuallydemonstratedn Example6.5. Thusthe level
numbers of atomsmay varyfrom 1 to jHb(P)j. Hencethe highestpossible
levelnumberofaruler 2 P isjHb(P)j + 1, asforr, in our example.Al-
thoughlevelnumbersarepositivenumbersby de nition, we leaveroom for
0 which isto actasthe leastbinaryvalue. Thus, givena normal programP,
we haveto be preparedor binary numbers consistingof at most

(6.1) r P = dog,(jHb(P)j + 2)e

bits. In caseof Example6.5,we haver P = 2 which is enoughto represent
all the valuesin the rangeof the levelnumbering# in question.In general,
we canesablishthe following boundsfor levelnumbersin termsofr P.

Proposition 6.6 If M is a supportedmodel of anormal programP and# :
M [ SR(P;M) ! N alevelnumberingw.r.t. M, then0< #a< 2'° 1
foreverya2 M and0< #r < 2'P foreveryr 2 SR(P;M).
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PROCOF. Let usconsiderthe lowerbounds r st. The levelnumber#r 2 N
assignedo aruler 2 SR(P; M) isnecessarilgreaterthan zero,becauset r
isde ned ether (i) asamaximum amongasetof naturalnumbersincreased
by oneor (ii) asl. Thusthe levelnumber# a assignedo anyatoma 2 M
greaterthan 0, as# a is de ned asa minimum of a setof natural numbers
thataregreaterthan 0. To shawv the upperboundsfor level numbers,we use
completeinduction on naturalnumbersn 1 in orderto establishthat

1. if#a= nforsomea2 M, then#a< 2'P 1andthereisaseaence
a, = a; and
2. if #r = nforsomer 2 SR(P; M), then#r < 2'P.

In the basecase#a = 1foranatoma 2 M or#r = 1forarule
r 2 SR(P;M). In both casesHb(P) contains at leastone atom, so that
rP 2 Thus#a<3 2P 1land#r<4 2P Moreoverif#a=1
forsomeatoma 2 M, thenthe seqienceinvolvedin the r stitem contains
aalone.

Induction stepfollows. The secondclaim is proved r st. Supposethat
#r = n > 1holdsfor someruler 2 SR(P;M). Thenbody™ (r) 6 ; holds
necessarilypy De n ition 5.2and# r equalstomaxf#bj b2 body* (r)g+
1. Thus#b < n holdsfor each b 2 body” (r) sothat we can conclude
maxf#bjb2 body" (r)g< 2'P 1bytheinductive hypothesisTherefore
#Hr< 2P,

Then supposehat#a = n for somea 2 M. By De nition 5.2, there
isaruler 2 SR(P;M) sud thatheadf) = aand#r = n > 1, too.
The de nition of # r implies the existenceof an atomb 2 body* (r) sud
that#b = n 1. It followsby the inductive hypothesighat thereis a se-

guenceof atomsay;:::;a, 1 from M sud thata, ; = band#a = |
foralli 2 f1;:::;n 1g. Byadling a in the end of this seaqience, we
obtain a seqience ay;:::;a, of atomsfrom M sud that#a = i for all
i 2 fl;:::;nganda, = a. If nisto bemaximal,thenay;:::;a, mustenu-

merateHb(P) aswhole,i.e.# a= n = jHb(P)j. Thenrecallthe de nition
ofr P. Asa2 Hb(P),wehavejHb(P)] 1sothatl log,(jHb(P)j+ 1)<
log,(jHb(P) + 2j) dog,(JHb(P)j + 2)e. The respectivgpowersof 2 yield
jHb(P)j + 1 < jHb(P) + 2j  2"P which impliesjHb(P)j < 2" 1. It
followsthat# a= jHb(P)j < 2P 1 asdesired. 2

The logarithmic factoremboded in r P formsan important designcrite-
rion for us,sincewould like to keepthe length of the translationjj Tr a1 (P)jj
aswell asthe translationtime proportionalto jjPjj r P ratherthanjjPjj
jHb(P)j. Hence we strivefor a sub-giadratictranslationfunction from P
to A. To getan idea of the potential behind sud an objective, we have
r P = 14for programs? with jHb(P)j = 1000Q for instance.

RepresentingBinary Counters

We haveto x somenotationin orderto dealwith binaryrepreseraitionsof
naturalnumbers. Given the number of bitsbandanaturalnumber0 n <
2° wewriten[i:::j], whereO< i j b forthe binaryrepreserdtion of
n from the i!" bit to the j 1 bit in the decreasingrderof sigri cance. Thus
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n[1:::b] givesacompletebinaryrepresemationfor n. Moreover,asaspedal
caseof this notation, we mayreferto the i™ bit by writing n[i] = n[i :::i].
Tedhnically speakingthe ideais to encodethe level number # a for a

j = r P. Sud avectorcan be understoodasa represerdtion of a binary
counterofj bits;the r standthe lastatomscorresponahg to the mostsigrif-
icant and the leastsign cant bits, respectively The ideais to equate bits 0
and 1 with the truth valuesfalseandtrue assignedo atoms sinceatomsmay
takeonly two valuesunder the stable model semantics.Becausehe forth-
coming translationis supposedo be an atomc normal program, positive

complementryatomssothat we can condtion ruleson both valuesof bits.
This is exactlythe technique that wasdemonstratedn Example4.20.In the
current setting, the idea s that the i bit of the binary counter assoiated
with the atom a takesthe value O (resp.l) if and only if & (resp.&) cannot
beinferred,i.e.the necativeliteral a (resp. &) issatis edin rule bodes.
In the seauel, we mayintroduce a binary counter of the kind abovefor any
atom a by subscriptingit with anindexi in therangeO < i j. Sud a
represerdition involvesa setof newatomsHbjCtr (a) de ned below.

De n ition 6.7 Givenanumberof bitsj andanatoma, let
(6.2) Hbf‘r(a):fai;aj0<i jg

In order to expresghe constraintson level numberings, asdemanded
by De n ition 5.2, we needcertain primitive operationson binary counters.
Theseprimitiveswill be usedassubprogramsf the forthcomng translation
Trat (P) for normal programsP. The r stsetof subprogramsaslistedin
Table 2, concentrate®n settingthe counters to particularvalues. The size
of eat subprograms governedoy aparametef which givesthe number of
bitsusedin the binary countersinvolved. The activation of all subprograms
is controlled by an additional atomc. The ideais that the respectivesubpro-
gramsareactivatedonly when c cannotbe inferred,i.e. c is assignedo false
under stablemodelsemanticsin the following, we givebrief descriptionsof
the r stthreeprimitives.

1. The subprogranSEL, (& c) selectsa value between0 and2 1 for

2. The programNXT (& b; ¢) bindsthe valuesof the binary counters as-
sogatedwith atomsaandb, respectivelysothatthe latteristhe former
increasedy one (modulo 2). We havechosenr P big enoughsothat
countersto be usedin the seaiel do not wrapin practice.

3. The lastsubprogranfIX; (& n; c) assigng xed value0 n< 2,in
the binaryrepreseration, to the counterasso@tedwith the atoma.

In addition to settingthe valuesof counters,wehaveto be ableto compare
them. Table 3 listsour basicprimitivesin this respect:iimplementationsof

the relations< and= asatomic normal programsOur explanationgollow.
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Primitive De nition

SEL (& ¢) = fa a ¢ a& a; cjo<i jg
NXT;(ab;0)=fb & &, b cjo<i<jg|
flo; &, G+, b, cjO<i<jgl

for & awa; cj0<i<ijgl

f o g, a+1; cjO0<i<jg]

fbor & by cjO<i<jgl

flo; &, b, cjO<i<jgl

fb, a, G b g; cg
FIXj(&n;c)=fa cjO<i jandn[i]=0g]
fa cjO<i jandn[i]= 1g

Table2: Primitivesfor selectingthe valuesof binary counters

4. The programLT; (& b; c) chedksif the value of the binary counteras-
socgated with an atom a is strictly lower than the value of the binary
counter asso@ted with anotheratomb. To keepthe programlinear

respondhg vectorof complementryatomswhich we assoiate with a
andb. The atomsdlt(a; b); andlt(a; b);, which referto the mostsign -
cantbits, capturethe resultof the comparison.In particular,note that
It(a; b); meansintuitively that the counter assoiated with the atom
a holds a value that is greaterthan or equal to the one held by the
counterassoated with the atomb. This relationwill alsobe needed
when comparingthe valuesof counters.

5. Quite similarly, the programEQ; (& b; ¢) chedksif the counters asso
ciatedwith the atomsa and b hold the samevalue. In this caseonly
two new atomseq a; b) and eq(a; b), which capturethe result of the
comparisonareneeded.

Our nextgoalis to spedy the expectedoutcomesof the primitiveslisted
in Tables2 and 3. However the correctnesproofsare postponeduntil Sec-
tion 9. Wheneverthe value of a counter of j bits asso@ated with an atom
aischosento be0 n < 2, the contribution of the respectiveprogram
SEL; (& c) isasetof atoms

(6.3) AT/"(a;n)=fajO<i jandn[i]= 1g]
fajOo<i | andn[i]= 0Og

giventhat the atom c is not inferable. The readermight ponderthe refer-
enceto the value n atthis paint, asthe choice of n isto be made. But when
SEL (& ¢) is usedasa subprogramthe stability condtion from De n ition
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Primitive De nition

LT;(a b; c) = flt(a b); a; b; cjo<i jgf
flt(a; b); a; b, It(ab)a; cjo<i<jgl
flt(a; b); a;, b; lt(ab)i.; cjo<i<ijgl

flt(a;b); lt(ab)i; cjO<i jg

EQ(abic) = feqab)  a; b; cjo<i jgl
feqab) & b; cjo<i jgl
feqab)  eqab); cg

Table3: Primitivesfor comparingthe valuesof binary counters

2.2impliesa xed point condtion on n sothatanyvalue of n in the range
from0to 2  1ispossible.The effecta subprograniNXT  (b; & c) is sup-
posedo bethe samesetof atoms(6.3) giventhatthe counterasso@tedwith
someotheratomb is holding avaluem sud thatn = m+ 1 mod 2.

In analogyto the precedng two subprogramswe haveto de ne the re-
sult of a subprogramlT; (a; b; c) when the atomc is assignedo false. It is
assumedn (6.4) below that the valuesof the counters asso@ted with the
atomsa andb aren andm in therangesD n < 2 and0 m < 2,
respectivelyThen let

(6.4) AT[(a;n;b;m) =

flt(gzb)i jO<i jandn[i:::jl<mfi:::jlo]

flt(xb); jO<i jandnfi:::j] m[i:::j]o:

Note that c is neglectedin (6.4), asno atom can be inferred by the rules
of LT; (& b;c) when c is inferable;i.e. assignedo true in a stable model.
The resultof testingthe equality of the countersis de ned analogouslyThe
outcomefor EQ; (& b; ¢), when c is not inferable, is the following:
(6.5) AT %(an;b;m)=feqab)jn=mg[ feqab)jné mg:

On the otherhand, givenan atoma andasetof atomsN — sud asastable
model of a programinvolving the subprogramsinder consideration— we

X
(6.6) vali(aN)= f2 'jo<i janda 2 Ng:

It followsthatval;(a;N)[i] = 1 () & 2 N holdsforeahh0< i j.
Moreover,we haveval; (a; ATJ-‘:”(a; n)) = nforanyn forwhich0 n< 2.

A Non-Modular Translation Function Trat

In the sequel, we will composea non-modulartranslationfunction Trat in
four stepscorresponthg De n itions 6.8—6.11to be presentedIn eadt de -
nition, we spedfy a subtranslatior(sayTrsys(P)) of Trat (P) aswell asthe
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setheadTrsyg(P)), which determinesthe atomseffectivelyde ned by the

subtranslationlrsyg (P) in question. Thesesetswill be disjant for the four

subtranslationso be presented.To adieve faithfulness,one of the aimsis

to captureead stable model M of a normal logic programP asa stable

modelN of Trat (P) which isan atomic program.In the subsegent discus-
sion,M andN aresupposedo form a pair of stablemodelsin a one-to-one
correspondenceasinsistedby faithfulness.The r st part of the translation
Trsupp (P) aimsto capturea supportedmodel M of the programP andto

de ne the complementairyatomafor eaty atoma 2 Hb(P).

De n ition 6.8 Foranormal programP , de ne anatomc normal program

(6.7) Trsupp(P) = fa aja2 Hb(P)g[
f bt(r) body* (r); body (r)jr 2 Pg|
fot(r)  bt(r)jr 2 Pg[
f head() bt(r)jr 2 Pg:

The setof atomshead Trsypp (P)) is

(6.8) head®P) [ faja2 Hb(P)g[ fbt(r);bt(r)jr 2 Pg:

In principle, it would be suf cientto rewritearuler 2 P as
(6.9) head() body* (r); body (r);

but other partsof the overalltranslationrequire usto determne when the
bodyofr is true. This is why new atomsbt(r) andbt(r) areintroducedfor
eadq r 2 P. Note that copyingthe transformedbodyof r to other partsof
the translationwould imply a quadraticblow-upandwe needbt(r) for eah
r 2 P in orderto savespace. The next part of the translationintroduces
countersthatareneededto represent levelnumbering canddate.

De n ition 6.9 For anormal programP, de ne anatomc normal program
(610) TrCT (P) =

[SEL p(ctr(@);@) [ NXT,p(ctr(a); nxt(a);a)] [
a2Hb(P)
FIX, p (ctr(r); 1;bt(r)) [
r2P andbody™* (r)=;
SEL, p (ctr(r); bt(r)):
r2P andbody® (r)6;

Conseaiently, the setof atoms

(6.11) head(Trcrr (P)) = [ [Hby': (ctr(a)) [ HbS (nxt(a))] [
a2 Hb(P)

AT (ctr(r); 1) [
r2P andbody* (r)=; [

r2P andbody® (r)6;

HbCE (ctr(r)):
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In this way, two new atomsctr(a) and nxt(a), which actasnamesof two
counters,areintroducedfor eat atoma 2 Hb(P). The eventualpurposeof
thesecountersisto hold the values# aand# a+ 1, respectivelyin casethat
abelonggo the domainof alevelnumbering# ,i.e.a2 M or equivalently,
a 62N . However,atthis point, the primitivesincluded in Trcrr (P) choose
avaluefor ctr(a) andde ne the value of nxt(a) asthe successoof the value
of ctr(a) modulo 2" P. Quite similarly, anewatomctr(r) andthe respective
counteris introducedfor eath r 2 P to eventuallyhold #r whenr isin
the domainof#, i.e.r 2 SR(P; M), or equivalentlybt(r) 62N. In caseof
an atorric rule r 2 P with body* (r) = ;, the counterctr(r) is assigned
xed value 1 andno choice is made.Note thatsud a spedal restrictionisin
accordancewith De n ition 5.2.

ThetranslationTrcrr (P) issuf cient for choosingacanddatelevelnum-
bering for a supportedmodel M of P thatis to be capturedby the rulesin
Trsupp (P). We haveto introduce constraintsin order to ensurethat the
canddate is indeed a level numbering, asdictatedby De n ition 5.2. We
start with the condtions imposedon rulesr 2 P andin particular, when
r 2 SR(P; M) holds,i.e.M E body(r). This explainswhy bt(r) isusedasa
controlling atomin the forthcoming translation.Asexplainedabovethe case
of atomic rulesr 2 P with body* (r) = ; is alreadycoveredby Trerr (P)
which assign® xed value — the natural number 1 — to ctr(r). But for
non-atomic rulesr 2 P with body* (r) 6 ;, the maximization principle
from De n ition 5.2mustbe expressed.g.asfollows.

De n ition 6.10 Letx be anewatomnot appearingn Hb(P). For an non-
atomc ruler 2 P andanumber of bitsb, de ne

[
(6.12) Truax (r;b) = Truax (r; b;a)
a2body™* (r)

whereforanya 2 body* (r), Tryax (r;b;a) =
LTu(ctr(r); nxt(a); b(r)) [
EQy(ctr(r); nxt(a); bt(r)) [
fx x; bt(r); lt(ctr(r);nxt(a)) 9]
fmaxr) bt(r); eqctr(r); nxt(a))g:

For anormal programP, de ne anatomic normal program

[
(6.13) Truax (P) = Tryax (r;r P) [
r2P andbody* (r)6;

fx X; bt(r); maxr)jr 2 P andbody’ (r) 6 ;g:

Conseaiently, the setof atoms

(6.14) head(Tryax (PE) = fxg[ fmaxr)jr 2 P andbody® (r) 6 ;g [

HBES (It(ctr(r); nxt(@)) [
r2P anda2body™ (r)

feqctr(r); nxt(a)); eqctr(r); nxt(a)) jr 2 P anda 2 body” (r)g:
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An informal descriptionfollows. The rulesin Tryax (r;r P; @) areto be
activated for a non-atomc rule r 2 SR(P; M) and a positivebody atom
a 2 body" (r). Asaconsegence,the value held by ctr(r) mustbe greater
thanor equal to the value of nxt(a) which issupposedo bethe valueof ctr(a)
increasedyy one. In addition to this,the rulesfor maxr) in Tryax (r;r P; )
andTryax (P) makethe value of ctr(r) equal to the value of nxt(a) for some
a 2 body" (r). Thusthe value of ctr(r) mustbe the maxinrum amongthe
valuesof the counters nxt(a) assomated with the positivebody atomsa 2
body™ (r). This conformsto the de nition of # r givenin De n ition 5.2.

Let us then turn our attentionto atomsa that are assignedo true in a
supportedmodel M of P. By De n ition 5.1 sud an atommusthavearule
r 2 SR(P; M) sud thatheadr) = a. Moreover,the levelnumber# ais
de ned asthe minimum amongthe respectiveulesby De n ition 5.2.

De n ition 6.11 Lety be a newatomnot appearingn Hb(P). Foraruler
andanumber of bitsb, de ne Try (r;b) =

LT (ctr(r); ctr(head(r)); bt(r)) [

EQy(ctr(r); ctr(head()); bt(r)) [

fy y; bt(r); lt(ctr(r); ctr(head()))9[

f min(head(r)) bt(r); eqctr(r);ctr(head()))g:

For anormal programP, de ne anatonic normal program

(6.15) Trum (P) = | Trvn (r;r P) [
r2p

fy y, & min(a)ja2 Hb(P)g:
Then the setof atoms

(6.16) head(Tryn EP)) = fyg[ fmin(a) j a2 headP)g]|
HCE (It (ctr(r); ctr(head(r)))) [

r2pP

feqctr(r); ctr(head())) ; eqctr(r); ctr(headr))) jr 2 Pg:

Givena2 M andaruler 2 SR(P; M) sud thatheadr) = a, therules
in Tryn (r; r P) makethe value of ctr(a) lowerthan or equal to the value of
ctr(r). Moreover,the rulesfor min(a) in Tryy (P) ensurethat the value of
ctr(a) equalsto the valueof ctr(r) for atleastonesud rule r. In thisway, the
value of ctr(a) becomesecessarilyhe minimum, which isin harmonywith
the de nition of # ain De nition 5.2. We arenow readyto formulate Trat
which isbasedn the four sub-translationgresentedn De n itions6.8-6.11.

De n ition 6.12 Given a normal programP, de ne an atonic normal pro-
gram

Trar(P) = Trsupp(P) [ Trerr (P) [ Trvwax (P) [ Trvn (P)
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andHb,(Tratr(P)) = ;,asHb(P) Hb(Trar(P)) =
Hb(Trsupp (P)) [ Hb(Trcrr (P)) [ Hb(Trmin (P)) [ Hb(Trumax (P)):

The visiblepartHb, (Trat (P)) isde ned asHb, (P).

Byinspectingthe four partsof Trat (P) oncemore,wenotethat Trar (P)
can be formed in a verysystematidashionby generatingcertain rules for
eahir 2 P anda 2 Hb(P). However,Trat is not modular in the sense
de ned in Section3.3. A sourceof non-modularityis hiddenin the number
of bitsr P involvedin Trar(P). Given two programsP and Q satisfying
module condtions M1-M4, it is still possiblethatr P < r (P [ Q) and
rQ<r(P[ Q). Asaconsegence,the countersinvolvedin Trat(P) and
Trat(Q) arebasedn toofewbits,which impliesthatTrat (P) andTrat(Q)
cannotbe joined togetherin orderto form the translationTrat (P [ Q).

Example6.13 Due tothenumberofrulesgeneratedyTr a7, letusconsider
alogic programP which containsonlyoneruler = a  a. To giveabetter
ideaof therulesincludedin Trat(P), acompletelisting of the translationis
givenin Figure 3 on page54. Note that atomsarewrittenin a at notation
to enable computationswith SMODELS [41]. Moreover,complementary
atoms(sud asafor a) arepre xed with * ”. Usingtheseprinciples,e.g.
the atomlt(ctr(r); nxt(a)), isrewrittenas . Wemay
now usesMODELS to computethe only stablemodel of the translation:

In our previousnotation, this is a sablemodelN = fbt(r);ag of Trar (P)

which correspondso the only stablemodelM = ; of P. Note thatthe rest
of the translation(Trctr (P), Truax (P), and Try (P)) is inactive given
that bt(r) anda aretrue. The lastline of the output indicatesthat Trar (P)

doesnot havefurther stablemodels;nor doesP . However jf wedropthe last
threelines from the translationgivenin Figure 3, we obtain four additional

stablemodels.One of them assignsrue atomsthat arelistedbelow:

Accordng to this stablemodel, sayN °, we havea situationin which a ewalu-
atesto true. Thisimpliesthatthe bodyofr is satis ed,i.e. bt(r) istrue. The
counters ctr(a), nxt(a), and ctr(r) hold the values01, = 1, 10, = 2, and
10, = 2, respectivelyMoreover, the value held by ctr(r) is detectedo be (i)
greaterthan or equal to the value held by nxt(a) and (ii) equal to the value
held by nxt(a). Thusctr(r) holdsa maximum value, which is indicated by
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maxr) beng true. Finally, the value held by ctr(r) is not lower than that
held by ctr(a). However,the valuesare not equal, which indicatesthat the
value held by ctr(a) is not appropriateasa minimum and this is why min(a)
remainsfalsein N° This revealshow the lastthree lines of the complete
translationasgivenin Figure 3 invalidateN °asa stablemodel of Trat (P).

Correctnessof the Translation Function Trat

Let usthen addresghe correctnessf the translationfunction Trat. In order
to describethe correspondencédetweenstable models, the following def-
initions make explidt how a stable model M of a normal programP can
be extendedto a stable model N of the translationTrar(P). This is be-
causeTrar(P) involvesmany new atoms,the truth valuesof which have
to be determined. Firstof all, we deal with atomsthat are essentiallyde-
ned bytherulesof Trsypp (P) andde ne the respectiveextensioroperator
Extsupp (P; M) for P andM below. Recallthatin addition to reprodudng

M, this partof the translationis responsibldor de ning the complementry
atomsa, for which a 2 Hb(P), andthe atomsbt(r) andbt(r), which detect
the satishction of body(r) for rulesr 2 P. Out of theseatoms,the ones
included in the setExtsypp (P; M) de ned below are supposede true in

the corresponithg stablemodelN of Trat (P).

De n ition 6.14 For a normal programP and an interpretation M of P,
de ne EXtSUPP(P; M ) =

(6.17) M [ faja2 Hb(P) Mg]
fbt(r)jr 2 SRP;M)g[ fbt(r)jr2 P SR(P;M)g:

By the following de nition, we introduce similar extensionoperatos for
the other partsof Trar(P). For instance, the rulesin Trcrr (P) arere-
sponsiblefor selectingcorrectvaluesfor the counters whosepurposeis to
capture the unique level numbering # w.r.t. M. Asa result, the atoms
in Extcrr (P; M;#) oughtto be markedtrue in N. The lasttwo partsof
the translationcontribute atomsinvolvedin the constrainton the valuesof
the counters, which implement the maximization/minimization principles
from De n ition 5.2. Again, the respectiveextensionoperatos Extyax and
Extyin determne which atomsevaluateto true givenP, M , and# .

De n ition 6.15 For a normal programP, an interpretation M of P, and
afunction# : M [ SRP;M) ! f0;:::;2"P 1g, de ne the following
extensioroperatos:

[
(6.18) Extcrr (P;M;#) = AT (ctr(a); # a) [
a2M
AT (nxt(a); # a+ 1 mod 2" )] [
az2M
[ ctr
AT/ p(ctr(r); 1) [
r2SR(P;M ) andbody™ (r)=;
AT (ctr(r); #1):
r2SR(P;M ) andbody™ (r)6;
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(619) EXtMAx (P, M ,#) =
E‘ma)(r)j r 2 SR(P; M) andbody™ (r) 6 ;g [
AT!, (ctr(r); # r;nxt(a); # a+ 1mod 2" 7) [
rZSR(P;M)andaleody"(r)
AT (ctr(r); # r;nxt(a); # a+ 1mod 2" 7):
r2SR(P;M ) anda2body™* (r)

(6.20) ExtM”T(P;M;#) =fmin(a)ja2 Mg]|

AT!, (ctr(r); # r; ctr(head(r)) ; #head(r)) [
r2SR(P;M)

AT S (ctr(r); # r; ctr(head(r)) ; #head(r)):

r2SR(P;M)

The four extensionsoperatos introduced so far are combined into one
extensionoperatorfor the whole translationTrat (P). It shouldbe yetem-
phasizedhatthe four setsof atomsinvolvedin De n ition 6.16aredisjaint.

De n ition 6.16 Foranormal programP, aninterpretationM  Hb(P) of
P,andafunction# : M [ SRP;M)! f0;:::;2"P 1g,dene

(6.21) Extar(P;M;#) = Extsupp(P;M) [
Exterr (P;M;#) [ Extuax (P;M;#) [ Extuin (P;M;#) :

The correctnes®f the translationfunction Trt is addressedn Proposi-
tions6.17and6.19aswell asTheorem®6.20.

Proposition 6.17 LetP be a normal program. If M is a stable model of P
and# isthe corresponahg levelnumberingw.r.t. M , thenthe interpretation
N = Extar(P;M;#) is a stable model of Trar(P) such thatM = N \
Hb(P).

De n ition 6.18 Let P be a normal program,N Hb(Trar(P)) anin-
tempretation of the translationTrar(P), andM = N \ Hb(P). Dene a
function# :M [ SRP;M)! f0;:::;2"P 19 bysetting

1. #a= val p(ctr(a);N) foratomsa2 M, and

2. #r = val p(ctr(r); N) forrulesr 2 SR(P;M).

Proposition 6.19 Let P be a normal program. If N is a stable model of
the translationTrat (P), thenM = N\ Hb(P) is astablemodelof P and
N = Extar(P; M;#) where# isde ned asin De n ition 6.18.

Theorem6.20 P ¢ A.

However,due to the sizeand intricacy of Trat, the correctnesgproofs
appearseparatelyn Section9. An important subsidgary notion usedin the
proofsis the one of local stability givenin De n ition 6.21belon. Aseshb-
lishedin Theorem6.22,atomc programdend themselveso localizing the
xed point condtion behindthe stablemodel semanticsConsegently, the
proofsfor Proposition$.17and6.17canbe devisedne partatatime.
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De n ition 6.21 Aninterpretationl islocally stablew.r.t. anormal program
P if andonlyif | \ headP) = LM(P").

Theorem6.22 LetP,;:::; P, beatomic normalprogramssugw thatthe sets
headP;);:::;headP,) form apartition ofheadP) forP = ~_, P;.
For any% f1;:::;ng, aninterpretationM  head(P) islocally stable
wrt.Ps= ,5Pi () M islocallystablew.r.t. P; forevery 2 S.
Moreover,an interpretation M Hb(P) is a stablemodel of P ()
M  head(P) andM islocally stablew.r.t. P; foreveryi 2 f1;:::;nq.

PROOF. Let us pick any setof indic%ss fl;:::;ng. (=) )LetM
headP) belocally stablew.r.t. Ps = ,,5 Pi. Thuswehave

M\ h§ad(si25Pi)
M\ ( ;,5headP;))
LM(RS")
LM(G 125 P)™)
EM( 25 PM)

i2s LM(PM)

M \ headPs)

(6.22)

where the last equality holds by Lemma 4.9, asPM is atomic and posi-
tive foreath i 2 S. Then consideranyindexi 2 S. Lemma 4.9 im-
pliesthat LM(P&) = headPM)  headP;). Moreover,the properties
of P imply that ;,5headP;) formsa partition of headPs). ThusM \
headP;) = LM(PM) follows by intersectingboth sidesof the equation
(6.22) with headP;). To conclude, M is locally stable w.r.t. P; for every
i 2 S.

( ( = ) Supposethat M headP) is locally stable w.r.t. P; for every
'52 S. ThusM; = M\ headP;) = LM(PM) holdsforalli 2 S. Since
Sizs head%) formsa partition of headPs), we obtain M \ headPs) =

s Mi = ., LM(PM). SincePM isatomic and positivefor eadh i 2 S,
we obtain by Lemma4.9that

M \ headPs) SizssLM(PiM)
LM ("gps PM)
LM (" s POM)
LM (PM):

ThusM islocally stablew.r.t. Ps.
For the lastclaim, we note that M Hb(P) is a stablemodel of P, i.e.
M =LM(PM) () M headP)andM islocallystablew.r.t. P. 2
In analogyto the classe®f positiveprogramsthe four classe®f normal
programgesidein the sameexpressivenestassf measuredythe existence
of polynomal andfaithful translationfunction, i.e. the relation gy .

COfOllary 6.23 A =pr U=pg B=p P.

On the otherhand, let us consideranyclassC 2 fA ;U;B; Pg. It follows
by Proposition3.18that C" pr Cand by Theorem4.23thatC 6 pr C'.
ThusC" <pr Choldsfor all represerdtivesof the two expressivenestasses.
The resultinghierardy of classesf logic programssillustratedin Figure 2.
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6.3 Propositional Logic Revisited

50

In general,it is verychallengingto translatea normal programP into a set
of clausessothat a one-to-onecorrespondencef modelsis obtained. For
instance,the approat [5] by Ben-Eliyahu and Dechter is basedon a trans-
formation that is clearly polynomial, but the producedsetof clausesnay
possessultiple modelscorresponiahg to one stable model of P. However,
atomc programgrovidea promisingintermedary represeration thatis rel-
atively straightfonard to translateinto a setof propositionalclauses.Here
we can apply Clark's programcompletion asestablishedby Fageq14], but
new atomshaveto be introducedby the translationfunction Trc, in order
to keepthe translationfunction linear; or evenpolynomal in the r stplace.

De n ition 6.24 For an atommic normal programP 2 A and an atoma 2
Hb(P), letDefp(a) = fr 2 P j head() = ag andde ne the setof clauses

TreL (g P) = ff &: bt(r)gj a2 Hb(P) andr 2 Defp (a)g [
fi: ag[ fbt(r)jr 2 Defp(a)gja2 Hb(P)g[
ff bt(r)g[ body (r)jr 2 Defs(a)g[
ff: bt(r);: cgjr 2 Defp(a) andc 2 body (r)g

wherebt(r) isanewatomforeadr 2 P and

[
Trel (P) = Treo (e P):
a2Hb(P)

The HerbrandbaseHb(Trc. (P)) equalsto Hb(P) [ fbt(r) j r 2 Pg with
Hb,(TrcL (P)) = ;. ThevisiblepartHb, (Trc  (P)) = Hby(P).

The intuitive readng of bt(r) isthe sameasin Section6.2,i.e.bt(r) issup-
posedto be true wheneverthe bodyof the rule r istrue. Roughlyspeaking,
the clausesn the translationensurethat everyatoma 2 Hb(P) is logically
equivalentto the disjunction of all bodesof rulesr 2 P with headr) = a
More predsely clauseofthe r sttwokindsin Trcv\ga; P) enforcethe equiv-
alenceof eah a 2 Hb(P) with the disjunction fbt(r) j r 2 Defp(a)g.
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On the other hand, eat disjunct\pt(r) is madeequivalent to the conjunc-
tion of neaative(classical)iterals f. c¢j c2 body (P)g by clausef the
lasttwo kindsin Trc, (& P). The net effectis Clark's completion for eath
a2 Hb(P). Thisleadsto atight correspondencef modelsasdescribechext.

De n ition 6.25 Givenaninterpretationl  Hb(P) of P 2 A, de ne
Extcc (P;1) =11 fbt(r)jr 2 SR(P;1)g:

Proposition 6.26 Let P be an atormic normal program.If M Hb(P) isa
supportednodel of P, thenN = Extc, (P; M) isamodelof Tre (P) sudh
thatM = N\ Hb(P).

PROOF. Let M be a supportedmodel of P and let us assumehat N 6j
Trcp (P) holdsfor the interpretationN = Extc (P; M ). Four casesrise.

1. SupposehatN 6j fa;: bt(r)g forsomea 2 Hb(P) andr 2 P sud
thathead() = a The truth de nition of clausesmpliesa 62N and
bt(r) 2 N. Thena 62M andr 2 SR(P; M) follow by the de ni-
tion of N. ThusM F body(r) andM 6j headr),i.e.M 6 r, a
contradction.

2. AssumeahatN 6j f: ag[ fbt(r) jr 2 Defp(a)gforsomea?2 Hb(P).
It followsthata 2 N andbt(r) 62N foread r 2 Defp(a). Thenthe
de nition of N impliesthata2 M andr 62SR(P; M) foreathr 2 P
with headr) = a. A contradction, asM isasupportednodelof P.

3. Considerthe casethat N 6§ fbt(r)g[ body (r) for somer 2 P.
It followsthat bt(r) 62N andc 62N for ead ¢ 2 body (r). The
interconnectionof N andM impliesr 62SR(P; M) andc 62M for
ead ¢ 2 body (r). Sincer isatomc, weobtain M F body(r), i.e.
r 2 SR(P; M), acontradction.

4. SupposehatN 6 f: bt(r);: cg forsomer 2 P andc 2 body (r).
Thenbt(r) 2 N andc 2 N hold by the truth de nition. The de ni-
tion of N impliesr 2 SR(P; M) andc2 M. ButthenM & cholds
andwehaveM 6 body(r) aswell asr 62SR(P; M ), a contradction.

Henceour assumptiormustbewrong,i.e.N E Tr¢ (P) musthold. 2

Proposition 6.27 LetP be an atomic normal program. If an interpretation
N  Hb(Trc (P)) isa(classicalmodelTrc (P), thenM = N\ Hb(P) is
asupportednodel of P sudh thatN = Extc (P; M).

PROOF. Let N be a model of Trc (P). Let us r steshblishthatN =
Extc  (P; M) holdsforM = N\ Hb(P). This bails down to estblishing
thatbt(r) 2 N () r 2 SR(P;M) holdsforallr 2 P. Solet usconsider
anyruler 2 P. ( =) ) Assumethatbt(r) 2 N, i.e. N F bt(r). Since
N F Trc (P), wehaveN F f: bt(r);: cgforanyc 2 body (r). It follows
thatN F :c i.e.c 62N. Sincec 2 Hb(P), we obtain c 62M. Thus
M E cforeadc2 body (r). ThisimpliesM E body(r), asr isatomic,
andr 2 SRP;M). (( = )Supposahath) 62N. Thatis,N 6§ bt(r).
SinceN E Trc (P), weknowthatN E  body (r). Then thereis an
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atomc 2 body (r) sud thatN E c. Then the de nition of M implies
c2 M,asc 2 Hb(P). ButthenM & csothatM & body(r). Thus
r 62SR(P; M).

Let usthen assumahatM 6 P. Thenthereisaruler 2 P sud that
M 6 r,i.e.M F body(r) andM 6 headr). It followsthatr 2 SR(P; M)
and headr) = a 62M. SinceN = Extc (P; M), we obtain bt(r) 2 N
anda 62N . ThisimpliesN 6j fa;: bt(r)g bythe truth de nition of clauses.
HenceN & Trc (P), acontradction.

Finally, we supposé¢hat M isnot asupportednodel,i.e.thereisanatom
a2 M sud thatr 62SR(P; M) forallr 2 P sud thathead() = a. Since
a2 Hb(P),wehavea2 N, too. In addition, the factthatN = Extc (P; M)
impliesbt(r) 62N foreat r 2 Defp (a). It followsthatN 6 f: ag[ fbt(r) j
r 2 Defp (@)g. Therefore,we haveN & Trc (P), a contradction. Hence,
M is necessarila (supportedmodelof P. 2

Example6.28 A logic programP consistingof tworulesr; = a aand
r,=a b hasunique stablemodelM = fag. On the otherhand,

Tree(P)=f a_:bt(ry);a_: bt(ry);: a_ bt(ry) _ bt(rp);: b;
bt(r;) _a;: bt(ry) _: abt(ry) _b;: bt(rp) _:bg

hasa uniqgue model N = fa;bt(r,)g, asinterpretations are restrictedto
Hb(TrcL (P)) = fa; b; bt(r,); bt(r,)g.

The translationfunction Tr¢, isclearlynon-modular,sincethe clauseof
thetypef: ag[ fbt(r) j r 2 Defp (a)g createa dependencybetweenrules
possessinthe sameheada. Let usthen addresspolynomiality and faithful-
nessassuggestedby the one-to-onecorrespondencebtained in Example
6.28.

Proposition 6.29 Let P be an atomic normal program.ThenM  Hb(P)
isastablemodel of P if andonly if M is asupportednodel of P.

PROOF. ( =) ) This holds by Proposition5.7 despitethe fact that P is
atomc. (( = ) Let M beasupportednodelof P. Let usde ne afunction
# fromM [ SR(P;M)toN sud that#a= 1foralla2 M and#r = 1for
allr 2 SR(P;M). SinceP isatomic, wehavebody® (r) = ; foreveryr 2 P
andit iseasyto inspectfrom De n ition 5.2that# isalevelnumberingw.r.t.
M. ThusM isastablemodelof P by Theorem5.8. 2

Theorem6.30 A pg SC.

PROOF. A atomcruler = a Ci;:::; GCm consistof3m + 2 symbols
if eadh atomcountsasone symboland one symbolis reservedor separating
it from otherrules. The translationfunction Trc, translates effectivelyinto

which contain 10m + 11 symbols— including separatingcommas. In ad-
dition, the rule r contributesone literal to f: ag[ fbt(r9 j r°2 Defp(a)g
which producestwo additional symbolsfor r and 4 symbolsfor ead a 2
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Hb(P). Thusanatonic programP consisting)fli,rzp(B jbody (r)j+ 2)
symbolsis translatedinto Trc (P) consistingof ,5(10 jbody (r)j +
13)+ 4 jHb(P)j symbolsThetranslationTrc_ (P) canbeproducedby go-
ing throughthe rulesof P, creatingthe clausesn (6.23),andkeepingan ac-
count of atomsthatappearasheadsn therules. The clausef: ag[ fbt(r9 j
r°2 Defp (a)g needsto be createdfor such atoms. Thus we conclude Tre,
to be polynomial.

Then we needto establishthe faithfulnessof Tre . Let P be an atomc
normal program. Note that Hb(P)  Hb(Trc (P)) andHb,(Trc (P)) =
Hb, (P) hold directly by De n ition 6.24.1t followsby Proposition$.29and
6.26that thereis an extensionfunction Extc. : SM(P) I CM(Tr¢ (P))
thatmapsM 2 SM(P) into N = Extc. (P; M) includedin CM(Tr¢. (P))
sud thatM = N \ Hb(P). Moreover,Propositions.27 and 6.29 imply
thatthatif N 2 CM(Trc (P)), thenM = N\ Hb(P) 2 SM(P) and
N = Extc (P;M). ThuswemayconcludeTr¢, to be faithful by Theorem
3.19. 2

Corollary 6.31 SC=pg A =pg U=p B=p P.

Corollary 6.32 C" <pr SCholdsforanyC2 fA ;U;B;Pg.
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Figure 3: A translationof a normal programinto atommic one
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7 RELATED WORK

Letus r stcommenton the majorchangeso anearlierpublisheddraftof this
report[24] in which the systematiclassi cationmethodfor logic programs,
aspresentedn Section3.4,wasinitiated. In contrasto [24], slightlydifferent
requirementson translationfunctionsarecurrentlyimposedin Section3.3.

1. Firstly, the notion of modularityis now more ne-graineddueto mod-
ule condtions M1-M4 introducedin De nition 3.15. Thatis, (3.6)
is supposedo hold in limited contextwhile P and Q can be arbi-
trary accordng to [24]. Moreover,our earlierapproat assumeshat
Tr(P)=PforallP 2 GifTr:G! GandG G,ie. G hasa
morerestrictedsyntaxthan G,. The net effectis that

(7.1) Tr(P[ Q=P[ Tr(Q)

shouldhold forall P 2 G andQ 2 G wheneverG, G, if Tristo

be modular. This notion producesanalogousntranslagbility results
givenachain of classesf logic programs— like A U B Pin

[24] andthis report. However problemsariseif classesyhich aresyn-
tacticallydifferent, sudy asSC distinguishedin Section3.1,aretaken
into consideration.Then it is not guaranteedhat the compositionof
modular translationss modular (c.f. Proposition3.17). Moreover, it

is not clear how to interpret (7.1) if P and Tr(Q) belongto synacti-
cally different classesf logic programs.For thesereasonswe employ
aweakemotion of modularityin this report. Asaconsegence,thein-

translaability resultsobtainedin Section4 becomestrongethanthose
establishedin [24].

2. Afurtherdifferenceconcernghe notion of faithfulnessin [24], afaith-
ful translationfunction Tr : G, ! G mustsatishiHb(P)  Hb(Tr(P))
andtheremustexista bijectionf : Sem, (P) ! Sent,(Tr(P)) sudh
thatM = f (M)\ Hb(P) forallM 2 Seny, (P). Comparedto this,we
employ a weakemotion of faithfulnessin this report. This is because
the notion of faithfulnessis restrictedto visible atomsonly, and it is
enoughthat the semanticss preservedip to Hb,(P) Hb(P). That
is,Hb,(P) = Hby(Tr(P)) andM \ Hb,(P) = f (M) \ Hb,(Tr(P))
in the bijectiverelationshipdescribedabove Again, the weakemotion
of faithfulnesssin favorof the intranslagbility results which become
strongetin thisway.

Otherwise the resultingclassi cationof logic programsare analogougFig-
ure 1 vs.[24, Figure 2]), exceptthatthe comparisonwith propositionalogic
is more natural using the current criteria, becausepolynomiality, faithful-
nessandmodularityareproperlypreservedindercomposition.By desigring
therelations prv, <prm, =pPrum» - - - Dasedon thesepropertieswe haveac-
commodatedthe classi cation method proposedfor non-monotonc logics
[22, 26] to the caseof logic programs.The frameworksare analogousput
somewhat different. Most importantly, the semanticsof a non-monotoric
theoryis determined by a setof extensionsvhich aretypicallypropositionally
closedtheorie$. In contrastto this, we assumehat the semanticsf a logic

5Recallthat a propositionallyclosedtheoryis fully deternined by the setof its models.
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programP is determned by a setof interpretations/models.The notionsof
modularity arealsodifferentdue to major synactic differences.

Letusthenbrie y commenton computationalcomplexity Asestblished
by Marekand Truszczyski[34], the problemof chedking whetheranormal
logic programP hasa stable model formsan NP-completededsion prob-
lem. The translationfunction Trat presentedn Section4.4impliesthatthe
satis ability problem SAT is polynomial time redudble to the problem of
cheding whetheran atommic/unary/binarynormallogic programhasa stable
model. This indicatesthat the computational complexityof the latter prob-
lem remainsNP-completeunder the three syntctic restrictionsusedin this
report. This indicatesthat the expressiv@owers of the classe#\, U, and B
cannotbe differentiatedin termsof tradtional complexitymeasuresln con-
trastto this,therelation< ppy basedn the existencefapolynomial, faithful
and modulartranslationfunction enablesusto detectstrictdifferences.This
is mainly becausehe redudbilities involvedin complexityresultspreserve
only the yes/nocanswesto dedsion problems.Otherwisetransformationde-
tweendedsion problemscanbe arbitraryaslong astheyremaincomputable
in polynomal time. Asit isclearby Theorems4.7,4.10,4.18,4.21,4.23,and
4.29presentedn Section4 faithfulnessand modularityplayacentralrole in
our intranslagbility results.

Asshavn in Section4.4, normal programscannotbe translatednto sets
of clausesn afaithful and modularway Niemel&[36, Proposition4.3] pro-
videsaformal counter-examplén thisrespectfoo, but the resultis basecn
quite different notionsof faithfulnessand modularity: the existenceof mod-
elsisto be preservedandTr isconsideredmodularif P[ F andTr(P)[ F
are equally satis ablewhere F is a very simple program, namely a set of
facts;or a positiveatomic programin our terminology. Of course,the aim
Is to makethat particular intranslatbility result asstrongaspossible. De-
spitethis particularintranslagbility result,the compositionof the translation
functionsTrar and Trg. from Section6 is suf cient to reducenormal logic
programsnto propositionalsatis ability. The resultingtranslationfunction
is de nitely not modular, but still highly structural so that actual transla-
tions can be computedin a quite systematidashion. On the other hand,
Niemela[36] presentshe basictechnique to exprespropositionakatis abil-
ity problemsasnormallogic programs— the objectivebeng to preservehe
existenceof models. However,the translationfunction Tr p from Section
4.4is designedo meetstrongercriteria. First,a one-to-onecorrespondence
of modelsis esablished. Second,particularattentionis paid to makeTr p
modularsothatclausexanbetranslatednto ruleson clause-by-claudeasis.

Partial evaluationtechniqueshavebeenintroducedto unfold rulesof pro-
gramsin a semanticgreservingvay A goodexamplein this respectis an
approat by Brassand Dix [6]. They proposeequivalencetransformations
for normal and disjunctivelogic programsaunder the stablemodel semantics
[18]. Let usdescribehesetransformationgn caseof normallogic programs.
Two of their transformationsliminate tautologicaland inapplicablerules,
which arerules(2.1) sudh thata = g for somei, andrules(2.1) sud that
g = by for somei andj, respectively The third transformations particu-
larly interestingfrom the perspectiveof this report, asit affectsthe number
of positivebodyliterals.When arule (2.1)in anormal programP is partially
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ewaluatedwith respecto one of its positivebodyliteralsa;, it isreplacedby a

rule
a a;::58 150500841 an; byl by disiin;od
for everyrule a Ci;:::;C; dqi;:::; d of P havingg asthe head. In

this way, the positiveoccurrencesof g are replacedby ead rule de ning
a;. Thus,partialevaluationmayhavea quite oppositeeffectcomparedo the
goalsof this paper,asit might increasehe number of positivebodyliterals. It
is quite easyto seethatthe translationfunction Trpg corresponahg to partial
ewaluationis not modular. It is alsopossibleo constructexamplegor which
Trpe causesn exponentialblow-upin the length of the program.

Antoniou etal. [1] applyamodularitycondtion when developingnormal
formsfor Nute's defeasibldogic [37]. Although defeasibldogic is basedon
a completelydifferent semanticsijts rule-basedsyntix makesit reminiscent
of normal programs. Thus a comparisonis called for. Firstly, Antoniou et
al. considera translationfunction Tr to be correct if D | (p) Tr(D) for
everyD. Here denotessemanticalkequivalence,i.e., the theoriesyield ex-
actly the sameconclusionsin the languageL (D) of D. This is somevhat
analogoudo the notion of faithfulnessemployedin this paper,but certain
differencesremain. The r stis due to the proof-theoreticsemanticsf de-
feasiblewhich assigns unique setof conclusionsto ead theory The sec-
ond is that our notion is lessconstrained sincethe preseration of conclu-
sionsis restrictedto visible atomsonly. A further propertyaddressedn [1]
is incrementality, which presumeghat the translationfunction Tr satis es
Di[ D2 LyLo, Tr(D1)[ Tr(Dy) foreveryD; andD,. In the presence
of correctnesghis equationimpliesD1[ Dz ((p,) L, Tr(D1[ D2), the
form of which is verycloseto the equation (3.6) involvedin our de nition of
modularity. The main differenceisthatour de nition of modularityis based
on syntcticalequality = ratherthan semanticakquivalence . Moreover,
thereis no countepartto module condtionsin the approat by Antoniou et
al. Actually, Antoniou et al. reservehe term modularityfor a strongerprop-
erty. For this, the translationfunction Tr mustsatisfyD; [ D2 ((p.)[ L(D,)
D, [ Tr(D,) for anydefeasibleheoriesD; andD,.” If Tr is correct,then
modularityisimplied by Tr(D1[ D2) L (py)L, D1l Tr(D2) — anob-
vious analogof (7.1) which makesit impossibleto apply sud a notion to
translationfunctionsbetweenclassesf logic programghat aresynactically
different.

Ben-Eliyahu and Dechter [5] studythe possibilitiesof redudng head-
cycle-frealisjunctivelogic programsunderthe stablemodel semantic$18],
to propositionalogic. Sincenormalprogramsarespedal casesfhead-cycle-
freedisjunctiveprogramsa comparisorwith our resultsfollows. One of the
resultsobtained by Ben-Eliyahu and Dechter [5, Theorem 2.8] is a char-
acterizationof stable modelsthat resembleghe one developedn Section
5. However,theyimposeweakercondtions on level numberings. That is,
they insiston the existenceof a function f : Hb(P) ! N* sud that for
eah a2 M, thereisaruler 2 SR(P; M) satisfying (b) < f (a) for ev-
eryb 2 body” (r). It is easyto seethat alevelnumbering# conforming to

"Thusanymodulartransformatioris alsoincremental and correct[1].
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De n ition 5.2 canbe extendedo sud afunction f , but sud functionsare
by no meansunique evenif the rangeof f islimited. Thisisin contrastto
Theorem5.8 wherethe uniquenesof level numberingsis estiblished. The
translationfunction Trgp (calledtranslate-2n [5]) producesa propositional
theory Trgp (P) that consistsof four parts. The r sttwo partsensurethat
eat modelN of Trgp (P) capturesaclassicamodelM of P. Thethird part
makesM asupportedand stablemodel of P whereaghe fourth partcanbe
neglectedin caseof normal programs.In particular,the factthatf (a) = i

holdsfor anatoma 2 Hb(P) is expresseddy makinga newatomin(a); true
in N. In our approad, similar objectivescan be identi ed for the partsof
Trat (P) givenin De n ition 6.12.In contrasto the compositionTrar Trgy,
the translationfunction Trgp doesnot necessarilyield a one-to-onecorre-
spondencebetweenthe stable modelsof P and the classicamodelsof the
translation. This is becauséhe level numberingsusedby Ben-Eliyahu and
Dechter are not unique. Moreover,the languageof P is not preservedy
Trgp, i.e.,Hb(P)\ Hb(Trgp(P)) = ;. ThusTrgp isfarfrom beng faithful

in the sensegivenby De n ition 3.14. A further differenceisthatjj Trgp (P)jj

isquadraticin jjPjj in the worstcase.The translationfunctionsdevelopedn

thisreportaremorecompact:jjTrc (Trat(P))jj isof orderjjPjj r P, asa
binaryencodng of levelnumbersis used.

Therearealsoother characterization®f stablemodelsthatarecloselyre-
lated to the one esablishedin Section5. Fageq15] callsan interpretation
I Hb(P) of anormal programP well-supportedf and only if thereexists
astrictwell-foundedpartialorder on| sud thatforanyatoma?2 |, there
exists 2 SR(P; 1) satisfyindheadr) = aandb aforall b 2 body™ (r).
The basicresult[15, Theorem3.2] that well-supportednodelsof a normal
programP are stable modelsof P, and vice versa. In fact, it is possibleto
assom@te suc an orderingwith alevelnumberingconforming to De n ition
5.2:justdenea b () #a< #bforanya2 | andb 2 |. The
resultingorderingcanbe consideredasa canorical one,as# isknownto be
unique by Theorem5.8. Moreover, Fageddistinguishespositiveorder con-
sistentnormal programssvhosemodelsare necessarilyvell-supported Asa
consegence,the classicamodelsof the completedprogramP [7], or sup-
portedmodelsof P, caincide with the stable modelsof P. Quite recently
Babovit et al. [4] and alsoErdem and Lifschitz [13] generalizeFageste-
sultsby introducing the notion of tightnesdor logic programs.The tightness
of alogic programP isde ned relativeasetatomsA  Hb(P), which makes
Fagestheoremapplicableto a wider rangeof programs.To understand the
contribution of this reportin thisrespect]et uspoint out thatatomc normal
programsare automaticallypositiveorder consistent,or absolutelytight in
the terminology of [13]. Therefore,arbitrarynormal programscan be trans-
formedinto absolutelytight onesin a fairly systematidashionby applying
the translationfunction Trat presentedn Section6. A further implication
is that a transitiveclosureof relation can be properlycapturedwith classical
models.Thisis hasalreadybeenestblishedby Erdem and Lifschitz [12] for
relationsthat canbe representedn termsof atight program.

Asalreadydiscussedn Section3.2, a basicnotion of equivalenceis ob-
tainedfor a givenclassof programsC by requiring that programso possess
the samestable models,i.e. P Q () Sem(P) = Sem(Q). Lifs-
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chitz et al. [29] studya strongercondtion, which involvesan arbitrarycon-
textR 2 Cin which P and Q could be placedassubprogramsThat s, P

and Q are stronglyeaquivalent denotedby P s Q () forallR 2 C
Semx(P [ R) = Semx(Q [ R). Lifschitz et al. [29] and later Turner [43]

characterizestrongequivalencein variousways,e.g., using Heyting's logic
of here-and-there We nd the equivalencerelations , and ,, asintro-
ducedin Section3.2,more practicallyorientedthanthe two relationsabove.
It is verytypicalthatlogic programscontain additional atomsfor knowledge
represerdition purposesSuc atomsactasauxiliaryconceptswvhich arenot
directly relevant for the problem being solvedand can be hidden from the
user Thereforejt isjusti able to omit sud atomsaslong asthe equivalence
of logic programss concerned.In caseof hiddenatomstherelations and

v arequite different, but asesablishedin Proposition3.11wehaveP Q
() P vQ() P wQwhenHb,(P)= Hb(P)= Hb(Q) = Hby(Q).
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This report concentrateson the problem of redudng the number of posi-
tive subgoalsn the bodesof rules. To addressthis problem, we proposea
frameworkbasedn PFM translationfunctionsin Section3;the aim being a
comparisonclassesf logic programs— obtained by restrictingthe number
of positivesubgoalsn rules— on the basisof their expressiveower.

Retrospectivelgpeakingthe adjustmentof the frameworkwhich wasini-
tiatedin [24], involvedmanyobjectiveghat hadto be settled.For instance,
our preliminary comparisonswvith propositionalsatis ability suggestedhat
the frameworkshould be generalenoughto enablea comparisonof a vari-
ety of classe®f logic programswhich may differ by syntaxor semantics—
or evenboth. Furthermore,we realizedthat the notion of modularity em-
ployedin [24] doesnot generalizeproperlyfor the comparisorof classeghat
do not sharesyntix. Thus extracarewasneededin orderto guaranteehat
the requirementson PFM translationfunctions are preservedunder com-
positions.A further objectivewasto keepour preliminary (in)translagability
resultg24] valid underanyupdateghat seemedecessarto the r stversion
of the framework. We believethat the current frameworkmeetstheseob-
jectivessuccessfullyasindicatedby the resultsestblishedin the restof this
report. However,the developmentof the underlying theoryinvolved many
importanttechnical detailssud asvisibility of atoms ,mechansmsto extend
Herbrand basesnotions of equivalence,and module condtions. Many of
theseideasraisedfrom our practical experiencesvith answersetprogram-
ming and existingimplementations.

The expressivenessalysiperformedin Section4.2 is quite straightfor-

ward,but it revealghe main constituentf monotonic rule-basedeasoing.
In the simplestpossibleform, we havejust setsof atomc rulesa  stating
that certain atomsaretrue in the world; and no further inferencesare pos-
sible. Unary rules enrich this settingby allowing chained inferenceswith
rules, e.g.we can infer a usingrules a b; b c, andc . Inthe
richestform, we havebinaryrulesthatincorporateconjunctive condtionsto
rule-basedeasomg. For instance,afollowsbytherulesa b;c; b d;
c d; andd . Non-binaryrules,which havemorethantwo positivesub-
goalsareeasilyredudble to theseprimitive forms.In contrasto this, binary
andunaryrulesarenot expressiblén amodularwayusingunaryandatomnic
rules,respectivelyasimplied by the formal counterexamples.

The analysiscontinuesin Section4.3 and it is esablishedthat this set-
ting is not affectedevenif normal logic programsare considered. That is,
negation asfailure isinsuf cient to fully compensateonjunctive condtions
nor chainedinferencegc.f. Example4.20). Looking bad to the expressive
power hierardy in Figure 1, the number of positivebodyliteralsappeasto
be an essentiabynfctic restriction,asstrict differencesin expressiv@ower
canbe established.Thus,in analogyto our previousexperienceon classify-
ing non-monotornic logics[22], the methodbasedon PFM translationfunc-
tionsyieldsa more accuratemeasureof expressiv@ower than the levelsof
polynomal time hierardy (PH) do. It is alsointerestingto realizethat clas-
sicalsetsof clauseslo not properlycapturereasoimg with (atomc) normal
programsasshavn in Section4.4. Thereis alsopracticalevidencefor this,
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asmanyproblemsaremore easilyformalizedusingrulesratherthan clauses.

The characterizatiorof stablemodelsdevelopedn Section5 revealdhat
the computation of the leastmodel for a positivenormal programcan be
understoodasaminimization/maximzation processAsdiscussedh Section
7, a particular noveltyof alevel numbering conforming to De n ition 5.2is
that the valuesassignedo atomsare uniquely determned. Thisisin shap
contrastwith earlier characterization®f stable models,where simlar num-
beringsare usedto distinguishstable models,but the value assignmentan
be done evenin in n itely manyways. Due to the tight correspondencef
modelsencompasseth the notion of faithfulnessemployedin this report,
unique levelnumberingsarecrudal for the main objectiveof Section6, i.e.
apolynomal andfaithful translationof normal programsnto atomic ones.

In Section6, we try to complete our view by consideringnon-modular
alternativesn casesvheremodulartranslationgurned out to be impossible.
Asafundamentl result,wedevelopacounter-basedpproat for translating
normal programsgnto atomc ones.Comparedto earlierattemptsthereare
severalistinctivefeaturesn our approat. All n ite normal programscan
be coveredand a bijectiverelationshipof modelsis obtained. Moreover the
translationfunction Trar preservethe Herbrandbaseof the program,only
new atomsare added. The length of the translationjj Trt (P)jj aswell as
the translationtime areof orderjjPjj  log, jHb(P)j, indicating that Trar
is sub-ggadratic. We considerthis asa breakthrough sincethe bestknown
transformatiorto date[5] is quadratic. Neverthelesst shouldbe notedthat
the translationfunction Trt is far from being optimal. There are several
techniquesthat can be usedto decrease¢he number of rulesthat haveto
be generatedfor a particular normal program; and the number of binary
countersaswell asthe number of bitsinvolvedin them. One technique isto
computethe stronglyconnectedcomponentof P, asalreadysuggestethy
Ben-Eliyahu and Dechter [5] in caseof their translation,andto apply Trar
componentwise. However,we leavesud optimizationsto be considered
elsevhere,asthe maininterestin the currentworkisto esablishatranslation
function possessingertain, but still quite promising, properties.

Let usthen return to the fundamentl questionthat initiated this work.
The formal counter examplescraftedin the proofsof Theorems4.18 and
4.21indicatethatit isimpossibleto rewrite rulessud that all positivebody
literalsareremovedjf weexpectaithfulnessandmodularityfrom sud trans-
formations. On the other hand, asestblishedin Theorem6.20,there are
compensatorypolynomal and faithful techniques,but which cannotbe ap-
plied on arule-by-rulebasis For instance,wehaveto know r P beforeatoms
and rulescan be translated. Thus our nal answerto the questionis af r-
mative: positivebody literals can be removed,but the price may be quite
high. That s, lots of extrarulesinvolving new atomsmay be needed,asa
consegenceof which the searb for stablemodelsis likely to degrade.

To conclude,binaryrulestendto block contrapositivenferencein prac-
tice. To seethis, considerabinaryrule a  b;c; the headof which isis
known to be falsein a stable model M under construction. Given that the
truth valuesof b and ¢ are not yetknown, all we caninfer that b is falsein
M, orcisfalsein M, in orderto satisfythe rule in M. RecallthatM must
be a classicaimodel aswell. This leadsto a caseanalysisvhich canbe in
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the worstcaseat leastasexpensivasordnary branding with respecto b or
c. Thatis, analyzingseparatelyhe caseshatb (resp.c) istruein M andb
(resp.c) isfalsein M . Such asettingisillustratedby our nal example.

Example 8.1 Considerabinarynormallogic program
P=fa bic b bi; by b; ¢ Ci, ¢ cg

which hasfour stablemodels:M; = fa;b;cg, M, = fb;c,g, M3 = fby;cg
andM,4 = fby; 0. Supposewe would like to computethe stable models
M of P in which ais false.Assuggestetly the contrapositiventerpretation
ofa b;c, onepossibilityisto brand the searb usingthe condtions that
() bisfalsein M and (ii) cisfalsein M. While analyzingthe case(i), we
nd the stablemodelsM ; andM 4. On the otherhand, the stablemodelsM »
andM, arediscoveredvhen (i) isanalyzed® ThusM, isencounteredwice
during the searb, asit satis esboth assumption®n M. Anotherapproat
isto brancth accordng to the condtion (i) aboveandthe condtion that (iii)
bistruein M. In the case(iii), the stable model M, is found directly. In
the lattersetting,ead stablemodelis encounteredexactlyonce,becausehe
assumptionesn M aremutually exclusive. 2

Neverthelessywe do not claim that contrapositiveeasoing is not useful.
For instance,if a and b areknown to be falseand true, respectivelythen it
is reasonableo infer that c mustbe false too, in the settingof Example8.1.
However dependng on our assumptionsn the truth valuesof atoms pinary
rulesmayblock contrapositiveeasoimg in practice.

8.1 Future Work

The current expressivepower hierardy in Figure 1 wasobtained asa by-
productwhile analyzingthe possibilitiesor reduang the number of positive
bodyliterals. It is clearthat the hierardy can be extendedby analyzingthe
expressiveness other classe®f logic programs. One direction is to con-
siderclassesvith richer synax sud asextendedorogramd17], disjunctive
programg18] andnestedorogramg30]. The otheristo takedifferentseman-
tics,sudt asthe well-foundedsemantic$45], into considerationOur recent
resultson partial siablemodels[27] and disjunctive programd25] providea
promising starting point in this respect.A comparisonwith Sclipf'sresults
[40] is alsocalledfor in the caseof normal programs.We arealsodevelop-
ing an optimizedimplementation of the translationfunction Tr ot presented
in Section6. This workwill include comparisonwith other similar systems
sud asASSAT [31], CMODELS [3] andQuipr [10].
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9 APPENDIX: PROOFS

9.1 Correctnessof SELj

Lemma9.1 Let| be the number of bits. If N is a setof atomssud that
c 62N andN \ Hb{"(a) = AT/ (a;n) holdsfor somenumbern satisfying
0 n< 2, thenLM(SEL;(a ") = AT"(a;n).

If N isasetof atomssuch thatc 2 N, then LM(SEL; (a;c)V) = ;.

PROOF. SupposehatN satis estheif-partofthe r stclaim. Then consider
anyatomaandi sud thatO < i j. Now & belongsto SEL; (a; c)N
() & 62N bythe structureof SELj(a;c) () & 2 AT{"(an) bythe
requirementsimposedon N and (6.3). It is simlarly esablishedthat &
isincluded in SEL(a;c)" () & 2 AT{"(a;n). Since SEL;(ac)" is
both positiveand atorric, it followsby Lemma4.9that LM (SEL; (g c)") =

AT (a;n).
Thenassumeahatc 2 N. Since cappeasin ead rule of the program
SEL; (& ¢), weobtain SEL; (a; c)N = ; andLM(SEL; (a;0)") = ;. 2

Lemma9.2 Letj be the number of bits and N a setof atomssud that
N\ Hbf"(a) = LM(SEL; (& o)V).
If c62N, thenN \ Hbjc”(a) = AT{"(a;n) holdsforn = val;(a;N).
Ifc2 N, thenN \ Hb™(a) = ;.

PROOF. Supposghatc 62N andde ne n = val,(a;N). Thenit holdsfor
anyi intherangeO< i jthatgg 2 N () n[i]= 1by(6.6) ()
& 2 AT{"(an) by (6.3). On the other hand, it holdsthata 2 N ()
& 2 LM(SEL;(&0N) () & belongso SEL(a; o () & 62N by
the structureof SELj(a;c) () n[i]=Oby(6.6) () &2 ATJ-C“(a; n) by
(6.3). Sincei wasarbitraryand Hbjc”(a) doesnot contain other atomsthan

The casein which c 2 N follows. Sinceead rule of SEL; (&; ¢) is cond-
tionedby c, wehaveSEL;(a;c)" = ; andLM(SEL;(ao)") = ;. 2

9.2 Correctnessof NXT

68

It is worth painting out that the translationNXT ; (&, b; ¢) is basedon the
following methodto increasehe value of a binarycounterby one. The least
sign cant bit of the counteris alwayschanged.If the bit changedfrom 1 to
0, thenthe nextsigr cant bit ischangedtoo,andsoon.

Lemma9.3 Letj be the number of bits and N a setof atomssud that
C62N, N\ Hb™ (a) = AT{"(a; n) for somenumbern suchthat0 n< 2,
andm = n+ 1mod 2. Then

(9.1) b belongstoNXT;(a;b;0" () b 2 AT{"(b;m); and
(9.2) b belongoNXT;(ab; () b 2 AT{"(b;m)

hold fori = j andforanyO < i < | satisfying

(9.3) biss 2N () b 2 AT (b;m) and

(9.4) ber 2N () By 2 AT (b;m):
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PROOF. Giventhatc 62N, therule b belongsto NXT; (a;b; )N ()
g 62N by the structureof NXTj(a;b;c) () & 62AT{"(a;n) bythe
requirementson N () § 2 ATJ-C”(a; n) by (6.3) () n[j]= 0by
6.3) () mf]=1asm=n+1mod2, () b 2 AT (b;m) by
(6.3). Moreover, it followsby the symmetrypresentin the setsATftr (a;n)
and ATJ-C”(b; m) aswell asthe programNXT (& b; ¢) that the rule b;
belongsto NXT; (a;b;c)N () by 2 AT{" (b;m).
Thuswehaveestblished(9.1)and(9.2)wheni = j. Letusthenconsider
anyi sud that0 < i < | andthe equations(9.3) and (9.4) aresatis ed. It
followsbythe structureof NXT ; (a; b; ¢) thath;  belonggo NXT (& b; c)M

() a 62N, a7 62N, andbj;; 62N, or
3 62N anda.; 62N, or
a 62N andb;,; 62N
() &2AT{(an),as 2 AT{"(an),andb.; 2 AT (b;m), or
a 2 AT["(a;n) and&:1 2 AT{"(a;n), or
a 2 AT{"(a;n) andbj,; 2 AT{"(b;m)
by the requirementson N, (6.3),aswell as(9.3)and (9.4)
() nli:::i+ 1]= 0landm[i + 1] = O, or
nli:::i+ 1]= 10 or
nfi]= landm[i + 1] = 1by(6.3)
() mf[i]=1asm=n+ 1mod?2,

() b 2 AT{"(b;m). In this way we haveestblished(9.1). Due to
symmetrythe prooffor (9.2)is obtainedby systematicallgxtanging

1. g andq;
2. by andb;:
3. n[i]= 0andn[i] = 1; aswell as
4. m[i]= 0andm[i]= 1
in the proofof (9.1). 2

Lemma9.4 Letj bethe number of bits.

If N is a setof atomssuch thatc 62N, N\ Hb{"(a) = AT (a;n) for
anumbern suc that0 n < 2, andN \ Hb™(a) = AT{"(b;m) for
m=n+ 1mod 2, thenLM(NXT;(a; b;0N) = AT (b; m).

If N isasetof atomssuch thatc 2 N, thenLM(NXT ; (a; b;c)V) = ;.

PROOF. LetusassumehatN isasetof atomssatisfyingheif-partofthe r st
claim. Thenthe assumptionef Lemma9.3aresatis ed,andboth (9.3) and
(9.4)hold foreath 0 < i < j. It followsby Lemma9.3that (9.1)and (9.2)
holdforanyO< i . SincethereductNXT (& b;c)N isboth positiveand
atomic, weconcludeLM(NXT ; (a; b;c)V) = ATJ-C”(b; m) by Lemma4.9.
On the otherhand, all the rulesof NXT  (&; b; c) areguardedby the neg-
ativeliteral c. Thus,if c2 N, wehaveNXT;(a b;c)N = ; which implies
LM(NXT (& b;c)N) = ; byLemma4.9. 2
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Lemma9.5 Letj be the number of bits and N a setof atomssud that
N\ Hb™(b) = LM(NXT;(a;b; V).

If c 62N andN \ Hbjc"(a) = AT{"(a;n) holdsforn = val;(a;N), then
N\ Hb{" (b) = AT{"(b;m) form=n+ 1mod 2.

Ifc2 N, thenN \ Hb™(b) = ;.

PROOF. SupposedhatN satis esthe if-partof the r stclaim. In the seqel,

it isprovedbyinductiononj i Othatbj 2 N () b 2 ATJ-C“(b; m),
andthatb; 2 N (') b 2 AT{"(b;m).
Basecasej i = Owhichimpliesi = j. It followsby Lemmas9.3and

4.9andtherequirementsonN thatb; 2 N () b 2 LM(NXT ;(ab;c)V)
() b belongstoNXT;(ab;)" () b 2 AT{"(b;m). Thefactthat
b 2 N () b 2 AT{"(b;m) followsby symmetry Induction step
j 1> 0which implies0O < i < j. Now (9.3) and (9.4) are satis ed by
the inductive hypothesisThusb; 2 N () b 2 LM(NXT j(a b;c)V) by
theassumptionenN () by  belongsto NXT;(a; b;c)N byLemma4.9
() b2 ATf”(b; m) by Lemma9.3andthe inductive hypothesisThe fact
thatb; 2 N () b 2 AT{"(b;m) isestblishedoy symmetry

If N is a setof atomssudc thatc 2 N, then NXT;(a; b;c)N = ; sothat
LM(NXT ; (& b;c)V) = ; followsby Lemma4.9. 2

9.3 Correctressof FIX;

Lemma9.6 Letj bethe numberof bitsand0 n < 2. If N is asetof
atomssud thatc 62N, then LM(FIX ; (a; n; c)N) = ATJ-Ctr (a;n).
If N isasetof atomssuch thatc 2 N, thenLM(FIX j(an; V) = ;.

PROOF. Let N beasetof atomssud thatc 62N andO< i j. Thestruc-
ture of FIX; (a n; c) and Lemma 4.9 imply thata 2 LM(FIX;(a n;c)N)
(resp.a 2 LM(FIX j(&n;c)N)) () theruled  (resp.a ) belongs
to FIXj(@moN () nfi]=0(esp.nfil=1) () &2 ATJ-C”(a; n)
(resp.a 2 ATf”(a; n)). Hencethe claim. In casethatc 2 N, we have
FIX;(an;c)N = ; sothatthe claim followsby Lemma4.9. 2

9.4 Correctnessof LT;

Lemma9.7 Let | be the number of bits and N a setof atomssud that
C 62N, N\ Hb™(a) = AT"(a;n) for0 n < 2, andN \ Hb™ (b) =
AT (b;m) for0 m< 2,

IfO< i | andin addition, i < j implies

(9.5) It b)isa 2N () It(ab)ia 2 AT] (a;n;b;m);
then

(9.6) lt(a;b);  belonggoLT;(ab;c)N ()
It(a;b)i 2 AT} (a; n; b;m):

IfO<i | and
(9.7) It b)i 2N () Ilt(ab)i 2 AT{ (an;b;m);

70 9 APPENDIX: PROOFS



then

(9.8) It(ab);  belongsolLT;(ab;o)" ()
lt(a;b)i 2 AT} (a;n; b;m):

PROOF. Ifi = j,thentherulelt(a;b); isincludedin LT;(a; b;c)N ()
g 62N andb 62N () & 2 AT{"(a;n) andb 2 AT{"(b;m) bythe
requirementsonN () n[j]=O0andm[j]= 1by(6.3) () n[j]l< m[]
() lt(ab) 2 AT}t(a; n; b; m) by (6.4). Thus(9.6) holdswheni = j.

If 0< i < j,then(9.5)holdsandlt(a;b);  belongsto LT (& b;c)™

() & 62N andb; 62N, or
a 62N andb; 62N, andlt(a; b)i+; 62N, or
a 62N andb; 62N, andlt(a; b)i.1 62N
by the structureof LT; (&; b; c)
() &2AT{"(an)andb; 2 AT{" (b;m), or
a 2 AT"(a;n), b 2 AT{" (b;m), and
lt(a;b)i+1 2 AT{ (& n; b;m), or
a 2 AT["(a;n), b; 2 AT/" (b;m), and
lt(a;b)i+1 2 AT{(a;n; b;m)
by the requirementson N, (9.5),aswell as(6.4)
() nji]= 0Oandmli] = 1, or
n[i]= mfi]= 0andn[i+ 1:::j]<m[i+ 1:::], or
Nii]=mfi]=1andn[i+ 1:::j]<m[i+ 1:::]] by(6.4)
() nli:::jl<mfi::i:j]
() It(ab)i 2 AT{ (& n;b;m).

Thuswe haveesablished(9.6). Then consideranyO < i | andassume
that (9.7) holds. Now the rule It(a; b); belongsto LT, (a;b;o)" ()
It(a; b); 62N bythestructureof LT;(a;b;c) () It(a;b)i 62AT] (& n; b;m)
by(9.7) () It(ab); 2 AT}t(a; n; b; m) by (6.4). Thus(9.8) holds. 2

Lemma 9.8 Letj bethe number of bits.

If N is a setof atomssud thatc 62N, N \ HbjC”(a) = AT{"(an) for
0 n< 2,N\ Hb'(b) = AT (bym) for0 m < 2, andN \
headLT;(a;b;c)) = AT{ (a;n; b;m), then

LM(LT; (a;b; o)) = AT{ (& n; b;m):
If N isasetof atomssuch thatc 2 N, thenLM(LT; (a; b;c)N) = ;.

PROOF. Supposehatc 62N. Conseaently, it is easyto seethat (9.5) is
satis edbyevery0 < i < j and(9.7)issatis edbyevery0< i j. Then
(9.6) and (9.8) hold forall 0 < i  j. SincelLT;(ab;c)" is atomic, it
followsby Lemma4.9that LM (LT; (a;b;0)") = AT{"(a;n; b;m). On the
otherhand,if c2 N, thenLT;(ab;c)N = ; bythe structureof LT; (& b; c)
sothatLM(LT; (& b; o)) = ;. 2

Lemma9.9 Let | be the number of bits and N a setof atomssud that
N\ headLT;(ab;c)) = LM(LT;(ab;c)V).
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If c 62N, N \ Hbjc”(a) = AT{"(a n) wheren = val;(a;N), andN \
Hbjc”(b) = AT{"(b;m) wherem = val; (b;N), then

N\ headLT;(a; b;c)) = AT{ (a;n; b;m):
Ifc2 N, thenN \ headlLT;(a b;c)) = ;.

PROOF. Supposethat N satis esthe if-part of the r stclaim. We usein-

ductiononj i 0 to esablishthat lt(a;b); 2 N () Ilt(ab); 2
AT['(a;n;b;m), andlt(a;b); 2 N () It(a;b); 2 AT{(a;n; b;m).
Basecase] i = Owhichimpliesi = j. The structureof LT; (&; b; c)

impliestogethemwith Lemmas9.7and4.9thatlt(a;b); 2 N () It(ab); 2
LM(LT;(ab)") () lt(ab); belongstoLT;(ab)N () It(ab); 2
AT}t(a; n; b;m). Thus(9.7) holdsfori = j sothat the other equivalence
is similarly obtained using (9.8). Induction step j i > 0 which implies
0 < i < j. Note that (9.5) is satis ed by the inductive hypothesis.Thus
(9.6) holdsby Lemma9.7. It followsby Lemma4.9thatlt(a;b); 2 N ()

lt((ab)i 2 LM(LT; (b)) () It(ab)i  belongsto LT;(a;b)" ()

It(a; b); 2 AT}t(a; n; b;m). Thus we haveestblished(9.7) which implies
(9.8)byLemma9.7. Thenlt(a;b); 2 N () It(a;b); 2 AT}t(a; n; b; m)
canbeestablishedsimilarly to (9.7). 2

9.5 Correctressof EQ;

72

Lemma9.10 Letj be the number of bitsandN a setof atomssuch that
C 62N, N\ Hb™(a) = AT"(a;n) for0 n < 2,andN \ Hb™(b) =
AT (b;m) for0 m< 2. If

(9.9) eqab) 2N () edab)2 AT (a n;b;m);
then

(9.10) eqa;b)  belongsto EQ; (a;b; 0 ()
eqa b) 2 AT (a n; b;m):

Moreover,

(9.11) eqab)  belongsto EQ; (a;b; 9" ()
eqa; b) 2 AT;%(a n; b;m):

PROOF. Supposethat (9.9) holds. Now the rule eqa; b) belongsto
EQ; (& b; oV () eqab) 62N by the structureof EQ;(ab;c) ()
eqa b) 62ATY(a;n;b;m) by (9.9) () eqab) 2 AT{"(a n;b;m) by
(6.5). On the otherhand,therule eqa;b)  isincludedin EQ; (& b; oN
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() 9 2f1:::;jgsudthata 62N andb; 62N, or

() 9i2f1:::;jgsudthata 2 AT{"(a;n) andb; 2 AT{" (b;m), or

nji]= 1andm[i]= 0

() nfl:::j]16 ml:::j]
() né m
() edab)2 AT{"(a n; b;m). 2

Lemma9.11 Letj bethe number of bits.

If N is a setof atomssuch thatc 62N, N \ Hb{"(a) = AT (a;n) for
0 n< 2,N\ Hb(b) = AT"(b;m) for0 m < 2, andN \
headEQ; (a; b; ¢)) = AT;%(a;n; b;m), then

LM(EQ; (& b;c)") = AT %(a; n; b; n):
If N isasetof atomssuch thatc 2 N, thenLM(EQ (& b; oN)=;.

PROOF. SupposdhatN satis estheif-partofthe r stclaim. Conseaiently,
the prereauisitesof Lemma9.10aresatis ed— including the equation (9.9).
Thus(9.10)and(9.11)follow by Lemma9.10.SinceEQ; (a; b; )" isatonic,
we obtain LM(EQ; (a;b;c)) = AT;%a;n;b;m) by Lemma4.9. On the
otherhand,if c2 N, then EQ, (a; b; c N = as cisincludedin the body
of eadh rule in EQ (& b; c). It followsthat LM(EQ) (& b; oN)=;. 2

Lemma9.12 Let| be the number of bits and N a setof atomssud that
N\ headEQ; (a b;c)) = LM(EQ; (a;b;)").

If c 62N, N\ Hbjc”(a) = AT{"(a n) wheren = val;(a;N), andN \
Hbjc”(b) = AT/"(b;m) wherem = val; (b;N), then

N\ head(EQ (& b;c)) = AT;%(a n; b;m):

Ifc2 N, thenN \ headEQ;(a b;c)) = ;.

PROOF. Supposethat N satis esthe if-part of the r st claim sothat the
prereqiisitesof Lemma9.10aremet. Theneqab) 2 N () eqab) 2
LMEQ;(&b)Y) () edab) belongstoEQ (ab)™ () edab)?2
AT %(a;n; b;m) by Lemma4.9and(9.11)in Lemma9.10. Thisis how (9.9)
is esablished r st, and then the factthateqab) 2 N () eqab) 2
AT (& n; b; m) followssimilarly using (9.10). Thus LM (EQ; (& b;c)") =
ATjeq(a; n; b; m).

The latterclaim followsby the sameargumentsasin Lemma9.11. 2

9.6 Correctnessof Trsypp (P)

Lemma9.13 Let P be a normal program,M Hb(P) an interpretation
of P, and# afunction fromM [ SR(P;M) tof0;:::;2"P 1g, andN =
Extat (P; M ;#) . The respectivantersectionsof N with head(Trsypp (P)),
headTrcrr (P)), head(Tryax (P)), andheadTry (P)) arethe sets
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Ethupp(P; M ), Extcrr (P, M ,#) , EXtmax (P, M ,#) , and
Extyin (P; M #) .

PROOF. De n itions 6.14and6.8imply that Ext sypp (P; M ) iscontainedin
headTrsypp (P)). The samecan be statedaboutthe other three extension
operatos Extctr , Extyax , and Extyn , and the respectiveranslationsof
P by De nitions 6.15,6.9,6.10,and 6.11. In addition to this, the four sets
of headatomsare disjaint by De n itions 6.8,6.9,6.10,and 6.11. The rest
followsbythe de nition of Ext ot in De n ition 6.16. 2

Proposition 9.14 Let P be a normal program. If M is a supportedmodel
of P, # alevelnumberingw.r.t. M, andN = Extat(P;M;#), thenN \
headTrsupp (P)) = Extsupp (P;M) = LM(T rsupe (P)V).

PROOF. Let M be asupportednodel of P and# alevelnumberingw.r.t.
M. Recallthe translationTrsypp(P) from De nition 6.8 and the setof
atomsN = Extsypp(P; M) from De nition 6.14. The r stequality N \
headTrsupp(P)) = Extsupp(P; M) followsdirectly by Lemma9.13. The
secondequality is estiblishedby shaving thataruler 2 Trsypp (P)N ()
headr) 2 Extsupp(P;M). Therearefour typesof rulesin the translation
Trsupp (P) that haveto be chedkedin thisrespect.

1. Consideranyatoma 2 Hb(P) for which Trsypp (P) containsthe rule
a a Nowa belongsto Trsuep (P)N () a62N ()
a 62M, asN \ heaC(Trsupp(P)) = Ethupp(P;M), ( ) az
Extsupp(P;M).

2. Thenletr 2 P for which bt(r) body* (r); body (r) isin-
cludedin the translationTrsypp (P). Conseaently, the rule bt(r)
belongsto Trsyer(P)N () N body" (r)[ body (r) ()
body* (r)\ N = ; andbody (r)\ N=; () body"(r) M and
bOdy (r)\ M = ;,sinceN \ head(Trsupp(P)) = EXtSUPP(P;M)
andbody’ (r) [ body (r) Hb(P), () M E body(r) ()
r2 SRP;M) () bt(r) 2 Extsypp(P;M).

3. Then considerthe rule bt(r) bt(r) assomtedwith aruler 2 P
andincludedin Trsupp (P). Nowbt(r) isincludedin Trsypp(P)N
() bt(r) 62N () r 62SR(P;M), asN \ headTrsyep(P)) =
Extsupe(P;M), () Dbt(r) 2 Extsypr (P;M).

4. Finally, thereis arule head() bt(r) 2 Trsupp(P) foreadr 2
P. Thenforanya 2 headP), therulea belongsto Trsypp (P)N
() 9r 2 P suc thatheadt) = aandbt(r) 62N () 9r 2
SR(P; M) sud thatheadr) = a, asN \ head(Trsypp(P)) equalsto
Extsupp(P;M), () a2 M, sinceM isasupportedmodel of P,
() a2 Extsyepr(P;M).

It followsby Lemma4.9that LM(T rsypp (P)N) = Extsypp (P;M). 2

Proposition 9.15 Let P be a normal program. If N is a stable model of
TrAT(P), then N \ headTrSUPP(P)) = EXtSUPP(P;M) forM = N\
Hb(P).
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PROOF. Let N be a stable model of Trat(P), i.e. N = LM(Trat(P)N).
Recallthe translationTrsypp (P) andhead Trsypp (P)) from De n ition 6.8.
In the seqel, we estiblishfor all atomsa 2 head(Trsypp (P)) thata 2 N
() a2 Extsypp(P;M). Four casedaveto beanalyzed.

1. Recallthat headP) headTrsypp(P)). The de nition of M im-
pliesforalla 2 headP)thata2 N () a2 M () a?2
Extsupp (P;M).

2. Then consideranya 2 Hb(P) for which a 2 head(Trsypp (P)). It
followsthata2 N () a2 LM(Trar(P)N) () a belongs
to Trar (P)N byLemma4.9 () a belongsto Trsypp (P)N by
the structureof Trat(P) () a 62N bythe structureof Trgypp (P)
() a62M bythe denition of M, asa 2 Hb(P), () a2
Extsupp (P;M).

3. Letusthenanalyzeanyr 2 P andthe respectiveatombt(r) included

in head(Trsypp(P)). Recallthat bt(r) body™® (r); body (r)
belongsto Trsupp(P). The relationshipestblishedin the previous
item implies for anya 2 body” (r) that() a 62N () a2 M.
On the otherhand, the de nition of M impliesthat (i) a62N ()

a 62M foranya 2 body (r). Thusbt(r) 2 N () bt(r) 2
LM(Trar(P)N) () bt(r) belongsto Trar(P)N by Lemma4.9
() Dbt(r) belongsto Trsypp (P)N by the structureof Trat(P)
() NE body"(r)andN F body (r) () M E body(r) by
(i) and(ii) above () r 2 SR(P;M) () bt(r) 2 Extsypp(P;M).

4. The caseof the complementiryatombt(r) 2 head(Trsype (P)) fol-
lows. Recallthatr 2 P andthatthe rule bt(r) bt(r) isincluded
in Trsypp(P). Thusbt(r) 2 N () bt(r) 2 LM(Trar (P)N) ()
bt(r)  belongsto Trar(P)N byLemma4.9 () bt(r) belongs
to Trsupp (P)N bythe structureof Trar (P) () bt(r) 62N ()

r 62SR(P; M), asshovn above,( ) bt(r) 2 Extsypp (P; M). 2

Proposition 9.16 Let P be a normal program. If N is a stable model of
Trar(P), thenM = N\ Hb(P) isasupportednodel of P.

PROOF. Let N beastablemodelof Trat(P) andde ne M asabove.Sup-
posethatM 6] P. Thenthereisaruler 2 P sud thatM FE body(r)
but M & head(f). Thusr 2 SR(P; M) andit followsby Proposition9.15
thatbt(r) 2 N andbt(r) 62N. Butthenheadr) belongsto the reduct
Trsupp (P)N  Trap(P)N implying thathead() 2 LM(Trar(P)N) = N.
Asheadr) 2 Hb(P), weobtain headr) 2 M. Thatis,M F head(), a
contradction. HenceM E P isthecase.

Let usthen assumedhat M is not a supportednodel of P. Thenthereis
anatoma 2 M sud thatfor everyruler 2 P with headr) = a, we have
M 6 body(r),i.e.r 62SR(P;M). Thenletr beanyrule with headr) = a.
Recallthat headr) bt(r) isincluded in Trsypp(P). It followsPropo-
sition 9.15thatr 62SR(P;M) () bt(r) 2 N () headr) isnot
included in Trsypp(P)N () headr) doesnot belongto Trar (P)N.
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To summarize,it follows by Lemma 4.9 that a 62LM(T rat(P)N). Thus
a 62N by the stability of N. Then the de nition of M impliesa 62M, a
contradction. 2

9.7 Correctnessof Trcrr (P)

76

Proposition9.17 LetP be anormal program.If M is a stablemodel of P,
# the corresponahg levelnumberingw.r.t. M, andN = Extar(P;M;#) ,
thenN \ head(TrCTR (P)) = Exterr (P, M ,#) = LM(T fctr (P)N )

PROOF. Let M be a stable model of P, # the corresponiahg level num-
bering, asimplied by Theorem5.8, and N = Extcrr (P;M;#). Now
N \ head(Trctr (P)) = Extcrr (P;M;#) holdsdirectly by Lemma9.13.
The translationTrcrr (P) contains four kinds of subprogramsaslisted in
De n ition 6.9. We shallestablishthatN islocally sablew.r.t. eat of these.

1. Considera subprogranQ.y(sy = SEL p(ctr(a); @) assotedwith an
atoma 2 Hb(P). Now head@Qc(a) = HbS:(ctr(a)) is one of the
subsetshat form head Trcerr (P)). Two casesrisedependng on the
membesshipofain N. If a 62N, thena 2 M by the de nition of
N. The de nition of Extcrr (P;M;#) = N\ head(Trcrr (P)) im-
pliesthatN \ head Qcr(s)) = ATp(ctr(a); # a). ThenLM(QY, ,) =
AT Y (ctr(a); # a) followsby Lemmag.1. On the otherhand,ifa2 N,
we havea 62M by the de nition of N. ThenN \ headQcx(a) = ;
by the de nition of Extcrr (P;M;#) = N\ headTrcrr (P)) and
LM(Qg () = ; byLemma9.1,asa 2 N holds. ThusN is locally
stablew.r.t. Qg (s IN both cases.

2. Let usthen analyzethe programQpy ) = NXT, p(ctr(a); nxt(a); a)
asso@ted with a 2 Hb(P). Now headQnx(s) = HbSE (nxt(a)) is
one part of head(Trctr (P)). Like above,we havetwo casedo con-
sider Supposethata 62N is the case. As noted in the previous
item,a2 M andN \ head Qg (a) = AT{F(ctr(a); # a). In addition,
N\ head Qnx) = AT (nNxt(a); # a+ 1 mod 2 P) bythe de nition
of Extcrr (P;M;#) = N\ head(Trcrr (P)), sincehead Qnxi(a)) =
HbSY, (nxt(a)). Propositions.6impliesthat# a+ 1 mod 2'F = # a+ 1.
Then, by Lemma9.4,it holdsthatLM(QR ) = AT (nxt(a); # a+
1). On the otherhand,if a2 N, thena 62M bythe de nition of N.
Thenthede nition of Extcrr (P;M;#) = N\ headTrcrr (P)) im-
pliesN \ head@nx(a)) = ; andLM(Q}, ) = ; followsby Lemma

nxt(a)

9.4.ThusN islocally stablew.r.t. Qny(a)-

3. Our next concernis the programQc(ry = SEL p(ctr(r); bt(r)) as-
sodated with arule r 2 P sud that body* (r) 6 ;. Note that
headQer(r)) = HbSE(ctr(r)) is a part of headTrerr (P)). Since
bt(r) appeasasthe control atomof the subprogramtwo casesirisede-
pendng itsmembeshipin N . If bt(r) 62N, thenr 2 SR(P; M) bythe
de nition of N . It followsthatN \ head Qe (1)) = ATSE (ctr(r); #r)
bythe de nition of Extcrr (P;M;#) = N\ head(Trctr (P)). Thus,
we obtain LM(QN 1) = ATSE (ctr(r); #r) by Lemma9.1. The case

ctr(r)
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bt(r) 2 N is coveredasfollows.Now r 62SR(P; M) by the de nition
of N. Thede nition of Extcrr (P;M;#) = N\ headTrcrr (P)) im-
pliesN \ headQcx(r)) = ;. Thisisin harmonywith LM(QQ‘W)) =;
which holds by Lemma 9.1. To conclude, N is locally stable w.r.t.

Qctr(r) .

4. The last subprogramQey(ry = FIX, p(ctr(r); 1;bt(r)) is assoiated
with aruler 2 P sud thatbody™ (r) = ; . Recallthathead Qc(r)) =
ATEE (ctr(r); 1). There aretwo possibilities.If r 2 SR(P; M), then
#r = 1byDe nition 5.2. The de nition of Extsypp(P; M) = N\
head(Trsupp (P)) implies bt(r) 62N. Then Lemma9.6 implies that
LM(Q{}'U(”) = AT (ctr(r);1). This complieswith the de nition
of Extcrr (P;M;#) = N\ head(Trcrr (P)) by which we obtain
N \ head Q) = AT (ctr(r);1). On the other hand, if r 62
SR(P; M), then bt(r) 2 N by the de nition of Extsypp(P;M) =
N \ headTrsypp(P)). Then N \ head Qe ()) = ; bythe deni-
tion of Extctr (P;M;;#) = N\ head(Trcrr (P)) and accordngly
LM(QY;(y) = ; byLemma9.6. ThusN islocally sablew.r.t. Qi)
in both cases.

It followsby Theorem6.22thatN islocally sablew.r.t. Trergr (P), i.e. N\
headTrcrr (P)) = LM (Trers (P)VY). 2

Proposition 9.18 Let P be a normal program. If N is a stable model of
Trat(P), thenN \ head(Trctr (P)) = Extcrr (P;M;#) forM = N\
Hb(P) andthe function# :M [ SR(P;M) ! f0;:::;2"P  1g from Def-
inition 6.18.

PROOF. Let N be astablemodelof Trat(P) sothatN = LM(T rat(P)N)
holds.LetM = N\ Hb(P) andde ne thefunction# asin De n ition 6.18.
Proposition9.15impliesfor anya 2 Hb(P) andr 2 P that

(9.12) a2zM () a6, and
(9.13) r2 SRP:M) () bt(r) 62N:

Thenrecallthe translationTrctr (P) andhead(Trctr (P)) from De n ition
6.9. The setof headatomsheadTrcrr (P)) is partitionedasfollows.

1. First,we haveheadQe () = Hb: (ctr(a)) for anya 2 Hb(P) and
the respectivesubprogramQcy oy = SEL p(ctr(a);d). SinceN is a
stablemodel of Trat (P), it followsby Theorem6.22thatN islocally
stblew.r.t. Qur@  Trar(P),i.e.N'\ headQcr(a)) = LM(QR;4)-
Two casearisefor our considerationlf a2 M, thena 62N by (9.12)
and N \ head Q@) = ATSL(ctr(a);# @) followsby Lemma 9.2,
since# a= val, p (ctr(a); N) holdsbythe de nition of # afora2 M.
On the otherhand,if a 62M , we havea 2 N by (9.12). It followsby
Lemma9.2thatN \ head Q. () = ;. Toconclude,N\ head Q¢ (a))
is compatible with the de nition of Extcrr (P;M;#) for ead a 2

Hb(P).
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2. Let usthen analyzethe programQx sy = NXT, p(ctr(a); nxt(a); a)
assomtedwith a 2 Hb(P). Now head Qnx(a) = HbS (nxt(a)). The
stability of N implies the local stability of N w.r.t. Qny(a by Theorem
6.22. ThusN \ headQnxi(a) = LM(Qp,)- In analogyto the r st
item above two casesrisedependng on the membesshipofain M.
Ifa2 M, thena 62N by (9.12). Moreover,we know by the r stitem
thatN\ head Qe (a)) = ATSE (ctr(a); # a). Thuswemayconcludeby
Lemma9.5thatN \ head Qnu(a) = AT (Nxt(a); # a+ 1 mod 2 7).
Butif a62M ,thena2 N by(9.12)andweobtain N\ head Qnxi(a)) =
; byLemma9.5. ThusN \ headQnx(a)) coincideswith the de nition
of Extcrr (P; M #) in both cases.

3. The caseof arule r 2 P with body* (r) 6 ; follows. The respec-
tive subprogramQey(ry = SEL, p(ctr(r); bt(r)), which isincluded in
Tra7(P), is handledanalogousifto Q¢ (s in the r stitem. The only
notable differenceis that the controlling atom bt(r) is governedby
(9.13). Thisrelationshipgivesthe crudal link to the de nitions of # r
andExtcrr (P; M;#) in De nitions 6.15and6.18,respectively

4. The lastsubprogranthatneedsour attentionisthe oneassoiatedwith
aruler 2 P with body* (r) = ; : let Qe (ry = FIX, p(ctr(r); 1, bt(r)).
Now headQr(r)) = AT{L(ctr(r); 1) and sinceN is locally siable
W.r.t. Qer(ry, it holdsthatN \ headQcy(r)) = LM(QJ; ). Twocases
arise. If bt(r) 62N, then N \ headQu()) = AT{E(ctr(r);1) by
Lemma9.6andr 2 SR(P;M) by (9.13). Thus#r = 1 by the
de nition of #r and N \ head@Qc()) complieswith the de nition
of Extcrr (P;M;#) . On the other hand, if bt(r) 2 N, then N \
headQcw(r)) = ; followsby Lemma9.6. This is compatiblewith the
de nition of Extyax (P;M;#) , asr 62SR(P; M) by (9.13).HenceN
is locally stablew.r.t. Qcy ().

Thus we havecoveredall subprogramf Trcrr (P) contributing to the set
headTrcrr (P)). In ead case,we obtained a perfectcompatibility w.r.t.
Extctr (P; M #) . HenceN \ head(Trctr (P)) = Extcrr(P;M#) . 2

9.8 Correctnessof Tryax (P)

78

Proposition 9.19 Let P be anormal program.If M is a stable model of P,
# the corresponahg levelnumberingw.r.t. M, andN = Extat(P;M;#),
thenN \ head(TrMAx (P)) = Extmax (P, M ,#) = LM (TrMAX (P)N)

PROOF. Let M be a stable model of P and # the corresponahg level
numbering w.r.t. M, asimplied by Theorem5.8. Let us note that N \
headTryax (P)) = Extuax (P;M;#) isimplied directly by the de nition
of N andLemma9.13. The translationTryax (P) givenin De n ition 6.10
consistof severakubprogramseadng to a caseanalysis.In ead casewe
establishthe local stability of N w.r.t. the subprogramn question.

Thenletr 2 P sud thatbody™ (r) 6 ;. Subprogram®f the translation
Truax (r;r P) from De n ition 6.10areanalyzedext.
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1. Let Quua = LT, p(ctr(r); nxt(a); bt(r)) assomtedwith an atoma 2
body™ (r). Two casesarise.lIf r 2 SR(P;M), thena2 M, asM
body(r). Thus# r and# a arewell-de ned, as# is alevel number-
ing w.r.t. M. Moreover,#a+ 1mod2 P = #a+ 1 by Proposition
6.6. The atombt(r) 62N by the de nition of Extsypp(P; M) = N \
head(Trsypp (P)). It followsby the de nition of Extcrr (P; M #) =
N \ head(Trcrr (P)) that N \ HbSY (ctr(r)) = AT (ctr(r); #r)
andN \ HbSY (nxt(a)) = ATEY (ctr(r); # a+ 1). Also,wehaveN \
headQnxi(a)) = AT (ctr(r); # r; nxt(a); # a+ 1) bythe de nition of
Extuax (P;M;#) = N\ headTryax (P)). Consegently, Lemma
9.8impliesthatLM(QN, ) = AT!', (ctr(r); # r;nxt(a); # a+ 1).

nxt(a)

On the other hand, if r 62SR(P; M) holds, then bt(r) 2 N by the
de nition of Extsypp(P;M) = N \ head(Trsypp(P)). Then the
de nition of Extyax (P;M;#) = N\ headTryax (P)) impliesthat
N \ headQnx () = ;, asr 62SR(P;M). In accordanceto this, we
obtain LM(Qp,) = ; by Lemma9.8. To concludethe caseanalysis

aboveN islocally stablew.r.t. the subprogranQ (-

2. The subprogranRya = EQ, p (ctr(r); nxt(a); bt(r)) assomtedwith
a 2 body” (r) is coveredanalogously{to Qnx(a), but we haveto ap-
ply Lemma9.11ratherthan Lemma9.8. Then N \ head Ry (a)) =
LM(RY, ) which indicatesthatN islocally sablew.r.t. Rey(r).

nxt(a)

3. Let
Qmaxry = fmaxr) bt(r); eqectr(r); nxt(a)) j a2 body" (r)g:

If r 2 SR(P; M) holds,then bt(r) 62N followsby the de nition of
Extsupp(P; M) = N\ headTrsypp(P)). Then the rule maxr)
belongsto the reduct QN

max(r)

() 9a2 body" (r) sud thateqctr(r); nxt(a)) 62N

() 9a2 body"(r) sudthat#r = #a+ 1holdsbythe de nition

of Extyax (P;M;#) = N\ headTryax (P)). The lastis vacuously
true by Theorem5.8,asM isasupportednodelof P and# isalevel
numbering w.r.t. M. It follows by Lemma 4.9 that LM(QmaX(r)) =

f max(r)g which equalsto N \ head@max)) by the de nition of the
setExtyax (P;M;#) = N\ headTruax (P)).

If r 62SR(P; M) holds,then bt(r) 2 N followsby the de nition of
Extsupp(P; M) = N\ headTrsypp(P)). The structureof Qmax) im-
pliesthatQy .,y = ; isthiscaseThusN \ head@Qmax(r)) = ; , asdic-

tatedby the de nition of Extuax (P; M;#) , equalsto LM(QY,)) =
;. HenceN islocally stablew.r.t. Qmax)-

Finally, let usconsiderthe setof constraintQy =

(9.14) [ fx x; bt(r); lt(ctr(r); nxt(a)).9 [
r2P anda2body™* (r) [

r2P andbody™ (r)6;

fx x; bt(r); maxr)g:
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Note thatx 62N by de nition andwe would like to esablishthatx  does
not belongQY , which could resultfor two reasons.

1. Supposethat bt(r) 62N and It(ctr(r); nxt(a)); 62N hold for some
ruler 2 P sud thatbody™ (r) 6 ; andanatoma 2 body* (r). The
de nition of Extsypp (P; M) = N\ head(Trsypp (P)) impliesthatr 2
SR(P; M), asbt(r) 62N. Thenthe de nition of Extyax (P; M:#) =
N \ headTruax (P)) impliesthatlt(ctr(r); nxt(a)); 2 N and#r <
#a+ 1foranatoma?2 body" (r). Acontradction, asr 2 SR(P; M)
and# isalevelnumberingw.r.t. M.

2. Supposethat bt(r) 62N and maxr) 62N for someruler 2 P
such that body* (r) 6 ;. Thenr 2 SR(P;M) follows as above,
and maxr) 2 N followsby the de nition of Extyax (P;M;#) =
N \ headTruax (P)), acontradction.

It followsthat QY = ; sothat LM(QY) = ; by Lemma4.9. ThusN \
headQ,) = LM(QY), which meansthat N is locally stable w.r.t. Q,. To
conclude,wehaveestblishedthatN islocally siablew.r.t. ead subprogram
of Tryax (P) andby Theorem6.22,N islocally stablew.r.t. Tryax (P), too.
2

Proposition 9.20 Let P be a normal program. If N is a stable model of
TrAT(P), then N \ head(TrMAx (P)) = Extyax (P,M,#) forM = N\
Hb(P) andthefunction# : M [ SRP;M)! f0;:::;2"" 1gfrom Def-
inition 6.18.

PROOF. Let N be a stable model of Trar(P), anddene M and # as
above.It followsby Theorem6.22thatN islocally siablew.r.t. Tryax (P)
Trat(P). Moreover,the relationshipg9.12) and (9.13) pointed out in the
proofof Proposition9.18arevalid in this proofaswell. Moreover,recallthe
translationTryax (P) from De nition 6.10. In the seqel, we analyzesub-
programghat partition head Tryax (P)) suitably Note that Theorem6.22
impliesthatN islocally stablew.r.t. ead subprogram.

Recallthe subprogranQy from (9.14) for which head Q) = fxg. Let
usthen assumeghatx 2 N. SinceN is locally stablew.r.t. Tryax (P), it
is locally stable w.r.t. Qy, too. Thusx 2 LM(QY) sothat x must be-
longto Q. Since x appeasin the bodyof ead rule in Q, this implies
that x 62N, a contradction. Hence x 62N. Accordngly, it holds that
X 62EXtuax (P; M ;#) bythede nition of Extyax (P; M ;#) . Subprograms
which areasso@tedwith rulesr 2 P sud thatbody® (r) 6 ; areanalyzed
next.

1. Let Qnuia) = LT p(ctr(r); nxt(a); bt(r)) asso@mtedwith anatoma 2
body” (r). SinceN is locally stable w.r.t. Qny(a), it holdsthat N \
headQnx(a)) = LM(QN,, ). Therearetwo caseso consider First, if

nxt(a)

bt(r) 62N, thenr 2 SR(P; M) by (9.13).Proposition9.18implies

N\ Hb® (ctr(r)) = AT (ctr(r); # r) and

9.15) '\ HbCY (nxt(a)) = ATCY (nxt(a); #a+ 1 mod 2" P):
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ThenN \ head Qnxi(a) = AT (ctr(r); # r; nxt(a); # a+ 1 mod 2" )
followsby Lemma9.9. Thisis fully compatiblewith the de nition of
Extuax (P; M;#) . Second,if bt(r) 2 N, we haver 62SR(P; M) by
(9.13).1In addition to this,Lemma9.9impliesthatN \ head Qnx:(a)) =
;, iIn harmonywith the de nition of Extyax (P; M ;#) .

2. Then considerRn = EQ, p(ctr(r); nxt(a); bt(r)) assoated with
a 2 body” (r). This subprogramis handled analogousiyto the one
above— starting from the local stability of N w.r.t. it. Like above,
bt(r) 62N impliesr 2 SR(P;M) and (9.15). Then the equality
N\ headRnxa) = AT % (ctr(r); #r;nxt(a); # a+ 1 mod 2'7) fol-
lows by Lemma 9.12. Similarly, bt(r) 2 N impliesr 2 SR(P;M)
andN \ headRx)) = ; by Lemma?9.12. Hence the structureof
Extuax (P; M;#) isrespected.

3. Let
Qmaxr) = fmaxr) bt(r); eqctr(r);nxt(a)) j a2 body™ (r)g:

SinceN islocally stablew.r.t. Quax), it followsthatN \ head Qmax())
equalsto LM(QM,))- Aggin, two casesarise. If bt(r) 62N, then
r 2 SR(P; M) by (9.13). Let usthen assumamaxr) 62N . Sincethe
rule x x; bt(r); maxr) isincludedin Q,, we obtain thatx
isincludedin QY. Thusx 2 N, acontradction. Hencemaxr) 2 N
is necessarilghe case.Recallthat maxr) 2 Extyax (P;M;#) , too.
On the other hand, if bt(r) 2 N, thenr 62SR(P; M) by (9.13). It
followsthat QY.,,, = ; sothatmaxr) 62LM(Qy,,.,)- Thuswe
havea perfectmatch with the de nition of Extyax (P; M ;#) which
excludesmaxr) whenr 62SR(P; M).

We havenow coveredall setsof atomsthat constitutehead(Tryax (P)). It
followsthatN \ head(Tryax (P)) = Extyax (P;M;#) . 2

Proposition 9.21 Let P be a normal program. If N is a stable model of
Trar(P),M = N\ Hb(P) and# from De n ition 6.18,then

(9.16) #r =

maxf#a+ 1mod 2 P j a2 body* (r)g; ifbody*(r)6 ;:
1, otherwise

holdsforeveryr 2 SR(P; M).

PROOF. Let N beastablemodelof Trar(P) andde ne M asaboveand#
by De n ition 6.18.Thenlet usconsideranyr 2 P sud thatr 2 SR(P; M)
for which # r iswell-de ned. Asestblishedin Proposition9.18,this partic-
ular value is held by ctr(r) in binary. Then (9.13)implies that bt(r) 62N .
Two casesrisedependng whetherbody™ (r) = ; or not.

If body* (r) = ;,thenN \ Hb (ctr(r)) = AT (ctr(r); 1) by Proposi-
tion 9.18. Thus# r = val, p(ctr(r); N) = 1, asinsistedby De n ition 6.18.

If body™ (r) 6 ;,thereisatleastoneatoma 2 body™ (r). Let usassume
that#r < #a+ 1 mod 2'P. Recallthatthe value# a+ 1 mod 2' P isheld by
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the counternxt(a), i.e. N \ Hb®F (nxt(a)) = ATEL (nxt(a); # a+ 1mod 2 P)
by Proposition9.18. SinceN \ head(Tryax (P)) = Extuax (P;M;#) by
Proposition9.20,weobtain It(ctr(r); nxt(a)) 1 62N . Thenrecallthattherule
X x; bt(r); It(ctr(r); nxt(a)), includedin Tryax (P). It followsthat
X isincluded in Tryax (P)N and furthermorex 2 N, a contradction.
Thus we concludethat # r #a+ 1mod 2P actuallyholdsfor all a 2
body™ (r).

On the other hand, we esablishedmaxr) 2 N in the proof of Proposi-
tion 9.20 where the programQmaxr) Wasanalyzed. Since N is locally sta-
ble w.r.t. Qmax(r), it followsthatmaxr) 2 LM(Qp,,)- Then Lemma4.9

implies that maxr) belongsto Qr'}'mx(r). This is possibleonly if there

isa 2 body" (r) sud that eqctr(r); nxt(a)) 62N. It follows by Propo-
sition 9.20 that eq(ctr(r); nxt(a)) 62Extuax (P; M ;#) , or equivalently it
holds that eq(ctr(r); nxt(a)) 2 Extwax (P;M;#). Then the de nition of
Extuax (P;M;#) impliesthat#r = #a+ 1mod 2 P. To conclude,we
haveestablishedthat

#r=maxt#a+ 1mod2 " ja2 body*(r)g:

9.9 Correctnessof Tryn (P)

82

Proposition 9.22 Let P be anormal program.If M is a stable model of P,
# the corresponahg levelnumberingw.r.t. M, andN = Extat(P;M;#) ,
then LM(T 'MIN (P)N) = EXtM|N (P, M ,#) .

PROOF. Let M beastablemodelof P and# the corresponthg levelnum-
bering, asimplied by Theorem5.8. We notethatN \ headTryn (P)) =
Extumin (P; M ;#) holdsdirectlybythede nition of N andLemma9.13.The
translationTryn (P) givenin De n ition 6.11 consistsof multiple subpro-
gramsleadng to a caseanalysisin eat casewe estblishthe local stability
of N w.r.t. the subprogramn question.

Givenaruler 2 P, the subprogram®f Tryy (r;r P) from De n ition
6.11areaddresseahext. Supposdhathead() = a.

1. Let Qurm = LT, p(ctr(r);ctr(a);bt(r)). Two casesarise depend-
ing on the statusofr. If r 2 SR(P;M), thena 2 M, asM F
body(r) andM F r. Thus#r and # a are well-de ned, as# is
a level numbering w.r.t. M. The atom bt(r) 62N by the de ni-
tion of Extsypp(P;M) = N\ headTrsypp(P)). It followsby the
de nition of Extcrr (P;M;#) = N\ head(Trcrr (P)) that N \
HOC (ctr(r)) = ATES (ctr(r); #r) aswell asthatN \ HbE, (ctr(a)) =
AT (ctr(a); # @). Also,we have

N\ head Qe () = AT s (ctr(r); #r; ctr(a); # a)
bythe de nition of Extyn (P;M;#) = N\ head(Tryn (P)). Thus

LM( Qb () = AT o (ctr(r); # r; ctr(a); # )
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followsby Lemma9.8.

On the otherhand, if r 62SR(P; M) holds,then bt(r) 2 N by the
de nition of Extsypp(P; M) = N\ headTrsupp(P)). The de ni-
tion of Extyn (P;M;#) = N\ headTryn (P)) impliesthat N \

headQcr () = ;, asr 62SR(P;M). In accordanceto this, we ob-
tain LM(Q('}'tr(a)) = ; byLemma9.8. To concludethe precedng case

analysisN islocally stablew.r.t. Qg (a)-

2. The subprogranRcy sy = EQ, p(ctr(r); ctr(a); bt(r)) is coveredanal-
ogouslyto Q. (a), but wehaveto applyLemma9.11in this caserather
than Lemma9.8. ThenN \ headRcy () = LM(RE‘U(a)) which indi-

categhatN islocally stablew.r.t. the subprogranR ¢y ().

The following subprogranis asso@ated with anyatoma 2 head(P). Let
Qmina = fmin(a) bt(r); eqctr(r);ctr(a)) j r 2 Defp(a)g. Note that
head Qmin) = fmin(a)g. It followsthatmin(a) 2 N () a2 M by
the de nition of Extyn (P;M;#) = N\ head(Trun (P)) () 9r 2
Defp (@) sud thatr 2 SR(P; M), asM is a supportedmodel of P, ()
9r 2 Defp(@) suth thatr 2 SR(P; M) and#r = #abyDe nition 5.2,as
# isalevelnumberingw.rt. M, () 9r 2 Defp(a) suc thatbt(r) 62N
and eqctr(r); ctr(a)) 62N by the de nitions of Extsypp(P;M) = N\
headTrsupp(P)) and Extmin (P, M) = N\ heaC(TrN”N (P)) ( ) the
rule min(@  belongsto the reductQ;,,, () min(@ 2 LM(QY)-
HenceN islocally stablew.r.t. Qmin(a)-

Finally, let usconsiderthe setof constraints

[
(9.17) Q,= fy y; bt(r); lt(ctr(r); ctr(headr))) 19 [
r2p [
fy y, & min(a)g:
a2Hb(P)
Note thaty 62N by de nition andwe would like to eseblishthaty  does
not belonng'\I , which might resultfor two reasons.

1. Letbt(r) 62N andlt(ctr(r); ctr(head())) 1 62N hold for somer 2 P.
The de nition of Extsypp(P; M) = N \ headTrsyppr(P)) implies
thatr 2 SR(P; M), asbt(r) 62N. Notethatr 2 SR(P; M) implies
thatheadr) = a2 M,asM F r. Then#r < # afollowsby the def-
inition of Extyn (P;M;#) = N\ headTryn (P)). A contradction
byDe nition 5.2,asa2 M and# isalevelnumberingw.r.t. M.

2. Supposdhata 62N andmin(a) 62N hold for someatoma 2 Hb(P).
Then the de nition of Extsypp(P; M) = N\ head(Trsypp(P)) im-
pliesa 2 M. Moreover,min(a) 2 N followsby the de nition of
Extyin (P; M;#) = N\ head(Tryn (P)), acontradction.

It followsthat Q) = ; sothat LM(QJ') = ; by Lemma4.9. ThusN \
head Q) = LM(QyN), which meansthat N is locally stablew.r.t. Q,. To
conclude,wehaveestblishedthatN islocally sablew.r.t. ead subprogram
of Tryn (P). HenceN s locally stablew.r.t. Tryw (P) by Theorem®6.22.
2
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Proposition 9.23 Let P be a normal program. If N is a stable model of
TrAT(P), then N \ head(TrN”N (P)) = Extun (P,M,#) forM = N\
Hb(P) andthefunction# : M [ SRP;M)! f0;:::;2"" 1gfrom Def-
inition 6.18.

PROOF. Let N be a stable model of Trat(P), anddene M and# as
above.lt followsby Theorem6.22that N islocally sablew.r.t. Tryn (P)
Trat (P). Moreover,the relationshipg9.12) and (9.13) pointed out in the
proof of Proposition9.18 are valid in this proof aswell. Let usrecall the
translationTryy (P) andthe sethead(Tryn (P)) from De nition 6.10. In
the sequel, we analyzesubprogram®)  Tryn (P) which partition the set
headTryn (P)) suitably sud that Theorem6.22 implies that N is locally
stablew.r.t. ead subprogranQ being analyzed.

Recallthe programQ, from (9.17) for which headQy) = fyg. Letus
then assumethaty 2 N. Since N is locally s@able w.r.t. Tryy (P), it is
locally stablew.r.t. Qy, too. Thusy 2 LM (QQ‘) sothaty = mustbelongto
Q)')' . Since y appeasin thebodyofead rulein Q, thisimpliesthaty 62N,
acontradction. Hencey 62N . Accordngly, we havey 62Ext iy (P; M ; #)
bythe de nition of Exty (P; M ; #) .

Let usthenaddresghe subprogramsf Try, (r; r P) which areassoated
with aruler 2 P. Lethead() = a

1. Let Qerey = LT, p(ctr(r);ctr(a); bt(r)). Since N is locally stable
W.r.t. Qerr(a), it holdsthat N \ headQcyr(s) = LM (Q[}'tr(a)). There
aretwo casegso consider First,if bt(r) 62N, thenr 2 SR(P; M) by
(9.13)and Proposition9.18implies the following:

(9.18) N\ Hb (ctr(r)) = AT (ctr(r); #r) and
' N\ Hb (ctr(a)) = ATSYL (ctr(a); # a):

Then N \ head Q) = AT!p(ctr(r); #r;nxt(a); # a) is obtained

by Lemma9.9. This conformsto the de nition of Extyy (P; M ;#) .

Second,f bt(r) 2 N, wehaver 62SR(P; M) by (9.13).0n the other

hand,Lemma9.9impliesthatN \ head Qi (s) = ; , in harmonywith

the de nition of Extyn (P; M #) .

2. Then consideRey s = EQ, p(ctr(r); ctr(a); bt(r)). This subprogram
is handledanalogouslyo the one above— starting from the local sta-
bility of N W.r.t. Rey (). Like aboveot(r) 62N impliesr 2 SR(P; M)
and (9.18). Then N \ headRcy(a)) = AT, p(ctr(r);#r;ctr(a); # a)
follows by Lemma 9.12. Quite similarly, bt(r) 2 N impliesr 62
SR(P;M) andN \ headRcy(q) = ; byLemma9.12. To conclude,
the structureof Extyn (P; M ; #) isrespected.

Finally, givenanyatoma 2 head), letusde ne

Qmin@ = fmin(a) bt(r); eqctr(r);ctr(a)) jr 2 Defp(a)g:

Since N is locally stable w.r.t. Qmin(a), it holdsthat N \ head Qminca)) =
LM(Q,‘}'“n(a)). Two casearise.If a 62N, thena2 M by (9.12). Let usthen

assumenmin(a) 62N . Sincetheruley y; & min(a)isincludedin Qy,
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weobtainthaty isincludedin Q. Thusy 2 N, acontradction. Hence
min(a) 2 N musthold. Recallthatmin(a) 2 Extyn (P; M ;#) , too. On the
otherhand,ifa2 N, thena62V by(9.12).SinceM isasupportednodelof
P, it followsthatr 62SR(P; M ) holdsforeveryr 2 Defp (a). Thusbt(r) 2 N

forall r 2 Defp (@) by (9.13). It followsthat Qmm(a) = ; sothatmin(a) 62
LM(QNin) = ;- This matcheswith the de nition of Extwin (P; M ;#)

which excludesmin(a) whena 62M . To conclude,we haveestablishedthat
N\ head Qmina) isfully compatiblewith Extyin (P; M ;#) .

In this way, we havecoveredall subprogramgontributing a partition to
headTrM”\j (P)) ThusN \ head(TrM”\j (P)) = Extuin (P, M ,#) . 2

Proposition 9.24 Let P be a normal program. If N is a stable model of
Trar(P),M = N\ Hb(P) andthe function# from De n ition 6.18,then

(9.19) #a=minf#r jr 2 SR(P;M) anda= headr)g
holdsforeverya2 M.

PROOF. Let N beastablemodelof Trat (P). Thende ne M asaboveand
the function # usingDe n ition 6.18. It followsby Proposition9.16that M
isasupportednodelof P. Thenlet usconsideranya 2 M, for which a 62N
holdsby (9.12).

Letr beanyruler 2 Defp(a) sud thatr 2 SR({P;M). Then both
#aand#r arewell-de ned by De nition 6.18. Let usthen assumethat
#r < #a Recallthat N \ Hb®(ctr(r)) = AT (ctr(r);#r) and N \
HbY (ctr(a)) = ATSY (ctr(a); # a) by Proposition9.18. Sincethe setN \
head Tryn (P)) equalsto Extyn (P; M;#) by Proposition9.23,it follows
thatlt(ctr(r); ctr(a)); 62N . Thenrecallthatthe rule

y y; bt(r); It(ctr(r); nxt(a))1

included in Tryn (P). Now (9.13)implies that bt(r) 62N. It followsthat
y isincludedin Tryn (P)N andfurthermorey 2 N. But thisis a con-
tradction w.r.t. Proposition9.23. Thus we may conclude that # r #a
actuallyholdsfor all r 2 Defp (a) sud thatr 2 SR(P;M).

On the other hand, we estblishedmin(a) 2 N in the proof of Propo-
sition 9.23, where the program Qnina Wasanalyzed. Since N is locally
stable w.r.t. Qmin(), it followsthat min(a) 2 LM(Qp;,,)- Then Lemma

4.9impliesthatmin(a)  belongsto QN This is possibleonly if there

min(a) *

isr 2 Defp(a) sud that bt(r) 62N and eq(ctr(r); nxt(a)) 62N. It fol-
lowsthatr 2 SR(P;M) by (9.13). Moreover, Proposition9.23 implies
that eq(ctr(r); ctr(a)) 62Extyn (P; M;#) . Then the de nition of the set
Extuin (P; M ;#) impliesthat eq(ctr(r); ctr(a)) 2 Extyn (P; M;#) which
indicatesthat# r = # aisin factthe case.To conclude,wehaveesablished
the claim recardng # a. 2

9.10 Correctressof Trat(P)
Proposition 9.25 If M is a supportedmodel of a normal programP and
# :M[ SRP;M) ! f0;:::;2"P 1g a function satisfying(9.16) and
(9.19),then# isalevelnumberingw.r.t. M .
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PROOF. We shouldessentiallyesablishthe requirementimposedon #r in
De nition 5.2using(9.16)and (9.19).If M = ;, thenalsoSR(P;M) = ;,
sinceM E P, and# istrivially alevelnumberingw.r.t. M. Thusweassume
M 6 ; anditsimplication SR(P;M) 6 ; in the seaiel. Let r be any
rule from SR(P; M). By (9.16)the value# r is either 1 when body™ (r) =
;5 or #r is the maxinum amongthe values# b + 1 mod 2P whereb 2
body™ (r) when body™ (r) 6 ;. In the latter case,the level number # b
is the predecessoof # r modulo 2' P for someb 2 body™ (r). Note that
b2 M,asr 2 SR(P;M). SinceM is asupportedmodel of P, thereisa
ruler®2 SR(P; M) sud thathead(® = band# b = # r%isthe minimum
(9.19)andthe predecessoof # r modulo2'P;i.e.#r = #r%+ 1 mod 2'P.
To concludeour analysisofar,

1. eitherbody” (r) = ; and#r = 1;o0r

2. body* (r) 6 ; andthereareb 2 body* (r) andr®2 SR(P;M) sud
thathead(® = b2 M, #r°= #b,and#r = #r°+ 1mod 2'P.

Sincer wasarbitraryin the precedng analysisywecanbuild asegenceof
rulesrq;:::;r, from SR(P; M) sud thatr, = r,foralli 2 f1;:::;n 1g,
body* (r;) 6 ; and#r; = #ri,; + 1 mod 2 7; andbody® (r,) = ;. Sup-
posethatsud r, cannotbefound,i.e. the seqiencer 4;r,;::: containsonly
rulesr; with body” (r;) = ;. Note thatthe seqience

#head(r,);#head(r,);:::

is decreasingnodulo 2" P by constructionand alsoidentical to the seqience
#ri #ry o afterthe r stelement.Since# isafunction, weconcludethat
the headatomshead( ;); head(s); : : : mustbe differentfrom ead otherat
leastuntil the rule r e .4y, which is encounteredafter 2" * stepsand the
level number of which caincideswith # r; due to modulo arithmetics. As
a consegence, there are 2 different atomsin Hb(P). A contradction,
as2'®  jHb(P)j + 2. Hence the existenceof r, with body* (r) = ; is
guaranteed.Given the rangeof #, this impliesthat#r = n wheren <
2"P . A further implication is that the level numbers # r assignedo rules
r 2 SR(P; M) arealwaysgreaterthan O, because wasfreelychosenabove.
Asa consegence, the level numbers # a assignedo atomsa 2 M are
greaterthan O by (9.19). Let usthen assumehat#a = 2" 1 for some
a2 M. By(9.19)thereisaruler 2 SR(P; M) sudthat#r = #a=2""P 1

fromtheruler; = r. Since#r = 2°P 1, the length of the semqience
mustben = 2 1. Moreover,the values#r, = #head(r,), #r, =
#head(r,), form a decreasingeaence. Since# is afunction, there must
be2® 1 different (head)atomsin headP) Hb(P) aswell asHb(P).
A contradction, as2’® 1 jHb(P)j+ 2 1 = jHb(P)j+ 1. Thus
O0< #a< 2" 1foralla2 M. Given this crudal piece of information
andaruler 2 SR(P; M) with body* (r) & ;, the r stpartof the equation
(9.16)canberewrittenas

#Hr maxf# b+ 1 mod 2P jb2 body" (r)g
maxf# b+ 1j b2 body*(r)g

maxf#bjb 2 body" (r)g+ 1:
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To conclude,# is alevelnumberingw.r.t. M, asit is a function from M [
SR(P; M) to N andthe requirementsof De n ition 5.2aremet. 2

Proposition 9.26 Let P be anormal program. If M is a stable model of P
and# isthe corresponahg levelnumberingw.r.t. M , thenthe interpretation
N = Extar(P;M;#) isa stable model of Trat(P) such thatM = N\
Hb(P).

PROOF. Let M be a stablemodel of P. The existenceof the unique level
numbering# w.r.t. M isimplied by Theorem5.8. De ne N asthe setof
atomsExtat (P; M; #) givenin De n ition 6.16.

The translationsTrsypp (P), Tretr (P), Truax (P), and Tryn (P) which
constituteTrat (P) havebeendesignedsothathead Trat (P)) ispartitioned
by the respectivesetof headatoms.Moreover,Proposition®.14,9.17,9.19,
and 9.22imply that N is locally stablew.r.t. thesepartitionsof Trat (P). It
followsby Theorem6.22thatN isastablemodelof Trat (P). Moreover,the
projectionN \ Hb(P) = M byDe nitions6.14and6.16. 2

Proposition 9.27 Let P be a normal program. If N is a stable model of
the translationTrat (P), thenM = N \ Hb(P) is astablemodelof P, the
function # from De n ition 6.18is a level numberingw.r.t. M andN =
Extar(P; M ;#) .

PROOF. Let N beastablemodelof Trar(P) andde ne M = N\ Hb(P)
asabove. Note that the setSR(P; M) is alsowell-de ned, asM is. Thus
we mayde ne afunction # — alevel numbering canddate — using Def-
inition 6.18. It followsby Proposition9.16that M is a supportedmodel of
P. Moreover,the function # meetsthe requirementsfor alevel numbering
w.r.t. M by Proposition®.21,9.24,and9.25. ThusM isastablemodelof P.
Moreover the projectionsN \ head(Trsypp(P)), N\ head(Trctr (P)), N\
headTryax (P)),andN\ headTryn (P)) equaltothe setExt sypp (P; M)
(Proposition9.15),Extcrr (P; M; #) (Proposition9.18),Extyax (P; M; #)
(Propositior9.20),andExt i (P; M ;#) (Propositior9.23),respectivelyBy
De nition 6.16, the union of thesesetsis Extar(P;M;#) . Since N
headTrat(P)) andthe disjoint union of

headTrsupp(P)), headTrcrr (P)), head Tryuax (P)), and
head(TrN”N (P))

coincideswith headTrat (P)), it followsthatN = Extat(P;M;#) . 2

PROOF of Theorem 6.20. Let us r staddressthe polynomality of Trar.
Givenanormallogic programP, it isobviousthatthe HerbrandbaseHb(P)
canbedetermned by perfornming alinear passhroughthe program.Thisis
basicallya linear-time operation,but the remo\al of duplicatesadds a loga-
rithmic factorin the worstcase— recall that Hb(P) is a setof atomsrather
than a list of atoms. Once Hb(P) is known, then jHb(P)j andr P canbe
computedin linear/locarithmic time. Let usthen consideread one of the
translationsIrsypp (P), Tretr (P), Truax (P), andTryn (P) separately

1. RecallTrsypp (P) from De nition 6.8. Each atoma 2 Hb(P) istrans-
latedinto arule of ve symbolsrecallthatseparat@countasoneextra
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symbolfor ead rule. Arule (2.1) consistingof 2n + 3m + 3 symbolgs
translatednto threerulesconsistingof 2n + 3m + 13symbolsn total.
ThusjjTrsyupp(P)jj is5 jHb(P)j + jjPjj + 10 jPj which isclearly
linearin jjPjj, asjHb(P)j < jjPjj andjPj < jjPjj. Furthermore,the
translationcanbeformedin lineartime by doing alinear passhrough
Hb(P) andP andprodudng the required rules.

2. Let usthen considerthe translationTrcrr (P) from De nition 6.9,
which usesthe primitives from Table 2 assubprograms.By count-
ing the symbolsin the rulesinvolvedin theseprograms,we obtain
the lengthsjjSEL; (a; c)jj = 16, jjNXT;(a;b;0)jj = 72 56, and
JIFIX; (& n; c)jj = 5 in general.The translationTrcrr (P) concerns
both atomsa 2 Hb(P) andrulesr 2 P. The translationof an atom
ainvolvesler P + 727 P 56 = 8% P 56 symbolswhereasthe
translationof a rule r contains either 16r P or 5r P — dependng
on body” (r). Therefore,jjTrcrr (P)jj is boundedfrom aboveby the
number jHb(P)j (88r P  56)+ jPj 16r P which is linear in
jjPjj  r P, sincejHb(P)j < jjPjj andjPj < jjPjj. It isalsoobvious
that Trcrr (P) can be formed by doing a linear passhrough Hb(P)
andP. ThusTrcrgr (P) canbe producedin time lineartojjPjj r P.

3. ThetranslationTryax (P) from De nition 6.10is basedon the prim-
itivesin Table 3. Generally speaking,the lengths of the programs
theren arejjLT;(a b;c)jj = 47  28andjiEQ;(a; b;c)jj = 22 + 8.
ThetranslationTryax (P) dealsbasicallywith positivebodyatomsa 2
body™ (r) appearingin non-atomic rulesr. Then jj Tryax (r;r P; a)jj
is4nrP 28+ 22P + 8+ 19= 6P 1 Asaconsegence,
i Truax (P)jj isboundedfrom abovebyjjPjj (69r P 1)+ jPj 11,
asthe number of positivebody atomsin P is lessthan jjPjj and the
number of non-atomc rulesis at mostjPj. This makesjjTryax (P)jj
linearin jjPjj r P andthetime required to computeTryax (P) isof
orderjjPjj r P,asTryax (P) canbeformedon arule-by-rulebasis.

4. The caseofthetranslationTryy (P) from De n ition 6.11issimilar. A
ruler 2 P istranslatedsothatjjTry (r;r P)jj = 6 P 1, too,and
jiTrmin (P)jj isboundedfrom abovebyjPj (69r P 1)+ jHb(P)j
11 which is alsolinear in jjPjj r P. The actualtranslationcan be
producedin time lineartojjPjj r P bypassinghroughP andHb(P).

It remainsto shaw the faithfulnessof Trat. De nition 6.12implies that
Hb(P) Hb(Trat(P)) and Hb,(Trar(P)) = Hb,(P). By Proposition
9.26and Theorem5.8,thereis an extensiorfunction Ext ot thatmapsM 2
SM(P) into N = Extar(P;M;#) 2 SM(Trar(P)) sud thatM = N\
Hb(P). Recallthat the level numbering # is uniquely determined in this
relationship. Moreover, we know by Proposition9.27 and Theorem 5.8

thatif N 2 SM(Trar(P)), thenM = N\ Hb(P) 2 SM(P) andN =

Extat (P; M;#) where# isthe unique levelnumberingasso@atedwith M .

ThuswemayconcludeTrar faithful by Theorem3.19. 2
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