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ABSTRACT: In this report,we comparethe expressivepowers of classesof
logic programsthat areobtainedby constraining the number n of atomsin
the bodiesof rules.This givesriseto the classesof binaryprograms(n � 2),
unary programs(n � 1) and atomic programs(n = 0). The comparison
is basedon the existence/nonexistenceof polynomial, faithful, andmodular
(PFM) translationfunctions betweenthe classes.Asa result, we obtain a
strict orderingon the classesof logic programsunder considerationunder
the leastmodel semantics.Binaryprogramsareshown to be asexpressiveas
unconstrainedprogramsbut strictlymoreexpressivethanunaryprograms.In
addition, unaryprogramsarestrictlymoreexpressivethan atomic programs.
This settingremainsvalid even if we considernormal logic programs,in
which negative literals may appearin the bodiesof rules,under the stable
model semantics.We alsotakepropositionalsatis�ability into consideration
and establish that atomic programsarestrictly more expressivethan setsof
clausesunderclassicalsemantics.Finally, westudypolynomial, faithful, but
non-modularalternativesto PFM translationfunctionsthat do not exist.We
obtain a breakthroughin this respectby showing that an arbitrarynormal
logic programP canbe reducedto setof clausesusinga faithful translation
function in time proportionalto jjP jj � log2 jHb(P)j. Asan implication of
this result,theclassesof logic programsunderconsiderationbecomeequally
expressiveif measuredin termsof polynomial and faithful translationfunc-
tions.

KEYWORDS: Modularity, Translationfunction, Expressivepower
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1 INTRODUCTION

In logic programming [44], a simplerule-basedlanguageis usedfor knowl-
edgerepresentation in a declarativeway so that queriescan be answered
usingaprocedurebasedon the resolutionprinciple [39]. Clark [7] proposed
soona form of negation, namely negation asfailure to prove, to enhance
the knowledgerepresentation capabilitiesof logic programs.This is how the
classof generalor normal logic programswas�r stestablished,but it turned
out dif�cult to incorporatethe negation asfailure principle into resolution
procedures(c.f. SLDNF-resolutionin [32]) in a satisfactoryway. For exam-
ple, theorderin which rulesareconsideredbythe resolutionproceduremay
affectanswers that aregivento the queries.Such a featuremakeslogic pro-
gramming with negation asfailure lessdeclarativeand dependenton the
implementationof the resolutionprocedure.

Fortunately, Gelfond andLifschitz cameup with a solution to this prob-
lem: stable model semantics[16] for normal logic programs. In this ap-
proach, negative literals in rules are interpretedsimultaneouslywhich re-
storesthe declarativenatureof programming with rules. Moreover,the em-
phasisis moreon computingstablemodels(or answersets[17]) for a given
logic programratherthan usinga resolutionprocedurefor queryanswering.
This is becausea problemat handis typicallyformulatedasa logic program
so that stable modelscorrespondto the solutionsof the problem. Due to
recentinterestin thisapproach, answersetprogramming isnowadaysconsid-
eredasa self-standing constraintprogramming paradigm [35, 36].

The successof stablemodelsand answersetprogramming is much due
to ef�c ient implementations,such asSM ODELS [41] and DLV [11], which
weredevelopedduring the lastdecade.This work involveddevelopmentof
search algorithmsfor computingstablemodels.Thebasictechniqueisto use
a branch and bound algorithm [42] and the well-foundedmodel [45] asan
approximationto boundsearch space.However,eventighterapproximations
can be devisedgivenassumptionson stablemodelsto be computed. Such
principleshavebeenincorporatedto thesearch algorithmbehind SM ODELS

[41], for instance.One such principle triesto applyrulescontrapositively: if
the headh of a rule h  a1; : : : ; an is known/assumedto be falsein a stable
model M being computed, then one of the atomsa1; : : : ; an in the body
mustalsobefalsein M . In particular,this principle becomeseffectivewhen
n = 1 or when all atomsamonga1; : : : ; an exceptai areknown/assumedto
be true in M . Then a1, or respectivelyai in the latter case,must be false
in M , and in this way, our knowledge/assumptionson the stablemodel M
being computed(i.e. the approximation) is re�ned a bit by the truth value
assignedto a1 or ai in general.Theseobservationssuggestthat the useof this
principle could be acceleratedif the number of atomsin the bodiesof rules
were reducedsomehow. Consequently, we are facedwith a fundamental
questionif such a reductionis possibleandfeasiblein the �r stplace.

To addressandanswerthisquestion,thisreportconcentrateson analyzing
the expressivepowers of logic programclassesthat areobtainedby restrict-
ing the number n of atomsin the bodies of rules. The analysisbuilds on
threesyntacticsubclasses,namelybinaryprograms(n � 2), unaryprograms
(n � 1) and atomic programs(n = 0). The central idea is to developand
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apply a method that is similar to the one usedby the author [22, 26] for
classifyingnon-monotonic logicsby their expressivepower. A basicstepin
such analysisis to check the existenceof a polynomial, faithful and modu-
lar (PFM) translationfunction betweentwo classes.If we areable to prove
that such a translationfunction doesnot existbetweencertain classes,then
the syntactic constraintsimposedon the classesaresigni�cant andaffectex-
pressivepower. In particular, if there is no PFM translationfunction that
reducesthe number of bodyatoms,then the reduction is likely to be infea-
siblein practiceasit cannotbe donein a systematic(modular)way. In fact,
the resultsestablishedin this reportindicatethat the number of bodyatoms
can be reduceddown to two, but going below that is impossiblein a faith-
ful and modular way. In other words,arbitraryprogramscan be translated
into binaryonesin this way, but binary/unaryprogramscannotbe translated
into unary/atomic ones.In orderto understandtheseintranslatability results
better, we will alsoaddressnon-modularalternativesin thosecaseswhere
modulartranslationsturn out to be impossible.

On the other hand, manyproblemsthat havebeensolvedusinganswer
setprogramming methodologyhavealsoformulationsasclassicalsatis�abil-
ity problems.However,such formulationstend to be moredif�cult and less
concise. For example,formulating an AI planning problem is much easier
asa normal logic program[8] than asa setof clauses[28]. This suggests
that there is a real differencein expressivepower that could be formally es-
tablishedusingthe methodsdevisedin this report. For this reason,we take
propositionalsatis�ability (i.e., setsof clausesunder classicalmodels)into
considerationin order to compareit with the classesof logic programsdis-
tinguishedin this report. It turnsout that propositionalsatis�ability formsa
classthat is strictly lessexpressivethan the classesof normal logic programs
addressedin this report.

The restof this report is organized asfollows. In Section2, we review
the syntax and semanticsof the formalismsaddressedin this report: nor-
mal logic programsunder stablemodel semanticsandsetsof clausesunder
classicalsemantics.Moreover,wedistinguishsyntacticsubclassesof normal
logic programswhich are taken into consideration. To prepareforthcom-
ing expressivenessanalysis,we distinguishthree fundamental propertiesof
translationfunctionsin Section3: polynomiality, faithfulnessandmodular-
ity. Consequently, a methodfor comparingthe expressivepowersof classes
of logic programsis established. The actual expressivenessanalysistakes
placein Section4. The classesof logic programsareorderedon the basis
of their expressivepowers which givesriseto an expressivepower hierarchy
for the classesunder consideration.Thesecomparisonsinvolve intranslata-
bility resultsthat count on the modularityproperty. However,this leavesus
the possibilityof obtaining faithful, polynomial, but non-modulartranslation
functions.Such alternativesarepursuedin Section6. A particularobjective
in this respectis to translatefaithfully arbitrarylogic programsinto setsof
clausesin polynomial time. Asa preparatorystepin this respect,wepresent
analternativecharacterizationof stablemodelsin Section5. Finally, weper-
form comparisonswith relatedwork in Section7 and the report endswith
conclusionsin Section8.
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2 PRELIMINARIES

In this section,wereviewthe basicterminologyandde�n itions of logic pro-
gramsaswell aspropositionalsatis�ability. The syntaxof normal logic pro-
gramsis explainedin Section2.1 while Section2.2 concentrateson their
semantics.In Section2.3 we introduce syntactic restrictionsthat play the
keyrole in forthcoming expressivenessanalysis.The lastsubsection,namely
Subsection2.4, reviewsthe detailsof setsof propositionalclausesaswell as
their classicalmodel-theoreticsemantics.

2.1 Normal Logic Programs

A normal (logic) programP is asetof expressionsor rulesof the form

(2.1) a  b1; : : : ; bn ; � c1; : : : ; � cm

wherea isanatom,andf b1; : : : ; bng andf c1; : : : ; cm g form setsof atoms.In
thispaper,werestrictourselvesto the purelypropositionalcaseandconsider
only programsthat consistof propositionalatoms1. The symbol� denotes
default negationor negationasfailure to prove[7] which differsin an impor-
tant wayfrom classicalnegation denotedby : . We de�ne default literalsin
the standardwayusing� asnegation. The informal intuition behind a rule
(2.1) within a normal programis that the atom a can be inferred usingthe
rule giventhat the atomsb1; : : : ; bn can be inferredusingsomeother rules
but noneof the atomsc1; : : : ; cm canbe inferredusinganyother rules.The
exactmodel-theoreticsemanticsof ruleswill begivenin thenextsubsection.

Given a rule r of the form (2.1), the atoma formsthe headof r whereas
thepositiveliteralsb1; : : : ; bn andthenegativeliterals� c1; : : : ; � cm together
form the bodyof r . Despiteof the notation usedin (2.1), we interpret the
body asa setof literals, which implies that the order of the literals is not
relevant. To enable easyreferenceto the atoms/literalsin the body, we
adopt the following notations: head(r ) = a, body(r ) = f b1; : : : ; bng [
f� c1; : : : ; � cm g, body+ (r ) = f b1; : : : ; bng, andbody� (r ) = f c1; : : : ; cmg.
We generalizethesenotations for any normal programP in the obvious
way, e.g. head(P) = f head(r ) j r 2 Pg, and body(P), body+ (P), and
body� (P) areanalogouslyde�ned. The positivepart r + of a rule r is de-
�ned ashead(r )  body+ (r ).

For now, the HerbrandbaseHb(P) of a normal logic programP is de-
�ned asthe setof atomsthat appearin the rules of P, although a slightly
moregeneralde�n ition will be introducedin Section3.1. In the sequel, the
classof normal programsis denotedby P. To easethe forthcoming semanti-
cal de�n itions, wedistinguishpositive(normal) programswhich arenormal
programsP whoseeveryrule r 2 P satisfybody� (r ) = ; . Consequently,
the classof positiveprogramsP + formsapropersubclassof P.

1Programswith variables,constantsandfunction symbolsarecoveredimplicitly through
Herbrandinstantiation. However,the forthcoming expressivenessanalysisis basedon �n ite
programsandHerbrandinstances,which meansthat function symbolsarenot fully covered.
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2.2 Stable Model Semantics

Normal programscan be given a standardmodel-theoreticsemantics.An
interpretation I � Hb(P) of anormalprogramP determineswhich atomsa
of Hb(P) aretrue (a 2 I ) andwhich atomsarefalse(a 2 Hb(P) � I ). The
satisfaction relation j= is given in De�n ition 2.1 below. In particular,note
that negativedefault literalsthat mayappearin the bodiesof rulesaregiven
a classicalinterpretation at this point: I j= � a ( ) I 6j= a. Moreover,the
interpretationof rulesissimilar to thatof classicalimplications.

De�n ition 2.1 Let I � Hb(P) bean interpretationof normalprogramP.

1. For an atoma 2 Hb(P), I j= a ( ) a 2 I .

2. For a negativeliteral � a basedon a 2 Hb(P), I j= � a ( ) a 62I .

3. For a setof default literalsL, I j= L ( ) 8l 2 L : I j= l.

4. For a rule r , I j= r ( ) I j= body(r ) implies I j= head(r ).

5. Finally, I is a (classical)modelof P (I j= P) ( ) 8r 2 P : I j= r .

Although the preceding de�n ition givesthe classicalsemanticsfor arbi-
trary normal programsP, the ultimate semanticsassignedto normal pro-
gramswill bedifferentasminimal modelsaredistinguished.

De�n ition 2.2 A modelM j= P isaminimal modelof P if andonly if there
is no modelM 0 j= P such thatM 0 � M .

In particular,everypositiveprogramP is guaranteedto possessa unique
minimal model of which equalsto the intersectionof all modelsof P [32].
We let LM( P) stand for this particular model, i.e. the leastmodel of P.
The leastmodel semanticsis inherently monotonic: if P � P 0 holds for
two positiveprograms,then LM( P) � LM(P 0). Moreover,the leastmodel
LM( P) can be constructediterativelyas follows (see[32] for a complete
treatment). De�ne an operatorTP on setsof atomsA � Hb(P) by setting
TP (A) = f head(r ) j r 2 P andbody+ (r ) � Ag. The iterationsequenceof
the operatorTP is de�ned inductively:

TP " 0 = ; ,
TP " i = TP (T P " i � 1) for i > 0, and
TP " ! =

S
i<! TP " i .

It followsthat LM(P) = TP " ! = lfp(T P ). This resultmatcheswith our
intuition on rules: LM(P) containsonly necessarilytrue atomsof Hb(P)
that canbe inferredby usingthe rulesof P recursively. Note that this �xed
point is reachedwith a �n ite numberof iterationsif P is �n ite. In the sequel,
we usethe constructionaboveto de�ne the level number lev(a) for each
atoma 2 LM(P), i.e. the leastnaturalnumber i such thata 2 TP " i .

GelfondandLifschitz [16] proposeawayto applythe leastmodelseman-
ticsto anarbitrarynormalprogramP. Givenan interpretationM � Hb(P),
i.e. amodelcandidate,their ideais to reduceP to apositiveprogram

(2.2) PM = f r + j r 2 P andM \ body� (r ) = ; g:
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In thisway, thenegativedefault literalsappearingin thebodiesof the rulesof
P aresimultaneouslyinterpretedwith respectto M . Sincethe reductP M is
a positiveprogram,it hasa naturalsemanticsdetermined by the leastmodel
LM( PM ). Equatingthis modelwith the modelcandidateM usedto reduce
P leadsto the following notion of stability.

De�n ition 2.3 ([16]) An interpretation M � Hb(P) of a normal logic pro-
gramP is astablemodelof P ( ) M = LM( P M ).

Everystablemodelof P isalsoaclassicalmodelof P in thesenseof De�-
nition 2.1,but not necessarilyviceversa.In general,anormal logic program
neednot havea unique stablemodel (seeP1 in Example2.4 below) nor a
stablemodelsat all (seeP2 in Example2.4). In contrastto the leastmod-
elsof positiveprograms,stablemodelsmaychangein a non-monotonic way
which impliesthat conclusionsmayberetractedunderstablemodelseman-
tics. This is demonstratedbelow usingprogramsQ1 andQ2 in Example2.4.
Normal logic programsarewell-suitedfor a varietyof knowledgerepresen-
tation and reasoning tasks.The readeris referrede.g.to [35, 36] for further
exampleson usingnormal logic programsin practice.

Example2.4 Considerthe following normalprograms.

1. ProgramP1 = f a  � b; b  � ag2 hasstablemodelsf ag andf bg.

2. ProgramP2 = f a  � ag hasno stablemodels.

3. ProgramsQ1 = f a  � bg andQ2 = P1 [ f b  g haveunique stable
modelsM 1 = f ag andM 2 = f bg, respectively, but M 1 6� M 2.

2.3 Syntactic Restrictions

Asdiscussedin the introduction, one of the goalsof this paperis to exam-
ine thepossibilitiesof translatingawaypositivebodyliteralsfrom rulesunder
stablemodel semantics.To prepareforthcoming analysis,let usdistinguish
normal/positiveprogramsthatareobtainedby restrictingthe numberof pos-
itive bodyliterals,i.e. jbody+ (r )j, allowedin a rule r .

De�n ition 2.5 A rule r of a normal programis calledatomic, unary or bi-
nary, if jbody+ (r )j = 0, jbody+ (r )j � 1, or jbody+ (r )j � 2, respectively.

Moreover,we saythat a rule r is strictly unary if jbody+ (r )j = 1, i.e. it
is unary and not atomic. Strictly binary rules are de�ned analogously, i.e.
jbody+ (r )j = 2. We extendtheseconditions to coverlogic programsin the
obviousway: a logic programP satis�esanyof theseconditions giventhat
everyrule of P satis�esthe condition. For instance,an atomic normal pro-
gramP containsonly rulesof the form a  � c1; : : : ; � cm . The conditions
setin De�n ition 2.5 imply that atomic programsareunaryonesand unary
programsare binary ones. Consequently, the respectiveclassesof normal
programs(denotedby A , U, andB, respectively)areorderedby inclusion as

2We usesemicolons“;” to separaterulesin logic programs.
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follows:A � U � B � P. In the lastclass,therearealsonon-binarynormal
programsthathaveat leastonerule r with jbody+ (r )j > 2.

The samesyntactic restrictionscanbeappliedwithin the classof positive
programsP+ distinguishedin Section2.2. For instance,anyunarypositive
programconsistsof rules of the verysimple forms a  and b  c. Let
us introduce superscriptedsymbolsA + , U+ , B+ to denotethe respective
subclassesof P+ , which areorderedanalogouslyA + � U+ � B+ � P+ .
Moreover,for each classC amongA , U, B, and P, it holds that C+ � C.
Let us alsonote that the conditions of De�n ition 2.5 havebeen carefully
designedto becompatiblewith Gelfond-Lifschitz reduction. If P isanormal
programbelongingto C and M � Hb(P), then P M is a member of the
respectiveclassC+ . Finally, we emphasizethat the semanticsof the logic
programsin the classesintroduced so far is determined by the stable/least
modelsemantics.

2.4 Setsof Clauses

We de�ne classicalliteralsin the standardwayusingclassicalnegation : as
the connective.A clauseC is a �n ite setof classicalliterals

(2.3) f a1; : : : ; an ; : b1; : : : ; : bmg

representinga disjunction of its constituents.A setof clausesS represents
a conjunction of the clausesC contained in S. We let Hb(S) denotethe
Herbrand baseof a setof clausesS so that interpretationsI for S can be
de�ned assubsetsof Hb(S) in analogyto Section2.2.To enablecomparisons
with respectto De�n ition 2.1, we give below the classicalmodel-theoretic
semanticsof setsof clauses.

De�n ition 2.6 Let I � Hb(S) bean interpretationof asetof clausesS.

1. For an atoma 2 Hb(S), I j= a ( ) a 2 I .

2. For a negativeliteral : a basedon a 2 Hb(S), I j= : a ( ) I 6j= a.

3. For a clauseC 2 S, I j= C ( ) 9l 2 C : I j= l.

4. Finally, I is amodelof S (denotedby I j= S) ( ) 8C 2 S : I j= C.

Similarly to logic programs,a setof clausesS givesrise to a setof models,
but theessentialdifferenceis thatall classicalmodelsaretakeninto account.
A setof clausesS is satis�ableif it hasat leastone model, and unsatis�able
otherwise. Let us yet point out that setsof clausescorrespondto classical
propositionaltheoriesin the conjunctivenormal form (CNF).
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3 TRANSLATION FUNCTIONS

The author hasanalyzedthe expressivepowers of non-monotonic logicsin
a systematicfashion[22, 26, 23] which extendspreviouswork by Imielin-
ski [20] and Gottlob [19]. The comparisonis basedon the existence/non-
existenceof polynomial, faithful and modular (PFM) translationfunctions
betweennon-monotonic logicsunder consideration. Asa result of several
pairwisecomparisonsof non-monotonic logics,the expressivepowerhierar-
chy (EPH) of non-monotonic logics[26] wasgraduallyestablished.

In this report, we proposean analogousframeworkto comparethe ex-
pressivepowersof classesCof logic programs.However,the frameworkwill
be somewhat different from the one usedby the author in [24], asthe na-
ture of logic programshasto be takeninto account.We proceedasfollows.
Aspreliminary issues,wedistinguishgeneralpropertiesof logic programsin
Section3.1andproposeanotion of equivalence,namelyvisibleequivalence,
in Section3.2. This is to preparethe introduction of PFM translationfunc-
tionsbetweenclassesof logic programsin Section3.3.Section3 endswith a
presentationof the resultingclassi�cationmethodin Section3.4.

3.1 General AssumptionsaboutLogic Programs

At this levelof abstraction,logic programsP areunderstoodsyntacticallyas
setsof expressionsbuilt of propositionalatoms. This is to coveralsoother
formalismsin addition to normal logic programsintroducedin Section2.1.
There we de�ned the HerbrandbaseHb(P) asthe setof atomsthat effec-
tively appearin P. Basically, we would like to apply the sameprinciple at
this levelabstraction,but sometimesthereis aneedto extendHb(P) bycer-
tain atomsthat do not appearin P. This kind of a settingmay arisee.g.
whenaparticularlogic programP isbeing optimized.Supposethatanatom
a 2 Hb(P) is recognizeduselessin the programP andall of its occurrences
(and possiblythe rules involved)are removedfrom P. Thus a 62Hb(P 0)
holdsfor theresultingprogramP 0. Let usmentionP = f a  ag andP 0 = ;
asconcreteexamplesof such programs,whoseleastmodelscoincide. The
fact that a is forgottenin this way impedesthe comparisonof the two pro-
gramsin a sense(asto be de�ned in Section3.2),sincethe Herbrandbases
becomedifferentaccording to our de�n ition.

Beforepresentingour solutionto this problem,let usdiscussa further as-
pectof Herbrandbases,namelythe visibility of atoms.When logic programs
are developedto solvea problem at hand, it is typical that only a certain
portion of atomsthatappearin programsarerelevant for representingthe so-
lutionsof theproblem.In thissetting,programsmaycontain auxiliaryatoms
thatareonly locally relevantanddonot appearin otherprogramsformulated
for the problem. Consequently, the models/interpretationsassignedto two
programsmaydiffer alreadyon the basisof auxiliaryatoms.A wayto handle
thissituationistohide local informationin analogytoconventionalprogram-
ming languages.Ratherthan introducing ahiding mechanism for atoms,we
concentrateon specifying visibleatoms,asdecided by the programmer. To
solvethe problemscoveredby the discussionabove,weproceedasfollows.
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De�n ition 3.1 Formally, a logic programis a triple hP; A; V i where

1. P is asetof expressions(rules)built of atoms;

2. A is asetof additional atoms;and

3. V speci�es which atomsappearingin P andA areconsideredvisible.

By a slightabuseof notationweuseP to referto the programdespitethe
additional structureassignedby De�n ition 3.1. The setsA and V areoften
left implicit to bereferredbythenotationsHba(P) andHbv(P), respectively.
From now on, we useHb(P) to denotethe setof atomsthat appears in P
and A above. Asa derivednotion, we de�ne the hidden part of Hb(P) as
Hbh(P) = Hb(P) � Hbv(P). To easethe treatmentof programsin the
sequel, wemakesomedefault assumptionsregarding the setof atomsHb(P)
andHbv(P). Unlessotherwisestated,weassumethat

� Hb(P) is minimal, i.e. Hba(P) = ; and Hb(P) contains only the
atomsthatactuallyappearin P; and

� Hbv(P) is maximal,i.e. all atomsof Hb(P) arevisible.

Example3.2 Given P = f a  � bg, the default interpretation is that the
setHb(P) = f a; bg, Hbv(P) = Hb(P) = f a; bg, andHbh(P) = ; . But if we
want to makean exception,wehaveto add explicitly that Hb(P) = f a; b; cg
and Hbv(P) = f a; cg, for example.By thesedeclarations,the hidden part
Hbh(P) is implicitly assignedto f bg. More formally, this would meanspeci-
fyinga logic programhP; f cg; f a; cgi conforming to De�n ition 3.1.

The unique stablemodel of P is M = f ag, asthereareno rules for b.
This suggestsa simpli�cation Q = f a  g of P. To keeptrack of b, wemay
de�ne Hba(Q) = f bg sothatHb(Q) = Hbv(Q) = f a; bg holdsbydefault.

It is important to understand any extensionsto Herbrand basesso that
they contribute to the length of the program,too. This would not be the
caseif some(evenin�n ite) setof atomsweredeclaredasHb(P) separately,
not asa part of the program. If admitted by the syntax,we takeunions and
intersectionsof of logic programscomponentbycomponent.

De�n ition 3.3 The union and intersectionof logic programshP1; A1; V1i
andhP2; A2; V2i are

hP1 [ P2; A1 [ A2; V1 [ V2i andhP1 \ P2; A1 \ A2; V1 \ V2i ,

respectively.

Asa consequencesof De�n ition 3.3, we haveHb(P [ Q) = Hb(P) [
Hb(Q), Hbv(P [ Q) = Hbv(P) [ Hbv(Q), andHbh(P [ Q) = (Hbh(P) �
Hbv(Q)) [ (Hbh(Q) � Hbv(P)) for anyprogramsP andQ. Thehiddenparts
of Herbrandbasesmay shrink in this way when logic programsare joined
together.

Generallyspeaking,the setHbv(P) can be understoodasa programin-
terfaceof P and it givesthe basisfor comparingthe programP with other
programsof interest.Theatomsin Hbh(P) aretobehiddenin anysuch com-
parisons.Havingnow settledour concernsregarding the Herbrandbasesof
programs,wemakesomegeneralassumptionson classesof logic programs.
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De�n ition 3.4 AnyclassCof logic programsmustsatisfythe following.

A1. EveryP 2 Cis �n ite.

A2. Cis closedunder unions, i.e. 8P 2 C: 8Q 2 C: P [ Q 2 C.

A3. Cis closedunder intersections, i.e. 8P 2 C: 8Q 2 C: P \ Q 2 C.

A4. There is a semanticoperatorSemC for the classC which mapsa pro-
gramP 2 Cto asubsetof 2Hb( P ) determining the semanticsof P.

Theseassumptionswill be neededwhen the requirementsfor translation
functionsareformulatedin Section3.3.The �r stassumptionre�ects the fact
thatwetakelogic programsaspotentialinputsto translatorprograms.Hence
wemustbeableto encodeanyprogramunderconsiderationasa�n ite string
of symbols.Thefollowingtwoassumptionsensurethatlogicprogramswithin
a classcanbe combinedin arbitraryways.For instance,the classof normal
logic programswith an odd number of rules is not in accordancewith A2
nor A3. By the fourth assumption,the semanticsof each programP in a
classC is determined by a setof total 3 interpretationsSemC(P). Given an
interpretation I 2 SemC(P), each atoma 2 Hb(P) is assignedeither to true
or falsein analogyto De�n itions 2.1and2.6. Henceweassumetwo-valued
semanticsfor the classesof logic programsin this report.

Notethatthe�n ite fragmentsof theclassesof logicprogramsCintroduced
in Section2.3 satisfyassumptionsA1–A4. In the sequel, we identify these
classesastheir �n ite fragments.For instance,the union of two �n ite binary
normal programsis alsoa �n ite binary normal program. In particular, the
semanticsassignedby the respectivesemanticoperatoris

(3.1) SemC(P) = SM(P) = f M � Hb(P) j M = LM( P M )g:

NotethatPM = P holdsforanypositiveprogramP andM � Hb(P), which
impliesthatLM(P) istheuniquestablemodelof P. Hencethestablemodel
semanticsandthe leastmodelsemanticscoincide for positiveprograms.

AssumptionsA1–A4on classesof logic programsare so loosethat it is
alsopossibleto view the classof �n ite setsof clausesSC asa classof logic
programs. As explainedin Section2.4, the semanticaloperatorfor SC is
basedsolelyon classicalmodels:

(3.2) SemSC(S) = CM(S) = f M � Hb(S) j M j= Sg:

3.2 Visible Equivalence

Havingde�ned thesemanticsof logic programson anabstractlevel,thenext
issueis to de�ne the conditions on which two representativesP and Q of a
givenclassof logic programsCcanbeconsideredto beequivalent. It isnatu-
ral that the answerto this questiongoesback to semantics.A straightforward
notion of equivalenceis obtainedby equatingSemC(P) andSemC(Q). This
correspondsto thebasicnotion of equivalenceproposedfor normalprograms

3It isquite possibleto generalizeA4to coverpartialmodelslike thewell-woundedmodel
[45], but such modelsarenot addressedin this report.
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understablemodelsemantics,but strongernotionshavealsobeenproposed.
For instance,Lifschitz et al. [29] considerP andQ stronglyequivalentgiven
thatSemC(P [ R) = SemC(Q [ R) for all otherprogramsR. Consequently,
the strongequivalenceof P andQ implies that P andQ canbe freelyused
to substituteeach other. Althoughsuch a notion seemsattractiveat the �r st
glance,adrawback isthat it isall toorestrictive— allowingonly verystraight-
forwardsemantics-preservingmodi�cations to rulesof programs.

Another problem with both approachesis that the modelsin SemC (P)
and SemC (Q) haveto be identical subsetsof Hb(P) and Hb(Q), respec-
tively. Therefore,weproposea notion of equivalencewhich triesto takethe
interfacesof logic programsproperlyinto account.The ideais that atomsin
Hb(P) � Hbv(P) andHb(Q) � Hbv(Q) areconsideredaslocal to P andQ
andnegligibleasfarasthe equivalenceof the programsis concerned.

De�n ition 3.5 Logic programsP 2 C and Q 2 C0 arevisibly equivalent,
denotedbyP � v Q, if andonly if Hbv(P) = Hbv(Q) andthereisabijection
f : SemC(P) ! SemC0(Q) such that for everyM 2 SemC(P),

(3.3) M \ Hbv(P) = f (M ) \ Hbv(Q):

Note that this notion of equivalencecan be appliedboth within a single
classof logic programs,andbetweendifferent classes,which maybe syntac-
tically and/orsemanticallydifferent. This is a veryimportant aspect,aswe
intend to studythe interrelationshipsof such classesof programs.

Example3.6 Consideranormal logic program

P = f a  � b; b  � a; c  a; c  � ag

with Hbv(P) = f a; cg andthe stablemodelsM 1 = f a; cg andM 2 = f b; cg.
ThusHbh(P) = f bg ishiddenwhen wecompareP with asetof clauses

S = ff a; dg; f: a; : dg; f a; cg; f: a; cgg

possessingexactlytwo classicalmodelsN1 = f a; cg and N2 = f d; cg, as
Hb(S) = f a; c; dg. Wecanhided bysettingHbv(S) = f a; cg. ThenP � v S
holds, asHbv(P) = Hbv(S) and there is a bijection from f : SM(P) !
CM(S) that(i) mapsM 1 toN1 sothatM 1\ Hbv (P) = f a; cg = N1\ Hbv(Q),
and(ii) mapsM 2 to N2 sothatM 2 \ Hbv(P) = f cg = N2 \ Hbv(Q).

Therearealsoreasonablealternativesto � v .

De�n ition 3.7 Logic programsP 2 CandQ 2 C0 areweaklyvisibly equiv-
alent, denotedbyP � w Q, if andonly if Hbv(P) = Hbv(Q) and

(3.4) f M \ Hbv(P) j M 2 SemC(P)g =

f N \ Hbv(Q) j N 2 SemC0(Q)g:

Proposition 3.8 The relations� v and � w areequivalencerelationsamong
all programs.
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PROOF. The re�exivity of � v followsessentiallyby the identity mapping
i : SemC(P) ! SemC(P) for any P from any C. The symmetryof � v

is alsoeasilyobtained. Given P � v Q for any programsP and Q from
anyclassesC and C0, respectively, the existenceof an inversefor a bijection
f : SemC(P) ! SemC0(Q) isguaranteed.For thetransitivityof � v , let f 1 and
f 2 bethe bijectionsinvolvedin the assumedrelationsP � v Q andQ � v R,
respectively, for P 2 C1, Q 2 C2, and R 2 C3. It is clear that f 1 � f 2 is
alsoa bijection, and we havefor all M 2 SemC1 (P) that M \ Hbv(P) =
f 1(M ) \ Hbv(Q) = f 2(f 1(M )) \ Hbv(R) = (f 1 � f 2)(M ) \ Hbv(R). More-
over,Hbv(P) = Hbv(Q) andHbv(Q) = Hbv(R) imply Hbv(P) = Hbv(R).
HenceP � v R is the case.

For � w , the proof is immediate,sinceP � w Q is obtainedasan intersec-
tion of twoequality/equivalencerelations:the onedetermined byHbv(P) =
Hbv(Q) andthe otherdetermined by (3.4). 2

It is worthwhile to do somecomparisons.By settingHbv(P) = Hb(P)
andHbv(Q) = Hb(Q), the weakrelation � w becomesverycloseto the no-
tion of weakequivalencediscussedin the beginning of this section,if inter-
pretedwith respectto the classof normal programsunder the stablemodel
semantics.The only differenceis the implied additional requirement that
Hb(P) = Hb(Q) if � w is to hold. By the approach takenin Section3.1 this
requirementbecomesof little account:Herbrandbasesarealwaysextendible
to meetHb(P) = Hb(Q). Actually, we can statethe sameabout � v using
a generalizednotion of weakequivalence: P � Q is de�ned to hold for
P 2 CandQ 2 C0 ( ) SemC(P) = SemC0(Q). It is clearthat � is alsoan
equivalencerelationamongall programs.

Proposition 3.9 If Hbv(P) = Hb(P) equals to Hbv(Q) = Hb(Q), then
P � Q ( ) P � w Q ( ) P � v Q.

PROOF. Assumethat Hbv(P) = Hb(P) equals to Hbv(Q) = Hb(Q) for
someP 2 C and Q 2 C0. For the �r st equivalence,it is suf�cient to note
that (3.4) reducesto SemC(P) = SemC0(Q) given that Hbv(P) = Hb(P)
and Hbv(Q) = Hb(Q). In addition, Hbv(P) = Hbv(Q) holds by our as-
sumptions.To establishP � Q ( ) P � v Q, we note that if SemC(P)
and SemC0(Q) consistof identical subsetsof Hb(P) = Hb(Q), the identity
mappingi servesasthe bijection involvedin De�n ition 3.5. On the other
hand,the existenceof such abijection impliesSemC(P) = SemC0(Q) byour
assumptions. 2

Example3.10 Recall the normal logic programP and the setof clausesS
from Example3.6.Now P � w S holds,asf M \ Hbv(P) j M 2 SM(P)g =
ff a; cg; f cgg equalsto f N \ Hbv(S) j N � Hb(S) andN j= Sg.

The settingdemonstratedby Examples3.6 and 3.10 is an instanceof a
moregeneralrelationshipbetween� v and� w .

Proposition 3.11 For anylogic programsP andQ, P � v Q =) P � w Q.

PROOF. SupposeP � v Q and P 6�w Q. The former implies Hbv(P) =
Hbv(Q) andtheexistenceof abijection f : SemC(P) ! SemC0(Q) such that
(3.3) is met by everyM 2 SemC(P). On the other hand P 6�w Q implies
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that there is M 2 SemC(P) such that M \ Hbv(P) 6= N \ Hbv(Q) for all
N 2 SemC0(Q); or the rolesof P and Q can be interchanged.But this is a
contradiction, asM \ Hbv(P) = f (M ) \ Hbv(Q) and f (M ) 2 SemC0(Q).

2
However,the conversedoesnot hold in general,asto be shown below.

The distinction betweenthe two relationsbecomessooncrucial when we
formulate the criteria for a semantics-preservingtranslationfunction in Sec-
tion 3.3.

Example3.12 Let us modify the normal programP from Example3.6 by
settingHbv(P) = f cg. Then f M \ Hbv(P) j M 2 SM(P)g containsonly
f cg althoughSM(P) = ff a; cg; f b; cgg. Givenasetof clausesS0 = f cg with
Hbv(S0) = Hb(S0) = f cg wehaveCM(S0) = ff cgg. Then P � w S0 holds,
but P 6�v S0, becauseabijection betweenSM(P) andCM(S0) is impossible.

3.3 Requirementsfor TranslationFunctions

Wearenow readyto formulateour criteriaforatranslationfunction Tr : C !
C0 that transformslogic programsP of oneclassCinto logic programsTr(P)
of anotherclassC0. In many casesof interest,the latter classis a subclass
or a superclassof C, but it makesalsosenseto performtranslationsbetween
classesthat areincomparablein this respect(such asP and SC introduced
sofar). It is assumedbelow that both the sourceclassC and the targetclass
C0 satisfyassumptionsA1–A4madein De�n ition 3.4.

De�n ition 3.13 A translationfunction Tr : C ! C0 is polynomial if and
only if for all programsP 2 C, the time required to computethe translation
Tr(P) 2 C0 is polynomial in jjP jj .

Here jjP jj standsfor the length of the programP in the number of sym-
bols in a stringrepresentation of P. Note that the length of the translation
jjTr(P)jj is alsopolynomial in jjP jj if Tr is polynomial. Thusthe polynomi-
ality requirement servesasa roughupperbound how much time andspace
maybe usedto computea translation. In many cases,this bound is by no
meanstight, and evenlinear time translationfunctionscan be devisedfor
particularclassesof logic programs.Many timesthis is alsohighly desirable
to allow ef�c ient transformationof knowledgefrom one representation to
another.

De�n ition 3.14 A translationfunction Tr : C ! C0 is faithful if andonly if
for all P 2 C, P � v Tr(P).

Here weemphasizethat P � v Tr(P) impliesHbv(P) = Hbv(Tr(P)) by
the de�n ition of � v . Thus a faithful translationfunction Tr may introduce
new atoms,which haveto remain invisible, or forget old invisible atoms.
Moreover,if we insiston polynomiality, then the number of newatomsgets
bounded,too. Thepossibilityof introducing newatomsisacrucial optionfor
translationfunctionstobepresentedin thisreport.Thisisbecausenewatoms
serveasshorthandsfor morecomplexlogicalexpressionsthatsavespaceand
enabletranslationfunctionsbetweencertain classes.The existenceof a bi-
jection f betweenSemC(P) and SemC0(Tr(P)) ensuresthat the semantics
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of P is capturedby Tr(P) to a reasonabledegree:thereis a one-to-onecor-
respondenceof modelsand the modelscoincide up to Hbv(P). Thusboth
braveandcautiousconclusionswith respectto the models/interpretationsin
SemC(P) is preservedwithin the languagedetermined by Hbv(P). More-
over, it is often desirablein answerset programming that the models in
SemC(P) correspondto the solutionsof the problembeing solved,anda bi-
jectiverelationshipis required in orderto preservethe number of solutions.
This is an important aspectof translationfunctions that is often neglected
in literature. To understand the need for a tight relationship,considera
variant of De�n ition 3.14obtainedby changing� v to � w . Let us saythat
Tr : C ! C0 is weaklyfaithful if andonly if P � w Tr(P) for all P 2 C. For
this relation,it is enoughto ful�ll

(3.5) f M \ Hbv(P) j M 2 SemC(P)g =

f N \ Hbv(Tr(P)) j N 2 SemC0(Tr(P))g:

When (3.5) holds, it is possibleto capturemodelsof P in a senseusing
Tr(P), but e.g.counting the modelsin SemC(P) maybecomeinfeasiblein
termsof Tr, asone model M 2 SemC(P) may haveexponentiallymany
corresponding modelsN 2 SemC0(Tr(P)) such that M \ Hbv(P) = N \
Hbv(Tr(P)) = N \ Hbv(P). Asa corollaryof Proposition3.11,we know
that a translationfunction Tr that is faithful in the senseof De�n ition 3.14
is alsoweaklyfaithful. However,the conversedoesnot hold in generalfor
the reasonsjust explained.The third requirement for translationfunctions,
namelymodularity, isbasedon the following notion of programmodules.

De�n ition 3.15 Any two logic programsP 2 C and Q 2 C satisfymodule
conditions if andonly if

M1. P \ Q = ; ,

M2. Hba(P) \ Hba(Q) = ; ,

M3. Hbh(P) \ Hb(Q) = ; , and

M4. Hb(P) \ Hbh(Q) = ; .

Intuitively, the �r st two module conditions makeP and Q disjoint pro-
gramsin the senseof De�n ition 3.1.ThusP [ Q, asgivenin De�n ition 3.3,
canbeunderstoodasadisjoint union of P andQ. The lasttworequirements
makesurethatP andQ canonly sharevisibleatoms.

De�n ition 3.16 A translationfunction Tr : C ! C0 is modular if and only
if for all P 2 CandQ 2 Csatisfyingthe moduleconditions M1–M4,

(3.6) Tr(P [ Q) = Tr(P) [ Tr(Q);

andthe translationsTr(P) andTr(Q) satisfymoduleconditionsM1–M4.

Theaimof themodularitycondition istoenforcethelocalityofTr with re-
spectto subprogramsP andQ, which satisfythe moduleconditions M3 and
M4 andcanthusbeviewedasprogrammodulesthat interactthroughvisible
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atomsonly. The conditions M1 and M2 imply that such modulescannot
sharerulesnor atomsextending the Herbrandbase.By(3.6),the modulesP
andQ haveto beseparatelytranslatableandthe translationTr(P [ Q) isob-
tainedastheunion of thetranslationsof themodules.In addition, amodular
translationfunction is supposedto preservemoduleconditions M1–M4, i.e.
the respectivetranslationsTr(P) andTr(Q) aresupposedto remaindisjoint
andshareonly visibleatoms.Note thata programP with Hbv(P) = Hb(P)
andHbh(P) = ; canbearbitrarilypartitionedinto modulesP1 andP2 such
thatHbv(Pi ) = Hb(Pi ) for i 2 f 1; 2g andHbv(P) = Hbv(P1) [ Hbv(P2) =
Hb(P1) [ Hb(P2) = Hb(P). This observation implies that such a program
P can be translatedrule by rule usinga modular translationfunction. The
modularitycondition becomeslessrestrictivewhen programssharerulesor
involvehiddenatomsand(3.6)neednot beapplicable.

Proposition 3.17 If Tr1 : C1 ! C2 andTr2 : C2 ! C3 aretwo polynomial,
faithful, or modulartranslationfunctions,then their compositionTr1 � Tr2 :
C1 ! C3 is alsopolynomial, faithful, or modular,respectively.

PROOF. Supposethat both Tr1 and Tr2 are polynomial. Then there is a
polynomial p1 : N ! N anda Turing machine M 1 such that M 1 computes
Tr1(P) in at mostp1(jjP jj ) stepsfor any P 2 C1. An analogousstatement
holdsfor a polynomial p2, amachine M 2, Tr2, andC2.

It followsthat (Tr1 � Tr2)(P) = Tr2(Tr1(P)) is computedby M 1M2 in
at most p1(jjP jj ) + p2(jjTr1(P)jj ) steps. Note that jjTr1(P)jj � p1(jjP jj )
holdsby the propertiesof Turing machines. Moreover,p2 is dominatedby
a monotonically increasingpolynomial p : N ! N.4 Thusp2(jjTr1(P)jj ) �
p(jjTr1(P)jj ) � p(p1(jjP jj )) holds, the number of stepstakenby M 1M2 is
boundedbyp3(jjP jj ) = p1(jjP jj ) + p(p1(jjP jj )) , andTr1 � Tr2 ispolynomial.

Let usthenassumethatTr1 andTr2 arefaithful, i.e. it holdsforanyP 2 C1

that P � v Tr1(P) and Tr1(P) � v Tr2(Tr1(P)). Then the transitivityof
� v (recall Proposition3.11) implies P � v Tr2(Tr1(P)), i.e. P � v (Tr1 �
Tr2)(P).

Then considerthe casethatTr1 andTr2 aremodularandlet P andQ be
anyprogramsfrom C1 such that the moduleconditionsM1–M4 aresatis�ed.
Usingthe modularityof Tr1, weobtain Tr1(P [ Q) = Tr1(P) [ Tr1(Q) and
the translationsTr1(P) and Tr2(Q) satisfythe module conditions M1–M4.
Thenwemayappealto themodularityof Tr2, to establishTr2(Tr1(P [ Q)) =
Tr2(Tr1(P) [ Tr1(Q)) = Tr2(Tr1(P)) [ Tr2(Tr1(Q)) and the translations
Tr2(Tr1(P)) andTr2(Tr1(Q)) satisfythe moduleconditions M1–M4. It fol-
lowsthat (Tr1 � Tr2)(P [ Q) = (Tr1 � Tr2)(P) [ (Tr1 � Tr2)(Q) and the
translations(Tr1 � Tr2)(P) and(Tr1 � Tr2)(Q) satisfythe moduleconditions
M1–M4 — indicating that the compositionTr1 � Tr2 is modular. 2

3.4 Classi®cationMethod

The criteriacollectedin De�n itions3.13–3.16leadto amethodfor compar-
ing classesof logic programson the basisof their expressivepower. We say

4E.g.,givenanypolynomial p2(x) = an xn + : : :+ a0x0, thepolynomial p(x) = jan jxn +
: : : + ja0 jx0 is monotonically increasingandp2(x) � p(x) holdsfor all x 2 N.
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Relation De�n ition Explanation

C< PFM C0 C � PFM C0andC0 6�PFM C Cis strictlylessexpressivethan C0

C= PFM C0 C � PFM C0andC0 � PFM C CandC0areequally expressive

C6= PFM C0 C 6�PFM C0andC0 6�PFM C CandC0areincomparable

Table1: Relationsusedby the Classi�cationMethod

thata translationfunction Tr : C ! C0 isPFM if andonly if it ispolynomial,
faithful, andmodularsimultaneously. If thereexistssuch a translationfunc-
tion Tr, wewriteC � PFM C0to denotethat theclassC0 isat leastasexpressive
astheclassC. This issimplybecausetheessentialsof anyprogramP 2 Ccan
be capturedusingthe translationTr(P) 2 C0. In certain cases,weareable
to constructacounter-examplewhich showsthataPFM translationfunction
is impossible,denotedby C 6�PFM C0. The baserelations� PFM and 6�PFM

amongclassesof logic programsform the cornerstonesof the classi�cation
method– givingriseto relationsgivenin Table1.

It is sometimesconvenient to introduce variantsof the relations� PFM

and 6�PFM which areobtainedby droppingsomeof the threerequirements
andthe corresponding letter(s)in the notation. For instance,if weestablish
C 6�FM C0 for certain classesCandC0 of logic programs,then C 6�PFM C0 fol-
lowsimmediately. Also,non-modulartranslationfunctionswill beaddressed
in this reportand the resultingrelationshipsinvolve� PF ratherthan � PFM .
In certain cases,it is easyto establishrelationshipsregarding � PFM . By the
following, weaddressa frequently appearingcasewherethe syntaxis gener-
alizedwhile the semanticsis keptcompatiblewith the original one.

Proposition 3.18 If CandC0aretwoclassesof logic programssuch thatC �
C0 andSemC(P) = SemC0(P) for all P 2 C, then C � PFM C0.

PROOF. Let TrID be the identity translationfunction for which Tr ID (P) =
P for everyP 2 C. It is clear that Tr ID is polynomial. For the faithful-
nessof TrID , we note that Hbv(Tr(P)) = Hbv(P) and the identity map-
ping i : SemC(P) ! SemC0(P) is the bijection insistedby faithfulness,as
SemC(P) = SemC0(P). To seethe modularityof Tr ID , let P 2 CandQ 2 C
such thatmoduleconditionsM1–M4 fromDe�n ition 3.15aresatis�ed.Now
TrID (P [ Q) = P [ Q = TrID (P) [ TrID (Q). The translationsTr ID (P) = P
andTrID (Q) = Q satisfyM1 andM2, asP andQ do by assumption.More-
over,TrID doesnot affect the visibility of atomssothat Tr ID (P) = P and
TrID (Q) = Q meetthe conditions M3 andM4, too. 2

In manycases,wemanageto constructfaithful translationfunctionsthat
only add new hidden atomsto programsbeing translated. The following
theoremshowshow such translationfunctionsareprovedfaithful in general.

Theorem 3.19 Let Tr : C ! C0 bea translationfunction with the following
propertiesfor everyP 2 C:

1. Hb(P) � Hb(Tr(P)) andHbv(Tr(P)) = Hbv(P);
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2. thereis an extensionfunction Ext : SemC(P) ! SemC0(Tr(P)) such
that8M 2 SemC(P) : M = Ext (M ) \ Hb(P); and

3. if N 2 SemC0(Tr(P)), then M = N \ Hb(P) 2 SemC(P) such that
N = Ext (M ).

Then Tr is faithful.

PROOF. Let P any programfrom the classC. By the secondassumption
on Tr, thereis a function Ext that mapsa modelM 2 SemC(P) to another
N = Ext (M ) in SemC0(Tr(P)). It is establishedin the sequel that Ext is a
bijection thatmeetsthe requirementssetup in De�n ition 3.5.

Let usassumethat Ext is not injective, i.e. therearetwo modelsM 1 and
M2 in SemC(P) such that M 1 6= M 2 and Ext (M 1) = Ext (M 2). Thus
alsoExt (M 1) \ Hb(P) = Ext (M 2) \ Hb(P) holdsand M 1 = M 2 by the
propertiesof Ext , a contradiction. Hence Ext is necessarilyinjective. By
the third requirement on Tr, wehavea projection function Proj that maps
N 2 SemC0(Tr(P)) to M = N \ Hb(P) 2 SemC(P). Let us assumethat
Proj is not injective. Then therearetwo modelsN1 6= N2 in SemC0(Tr(P))
such that Proj (N1) = Proj (N2), i.e. N1 \ Hb(P) = M = N2 \ Hb(P)
whereM belongsto SemC(P). But then weobtain N1 = Ext (M ) = N2 by
the third requirementon Tr, acontradiction. ThusProj is injectiveaswell.

In fact, the requirementson Tr imply that Proj (Ext (M )) = M for any
M 2 SemP (P). Thus Ext and Proj are inversesof each other aswell
asbijective. In addition, we haveHbv(Tr(P)) = Hbv(P) by the �r st re-
quirement on Tr. Let M be any model from SemC(P). Recall that M =
Ext (M ) \ Hb(P) holdsby the secondrequirementon Tr. SinceHbv(P) =
Hbv(Tr(P)) � Hb(P), weobtain M \ Hbv(P) = Ext (M ) \ Hbv(Tr(P)).
Sincethe choice of M wasarbitrary, wemayconcludeP � v Tr(P). 2
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4 EXPRESSIVE POWER ANALYSIS

In this section,wecomparethe expressivepowersof the classesof logic pro-
gramsintroduced in Section2.3 using the classi�cationmethod presented
in Section3.4. Due to the nature of the syntactic constraintsimposedin
Section2.3, the keyproblemis to seewhether therearewaysto reducethe
number of positivebody literals in the bodies of rules. The resultsof this
sectionwill indicate that this is possibleto someextent,but not in general,
i.e. thereisno faithful andmodularwayof removingall positivebodyliterals
from rules.Asapreparationfor the expressivepoweranalysis,wedistinguish
certain propertiesprogrammodulesin Section4.1.The actualanalysistakes
placein twophases.At �r st,weaddresstheclassof positiveprogramsP + and
the respectivesubclassesin Section4.2.Afterthat the classnormalprograms
P is subjectedto similar analysisin Section 4.3. However,the extended
syntax of normal logic programsand the stable model semanticsin its full
generalitymakesthe analysismore intricate and involved. Finally, we take
classicalpropositionallogic into considerationin Section4.4andrelatesets
of clausesunderclassicalmodelswith the otherclasses.

4.1 SomeProperties of ProgramsModules

Wepreparethe forthcoming expressivepoweranalysisbypresentingtwouse-
ful propertiesof programmodulesunder the least/stable model semantics.
The �r stpropertyis relatedwith a positiveprogramP [ Q consistingof two
subprogramsP and Q sothat the module conditions M1–M4 from De�n i-
tion 3.15 are satis�ed. Here the aim is to providesuf�cient conditions for
removingeither oneof the modulesby evaluatingits effecton the joint least
modelLM(P [ Q) andbyreplacing it with acompensatingatomic program.
Formally, weproposea reductionthat yieldsasetof atomic rules.

De�n ition 4.1 GivenapositivenormalprogramP 2 P + andan interpreta-
tion I , the visible net reduction of P is P v

I = f a  j a 2 Hbv(P) \ I g so
thatHbv(P v

I ) = Hb(P v
I ) = Hbv(P) which makesall atomsof P v

I visible.

ThereducedprogramP v
I overestimatesP in asense,sincea  maybein-

cludedin P v
I evenif thereisno rule r 2 P such thathead(r ) = a. However,

the reductP v
I canbeformedexternallywithout knowing exactlywhich rules

constitutethe programP being reduced. In addition, we assumedthat the
interpretation I in De�n ition 4.1 maycontain atomsoutsideHb(P). This
settingis easilyrealizedwhen P is placedasa programmodule in the con-
textof anotherprogramQ. If I is a model for P [ Q, then the setof atoms
encodedasatomic rulesin P v

I canbeunderstoodasthe maximum contribu-
tion of the rulesof P for theatomsthat true in I . In thesequel, wewill apply
the visiblenet reductionw.r.t. leastmodelsin the following way.

Lemma 4.2 Let P and Q be two positiveprogramssatisfyingthe module
conditions M1–M4 and M = LM(P [ Q) � Hb(P) [ Hb(Q). Then
LM( P v

M [ Q) = M \ (Hbv(P) [ Hb(Q)) holds for the visible net reduct
P v

M .
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PROOF. Let usde�ne N = M \ (Hbv(P) [ Hb(Q)) andassumethatN 6j=
P v

M [ Q. This leadsto twopossibilities:N 6j= P v
M or N 6j= Q.

(i) If N 6j= P v
M , then we know by De�n ition 4.1 that there is a rule a  

in P v
M such thata 2 Hbv(P), a 2 M , andN 6j= a  . The lastimplies

a 62N anda 62M by the de�n ition of N , a contradiction.

(ii) If N 6j= Q, thereisarule r 2 Q such thatN 6j= r , i.e.head(r ) 62N and
body+ (r ) � N . It followsby the de�n ition of N that head(r ) 62M
and body+ (r ) � M , ashead(r ) 2 Hb(Q) and body+ (r ) � Hb(Q).
But then wehaveM 6j= r . A contradiction, asM j= Q.

ThusN j= P v
M [ Q holdsandit followsthatLM( P v

M [ Q) � N .
To establishthe converseinclusion, wede�ne M i = TP [ Q " i andN i =

M i \ (Hbv(P) [ Hb(Q)) for all i � 0 and proveN i � LM( P v
M [ Q) by

induction on i . The basecaseis trivial, asN i = M i = ; byde�n ition. Let us
then assumethata 2 N i , i.e. a 2 M i anda 2 Hbv(P) [ Hb(Q). Then there
isarule r 2 P [ Q such thathead(r ) = aandbody+ (r ) � M i � 1. If a 2 N i � 1

holds,too,then a 2 LM( P v
M [ Q) by the inductivehypothesisdirectly. Thus

a 62N i � 1 is assumedin the sequel. Two caseshaveto be considered;recall
thatP \ Q = ; by the modulecondition M1.

(a) If r 2 Q, we know that head(r ) 2 Hb(Q) and body+ (r ) � Hb(Q).
Thus body+ (r ) � N i � 1 which is included in LM( P v

M [ Q) by the
inductive hypothesis.Consequently, we know that head(r ) = a 2
LM( P v

M [ Q).

(b) If r 2 P, it holdsthat head(r ) 2 Hbv(P) andbody+ (r ) � Hb(P), as
head(r ) = a 2 Hbv(P). Thus the rule head(r )  2 P v

M . It follows
thathead(r ) = a is containedin LM(P v

M [ Q).

Thusa 2 LM( P v
M [ Q) holdsunconditionally andwehaveestablishedthat

N i � LM(P v
M [ Q) for all i � 0. It followsthatN � LM(P v

M [ Q). 2
Thesecondpropertyletsustocombinestablemodelsofprogrammodules

undercertain circumstancesto form astablemodel for a largerprogram.

Lemma 4.3 Let P and Q be two normal programssatisfyingthe module
conditions. If M 2 SM(P), N 2 SM(Q), and M \ Hbv(P) \ Hbv(Q) =
N \ Hbv(P) \ Hbv(Q), then M [ N 2 SM(P [ Q) and (P [ Q)N [ M =
PN [ QM .

PROOF. Let M 2 SM(P) and N 2 SM(Q) such that M \ Hbv(P) \
Hbv(Q) = N \ Hbv(P) \ Hbv(Q). Let usprove(P [ Q)M [ N = PM [ QN .

Considerany rule r 2 P and any a 2 body� (r ). If a 2 N � Hb(Q),
it follows that a 2 Hbv(P) \ Hbv(Q), sinceP and Q satisfythe module
conditions. Thus alsoa 2 M by our assumptionson N and M . Thus
body� (r ) \ N 6= ; implies body� (r ) \ M 6= ; . It follows that r + 2
PM [ N ( ) body� (r ) \ (M [ N ) = ; ( ) body� (r ) \ M = ; and
body� (r ) \ N = ; ( ) body� (r ) \ M = ; ( ) r + 2 PM . Thuswe
haveestablishedthatPM [ N = PM andQM [ N = QN isobtainedbysymme-
try. All that remainsto benotedis that (P [ Q)M [ N = PM [ N [ QM [ N holds
directly byde�n ition.
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A direct consequenceis thatM [ N = LM( P M ) [ LM( QN ) iscontained
in LM(PM [ QN ) = LM(( P [ Q)M [ N ). To establishthe inclusion in the
otherdirection, let usassumethatM [ N 6j= P M [ QN . Two casesarise.

(i) If M [ N 6j= PM holds,thereisarule r 2 P such thatbody� (r ) \ M =
; , body+ (r ) � M [ N , and head(r ) 62M [ N . Now anyatoma 2
body+ (r ) � Hb(P) that iscontainedin N � Hb(Q) isalsocontained
in M � Hb(P). This is becauseanysuch atommustbe a memberof
Hbv(P) \ Hbv(Q) andthe modelsM andN areassumedto coincide
on theseatoms.It followsthat body+ (r ) � M andhead(r ) 62M . But
this meansthatM 6j= PM is the case,acontradiction.

(ii) If M [ N 6j= QN holds,weobtain acontradiction bysymmetry.

ThereforeM [ N j= PM [ QN is the casewhich impliesLM( PM [ QN ) �
M [ N . ThusM [ N = LM( PM [ QN ) = LM(( P [ Q)M [ N ). 2

4.2 Positive Programs

In Section 2.3, we identi�ed three subclassesof P + which are obtained
by restricting the syntax of the rules whereasthe semanticsof logic pro-
gramsin theseclassesremainsunchanged. Thus we obtain the relation-
shipsA + � PFM U+ � PFM B+ � PFM P+ directly by Proposition3.18,
but it remainsopen whether theserelationshipsare strict or not. We be-
gin with a studyof the relationshipB+ � PFM P+ . In fact, anynon-binary
rule a  b1; : : : ; bn where n > 2 can be rewritten to reducethe number
of atomsthat appearin the bodyof the rule. One technique is to introduce
n � 1 newatomsa1; : : : ; an� 1, which remainlocal to thisparticularrule, and
the following binaryrules:

(4.1)
a  b1; a1;
a1  b2; a2; : : : ; an� 2  bn� 1; an� 1;
an� 1  bn :

It shouldbe intuitively clear that the heada of the original rule can be in-
ferredusing thesebinary rules wheneverthe bodyatomsb1; : : : ; bn areall
inferable.Asaresult,anynon-binaryprogramP getstranslatedinto abinary
oneTrBIN (P) sothat the corresponding translationfunction is PFM.

Theorem 4.4 P+ � PFM B+ .

PROOF. A special caseof the proofof Theorem4.16. 2

Corollary 4.5 B+ = PFM P+ .

Let us then addressthe strictnessof the relationshipU+ � PFM B+ . It
turnsout in the sequel that thereis no PFM translationfunction from B+ to
U+ . To establishthis, we needa subsidiary resulton unaryprogramsP: if
an atom a is included in LM( P), then P containsat leastone atomic rule
which causestheatomato beinferablebythestrictlyunaryrulesof P, i.e. to
beincluded in LM( P). Note thatLM( P) = ; for anystrictlyunaryprogram
P.
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Lemma 4.6 Let P = P1 [ P0 be a unary positiveprogramwhereP1 con-
tainsthe strictlyunaryrulesof P and P0 containsthe atomic rulesof P. If
a 2 LM( P), then P0 containsan atomic rule b  such that a 2 LM( P1 [
f b  g).

PROOF. We usecomplete induction on the level number lev(a) > 0 to
provethe claim for anyatoma 2 LM( P1 [ P0) = LM(P).

For thebasecase,assumethat lev(a) = 1 which impliesthata 2 TP1 [ P0 "
1 = TP1 [ P0 (; ). Thus a  must appearin P0. It is alsoclear that a 2
TP1 [f a g " 1 = TP1 [f a g (; ) sothata 2 LM(P1 [ f a  g).

Then considerthe casethat lev(a) = i > 1. Then a 2 TP1 [ P0 " i and
there is a unary rule a  b 2 P1 such that b 2 TP1 [ P0 " i � 1. Since
b 2 LM( P1 [ P0) and0 < lev(b) < lev(a) = i , it followsby the inductive
hypothesisthat there is an atomic rule c  in P0 such that b 2 LM(P1 [
f c  g ). This impliesa 2 LM( P1 [ f c  g ), becausethe rule a  b belongs
to P1. 2

We arenow readyto establishthat unaryprogramsarestrictly lessexpres-
sivethan binaryones.The proofbelow demonstrateshow it is impossibleto
expressthe conjunctivecondition (b and c) in the bodyof a rule a  b; c
usingunaryrules. In fact,if weattemptto capturethis condition in termsof
unaryrules,the condition turns into a disjunctiveone: alreadyb or c alone
is suf�cient to infer a — assuming that a doesnot follow from our transla-
tion directly. It is alsoworth pointing out that our counter-exampledoesnot
dependon the polynomiality requirement. Thus the intranslatability result
embodied in Theorem4.7coversarbitrarilylargetranslations!

Theorem 4.7 B+ 6�FM U+ .

PROOF. Let usassumethat thereis a faithful andmodulartranslationfunc-
tion TrUN from B+ to U+ . Then considera strictly binary programB =
f a  b; cg, atomic (aswell asunary) programsA1 = f b  g and A2 =
f c  g , andthe translationTrUN (B [ A1 [ A2). Note thatB , A1, andA2 sat-
isfy the module conditions asanycombination,sinceHbv(B ) = Hb(B) =
f a; b; cg, Hbv(A1) = Hb(A1) = f bg, and Hbv(A2) = Hb(A2) = f cg.
Consequently, the modularity of TrUN implies that TrUN (B [ A1 [ A2) =
TrUN (B ) [ TrUN (A1) [ TrUN (A2) wherethe modulesTrUN (B ), TrUN (A1),
andTrUN (A2) areunary.

Since Hbv(B [ A1 [ A2) = f a; b; cg and M = LM(B [ A1 [ A2) =
f a; b; cg, thefaithfulnessofTrUN impliesHbv(TrUN (B [ A1[ A2)) = f a; b; cg
andf a; b; cg � N = LM(T rUN (B [ A1 [ A2)) = LM(TrUN (B ) [ TrUN (A1) [
TrUN (A2)) . Similarly, we note that Hbv(TrUN (B )) = Hbv(B ) = f a; b; cg,
Hbv(TrUN (A1)) = Hbv(A1) = f bg, and Hbv(TrUN (A2)) = Hbv(A2) =
f cg. Then wemayapplyLemma4.2 to obtain (TrUN (A1) [ TrUN (A2))v

N =
f b  ; c  g and

(4.2) N 0 = LM(T rUN (B ) [ f b  ; c  g )

= N \ (Hb(TrUN (B )) [ Hbv(TrUN (A1)) [ Hbv(TrUN (A2)))

= N \ Hb(TrUN (B )):

Let us then partition the translationTrUN (B ) into a setof atomic rules
TrUN (B )0 and a setof strictly unary rules TrUN (B )1. Since a 2 N 0, we
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mayuseLemma4.6 to establishthat TrUN (B )0 [ f b  ; c  g containsan
atomic rule d  such that a 2 LM(T rUN (B )1 [ f d  g ). Therearethree
possibilities:either d = b, d = b, or d  belongsto TrUN (B )0. Each of
thesethreecasesimpliesa 2 LM(T rUN (B ) [ f b  g ) or a 2 LM(T rUN (B ) [
f c  g ).

On theotherhand,theprogramsA1 andA2 giveriseto M 1 = LM( A1) =
f bg and M 2 = LM( A2) = f cg. Then the corresponding modelsN1 =
LM(T rUN (A1)) and N2 = LM(T rUN (A2)) satisfyb 2 N1 and c 2 N2, re-
spectively, asTrUN is faithful. It followsby the monotonicity of the operator
LM( �) thata 2 LM(TrUN (B ) [ TrUN (A1)) or a 2 LM(TrUN (B ) [ TrUN (A2)) .
Thusa 2 LM(TrUN (B [ A1)) holdsor a 2 LM(TrUN (B [ A2)) holdsby the
modularityof TrUN . But then a 2 LM( B [ A1) or a 2 LM( B [ A2), because
TrUN is faithful. A contradiction, sinceLM( B [ A1) = LM(B [ A2) = ; . 2

Corollary 4.8 B+ 6�PFM U+ , U+ < PFM B+ , andU+ < PFM P+ .

An intranslatability resultisobtainedin the lastcaseaswell.

Lemma 4.9 For positiveatomic programsP, LM( P) = f head(r ) j r 2 Pg.

Theorem 4.10 U+ 6�FM A + .

PROOF. Let ussupposethat thereisa faithful andmodulartranslationfunc-
tion TrAT from U+ to A + . Let us then studya strictly unaryprogramU =
f a  bg, an atomic programA = f b  g, andthe translationTrAT (U [ A).
SinceHbv(U) = Hb(U) = f a; bg andHbv(A) = Hb(A) = f bg, the mod-
ule conditions are trivially satis�ed by U and A. Then the modularity of
TrAT impliesTrAT (U [ A) = TrAT (U) [ TrAT (A) whereboth TrAT (U) and
TrAT (A) areatomic programs.Let usthenappealto the faithfulnessof TrAT :
a 2 LM(U [ A) anda 62LM( A) imply a 2 LM(T rAT (U) [ TrAT (A)) and
a 62LM(T rAT (A)), respectively. It followsby Lemma4.9 that the rule a  
mustappearin TrAT (U), sinceboth TrAT (U) andTrAT (A) areatomic.

On the other hand,we haveLM(U) = ; which implies a 62LM( U). It
followsby the faithfulnessof TrAT that a 62LM(TrAT (U)), a contradiction.

2

Corollary 4.11 The classA + relatesto otherclassesasfollows:

U+ 6�PFM A + , A + < PFM U+ , A + < PFM B+ , andA + < PFM P+ .

Theorems4.4,4.7and4.10establishastrictorderingamongtheclassesof
logic programsA + , U+ , B+ andP+ thatcanbesummarizedbyahierarchy:

(4.3) A + < PFM U+ < PFM B+ = PFM P+ :

The relationshipsin this hierarchy indicatethat the numberof positivebody
literalscanbe limited to twowithout an effectivelossof expressivepower.

4 EXPRESSI VE POWER ANALYSI S 21



4.3 Normal Programs

The analysisof normalprogramsresemblesthatof positiveprograms.By the
mutual inclusionsof the classesand Proposition3.18,we obtain analogous
relationshipsA � PFM U � PFM B � PFM P. From now on, our plan is to
generalizeTheorems4.4,4.7and4.10to the caseof normal logic programs.
Realizingsuch aplanboils down to establishingthatnegativebodyliteralsdo
not compensatepositivebodyliteralsin a waythat would makea difference
with respectto the caseof positiveprograms.Asthe �r ststepof the plan,we
generalizethe translationfunction TrBIN for normalprograms.A singlerule
r givenin (2.1) is translatedinto the following setof rulesTrBIN (r ):

(4.4)
a  b1; a1; � c1; : : : ; � cm ;
a1  b2; a2; : : : ; an� 2  bn� 1; an� 1;
an� 1  bn

wherea1; : : : ; an� 1 arenewatomsthataresupposedto remainlocal to r . The
readermight �nd it temptingto copynegativebodyliterals� c1; : : : ; � cm to
everyrule in (4.4),but aquadratictranslationwould result.

De�n ition 4.12 For everyP 2 P, de�ne TrBIN (P) =

(4.5) f r j r 2 P andjbody+ (r )j � 2g[
[

f TrBIN (r ) j r 2 P andjbody+ (r )j > 2g:

Moreover,let Hba(TrBIN (P)) = Hba(P) andHbv(TrBIN (P)) = Hbv(P).

To easecorrectnessconsiderations,wede�ne for each non-binaryrule r 2
P, the translationTrBIN (r ) in (4.4), and an interpretation I � Hb(P), the
setof implied bodyatomsIBA( r; I ) which containsai from (4.4) whenever
0 < i < n andbi +1 2 I ; : : : ; bn 2 I . For binary rulesr 2 P, IBA( r; I ) =
; . Then we may de�ne IBA( P; I ) =

S
f IBA( r; I ) j r 2 Pg for a normal

programP andan interpretation I � Hb(P). Note that the Herbrandbase
Hb(TrBIN (P)) is obtainedasHb(P) [ IBA( P; Hb(P)).

Lemma 4.13 Let P beanormalprogramandQ the translationTrBIN (P).

1. If M 1 � M 2 � Hb(P) andM 1 j= PM 2 , then N1 j= TrBIN (P)N2 where
N1 = M 1 [ IBA (P; M 1) andN2 = M 2 [ IBA( P; M 2).

2. If N1 � N2 � Hb(TrBIN (P)) andN1 j= TrBIN (P)N2 , then M 1 � M 2

andM 1 j= PM 2 hold for M 1 = N1 \ Hb(P) andM 2 = N2 \ Hb(P).

PROOF. (1) Supposethat M 1 � M 2 � Hb(P) andM 1 j= PM 2 . De�ne N1

andN2 asabove.Then assumethatN1 6j= TrBIN (P)N2 . Twocasesarise.

(a) There is a rule r 2 P such that jbody+ (r )j � 2, r is included in
TrBIN (P), N2 \ body� (r ) = ; , andN1 6j= r + . Sincer containsonly
atomsfrom Hb(P), it followsthat M 2 \ body� (r ) = ; andM 1 6j= r + .
ThusM 1 6j= PM 2 , contradicting our assumptions.
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(b) There is a rule r 2 P such that jbody+ (r )j > 2, TrBIN (r ) from
(4.4) is included in TrBIN (P), and somerule of TrBIN (r )N2 is not
satis�ed in N1. Basically, there are three different kind of rules in
TrBIN (r ) giving rise to the respectivecases.(i) Supposethat the rule
involved is a  b1; a1; � c1; : : : ; � cm from TrBIN (r ). It follows that
N2 \ f c1; : : : ; cmg = ; , b1 2 N1, a1 2 N1, anda 62N1. All atomsof
theseexcepta1 is included in Hb(P). Consequently, we haveM 2 \
f c1; : : : ; cm g = ; , b1 2 M1, and a 62M 1. On the other hand, the
de�n ition of N1 and the fact that a1 2 N1 imply that b2 2 M1, . . . ,
bn 2 M1. Thus f b1; : : : ; bng � M 1 which implies that M 1 6j= r + .
SinceM 2 \ f c1; : : : ; cm g = ; , r + belongsto PM 2 , acontradiction with
M1 j= PM 2 . (ii) The unsatis�edrule is ai � 1  bi ; ai where1 < i < n.
Note that this rule is included unconditionally in TrBIN (P)N2 . It fol-
lowsthat bi 2 N1, ai 2 N1, but ai � 1 62N1. Usingthe de�n ition of N1

again, ai 2 N1 implies f bi +1 ; : : : ; bng � M 1, and ai � 1 62N1 implies
f bi ; : : : ; bng 6� M 1. Thus bi 62M1 must be the case. It followsby
the de�n ition of N1 that bi 62N1, a contradiction. (iii) Asa special
case,the rule in questionis an� 1  bn . It followsthat bn 2 N1 but
an� 1 62N1, acontradiction with the de�n ition of N1.

To conclude,N1 6j= TrBIN (P)N2 impliesacontradiction. Hencethe claim.
(2) Let N1 � N2 � Hb(TrBIN (P)) and N1 j= TrBIN (P)N2 . De�ne M 1

and M 2 asabovesothat M 1 � M 2. Let usassumethat M 1 6j= PM 2 . Then
thereisarule r 2 P such thatM 2 \ body� (r ) = ; andM 1 6j= r + . Twocases
arisefor our further consideration.

(a) If jbody+ (r )j � 2, then r is included in TrBIN (P) assuch and the
de�n itions of M 1 and M 2 asthe respectiveprojectionsof N1 and N2

w.r.t. Hb(P) imply N2 \ body� (r ) = ; and N1 6j= r + . Thus N1 6j=
TrBIN (P)N2 , a contradiction with our assumptions.

(b) If jbody+ (r )j > 2, then TrBIN (r ) from (4.4) is included in TrBIN (P)
insteadof r . SinceM 1 6j= r + , we know that f b1; : : : ; bng � M 1 and
a 62M 1. We proveby decreasinginduction on i � n � 1 that ai is
included in N1. In the basecasei = n � 1, we obtain an� 1 2 N1,
sincean� 1  bn 2 TrBIN (P)N2 is satis�edin N1 and bn 2 N1 holds
by the de�n ition of M 1 asbn 2 M . Induction stepfollows,i.e. let i <
n � 1. Notethat therule ai  bi +1 ; ai +1 isunconditionally included in
TrBIN (P)N2 . Sincebi +1 2 M1 weobtain bi +1 2 N1 by the de�n ition
of M 1. Moreover,ai +1 2 N1 followsbythe inductivehypothesis.Then
weobtain ai 2 N1, asai  bi +1 ; ai +1 is satis�edby N1. To conclude,
wehaveestablishedthat IBA( r; M 1) � N1 anda1 2 N1 in particular.

Then recall that M 2 \ body� (r ) = ; , i.e. M 2 \ f c1; : : : ; cm g = ; .
It follows by the de�n ition of M 2 that a  b1; a1 is a member of
TrBIN (P)N2 . Since b1 2 N1, a1 2 N1, and a  b1; a1 is necessar-
ily satis�edbyN1, weobtain a 2 N1. Thusa 2 M 1 by thede�n ition of
M1, acontradiction.

ThusM 1 6j= PM 2 leadsto acontradiction. HenceM 1 j= PM 2 is the case. 2
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Proposition 4.14 Let P be a normal logic program.If M is a stablemodel
of P, then N = M [ IBA( P; M ) is a stablemodel of TrBIN (P) such that
M = N \ Hb(P).

PROOF. Let M be a stablemodel of P, i.e. M = LM(P M ). SinceM j=
PM , weobtain by the �r st item of Lemma4.13that N j= TrBIN (P)N holds
for N = M [ IBA (P; M ). Since IBA( P; M ) � IBA( P; Hb(P)) consists
of new atomsnot appearingin Hb(P), it is clear that M = N \ Hb(P).
Let usthen supposethat N is not the leastmodelof TrBIN (P)N , i.e. thereis
N 0 � N such that N 0 j= TrBIN (P)N . Consideranya 2 N � N 0. Two cases
arisedepending on the membershipof a in Hb(P).

� If a 2 Hb(P), then weobtain by the seconditem in Lemma4.13that
M 0 = N 0 \ Hb(P) � M is a model of PM . But this contradicts the
stability of M ! ThusN 0\ Hb(P) = N \ Hb(P) isnecessarilythecase.

� If a 2 Hb(TrBIN (P)) � Hb(P), then a is oneof the new atomsai in-
volvedin (4.4)andai 2 IBA (P; M ), asai 2 N . It followsbythede�n i-
tion of IBA( P; M ) that bi +1 2 M ; : : : ; bn 2 M . SinceN 0 \ Hb(P) =
N \ Hb(P), asestablishedabove,weobtain bi +1 2 N 0; : : : ; bn 2 N 0by
the de�n ition of N . SinceN 0 j= TrBIN (P)N and the positiverulesof
(4.4)areunconditionally includedin TrBIN (P)N , it followsinductively
thatan� 1 2 N 0, an� 2 2 N 0, : : :, ai 2 N 0. Thusa 2 N 0, acontradiction.

Hencethereis no a in the differenceN � N 0. Then N 0 = N musthold —
contradicting our previousassumption.This impliesN = LM(T rBIN (P)N ),
i.e. N is astablemodelof TrBIN (P). 2

Proposition 4.15 Let P be a normal logic program.If N is a stablemodel
of TrBIN (P), then M = N \ Hb(P) is a stablemodel of P such that N =
M [ IBA( P; M ).

PROOF. Let N be a stablemodel of TrBIN (P), i.e. N = LM(T rBIN (P)N ).
SinceN j= TrBIN (P)N , we obtain by the seconditem in Lemma4.13that
M j= PM holds for M = N \ Hb(P). Let A be the setof atomsN \
(Hb(TrBIN (P)) � Hb(P)) sothat N = M [ A. It is provednext that A =
IBA (P; M ). We do this by by showing for each non-binaryrule r 2 P and
the corresponding translationTrBIN (r ) in (4.4) that ai 2 A if and only if
ai 2 IBA( P; M ). We usedecreasinginduction on i � n � 1 asfollows.

In the basecasei = n � 1. Now an� 1 2 A ( ) an� 1 2 N by the
de�n ition of A ( ) an� 1 2 LM(TrBIN (P)N ), asN is stable, ( ) bn 2
LM(T rBIN (P)N ), asthe rule an� 1  bn is included in TrBIN (P)N , ( )
bn 2 M by the de�n ition of M ( ) an� 1 2 IBA( r; M ). Induction step
follows:0 < i < n � 1. It followsthatai 2 A ( ) ai 2 N by the de�n ition
of A ( ) ai 2 LM(T rBIN (P)N ), asN is stable, ( ) bi +1 andai +1 belong
to N = LM(TrBIN (P)N ), asTrBIN (P)N containsthe rule ai  bi +1 ; ai +1 ,
( ) bi +1 2 M andai +1 2 A bythede�n itionsof M andA ( ) bi +1 2 M
andai +1 2 IBA (r; M ) by the inductivehypothesis( ) ai 2 IBA (r; M ).

Thuswehaveestablishedthat N = M [ IBA( P; M ). Then supposethat
M isnot the leastmodelof PM , i.e. thereisM 0 � M such thatM 0 j= PM . It
followsbythe�r stitem in Lemma4.13thatN 0 j= TrBIN (P)N holdsfor N 0 =
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M 0 [ IBA (P; M 0). SinceM 0 � M , we obtain IBA( P; M 0) � IBA( P; M )
and N 0 � N , which contradicts the stability of N . ThusM = LM(P M ) is
necessarilythe caseandM is astablemodelof P. 2

Theorem 4.16 P � PFM B.

PROOF. Let us begin with the faithfulnessof TrBIN . It is clear by De�-
nition 4.12 that Hb(P) � Hb(TrBIN (P)) and Hbv(TrBIN (P)) = Hbv(P).
By Proposition4.14 there is an extensionfunction Ext BIN : SM(P) !
SM(TrBIN (P)) that mapsM 2 SM(P) into N = Ext BIN (M ) = M [
IBA (P; M ) included in SM(TrBIN (P)) such that M = N \ Hb(P). In ad-
dition to this,weknow by Proposition4.15that if N 2 SM(TrBIN (P)), then
M = N \ Hb(P) 2 SM(P) andN = Ext BIN (M ). ThusTrBIN is faithful by
Theorem3.19.

To establishmodularity of TrBIN , let P and Q be two normal programs
such that the module conditions M1–M4 from De�n ition 3.15aresatis�ed.
It is obviousbyDe�n ition 4.12thatTrBIN (P [ Q) = TrBIN (P) [ TrBIN (Q).
Let us then addressthe module conditions. (M1) Supposethat TrBIN (P)
andTrBIN (Q) sharea rule r . Twocasesarise.

1. Supposethat r 2 P. Then jbody+ (r )j � 2 holdsby the de�n ition
of TrBIN (P). Moreover,it followsthat r 62Q, asP \ Q = ; by the
moduleconditions. It followsthat r 62TrBIN (Q), a contradiction.

2. Supposethat r 2 TrBIN (r 0) for somenon-binaryrule r 0 2 P. It follows
by the module conditions that r 0 62Q. This meansthat no rule from
TrBIN (r 0) is included in TrBIN (Q), sincetheserulesareuniquelydeter-
minedbynewatomsa1; : : : ; an� 1 which dependon r 0, acontradiction.

It followsthatTrBIN (P) \ TrBIN (Q) = ; . (M2) BecauseP andQ satisfythe
secondmodulecondition, weknow that Hba(P) \ Hba(Q) = ; . By De�n i-
tion 4.12,thesesetsarepreservedby TrBIN , i.e. Hba(TrBIN (P)) = Hba(P)
andHba(TrBIN (Q)) = Hba(Q). ThusHba(TrBIN (P)) \ Hba(TrBIN (Q)) = ; .
(M3) Let usthenassumethatHbh(TrBIN (P)) andHb(TrBIN (Q)) sharesome
atoma. Again, twocasesarise.

1. Assumethat a 2 Hbh(P). SinceP and Q satisfymodule conditions,
weknow that a 62Hb(Q). Sincea 2 Hb(TrBIN (Q)), the atoma must
beoneof thenewatomsa1; : : : ; an� 1 associatedwith anon-binaryrule
r 2 Q with jbody+ (r )j = n. A contradiction by De�n ition 4.12,as
a 2 Hbh(P) andP is alsosubjectto translationasamoduleof P [ Q.

2. Supposethat a 2 Hbh(TrBIN (P)) � Hbh(P). Then a must be one
of the newatomsa1; : : : ; an� 1 associatedwith a non-binaryrule r 2 P
with jbody+ (r )j = n. If a 2 Hb(Q), thena isnot new, acontradiction.
If a 2 Hb(TrBIN (Q)) � Hb(Q), then a mustbe oneof the newatoms
associatedwith a non-binaryrule r 0 2 Q with jbody+ (r 0)j > 2. Such
atomsaredifferentbyDe�n ition 4.12,acontradiction.

ThusHbh(TrBIN (P)) \ Hb(TrBIN (Q)) = ; . (M4) The lastmodulecondition
followsbysymmetrywith respectto the preceding one.

4 EXPRESSI VE POWER ANALYSI S 25



By de�n ition 4.12and the modularityof TrBIN , the translationTrBIN (P)
of anormalprogramP 2 P canbecomputedon arule-by-rulebasis.More-
over,the translationcan be done in time linear to jjP jj , because(i) binary
rules can be passedon unmodi�ed and (ii) any non-binaryrule (2.1) con-
sistingof 2n + 3m + 2 symbolsis replacedby n rules (4.4) consistingof
(6+ 3m) + (n � 2) � 6+ 4 = 6n + 3m � 2symbols,(iii) theatomsin Hba(P)
remainintact. 2

Corollary 4.17 B = PFM P.

The main intranslatability resultof this workfollows:it is establishedthat
binaryrulesarenot expressiblein termsof unaryrulesevenif weallow arbi-
trarynumberof negativeliteralsin the bodiesof rules.

Theorem 4.18 B 6�FM U.

PROOF. Let usassumethat thereis a faithful andmodulartranslationfunc-
tion TrUN from binarynormal logic programsto unaryones.This translation
function is to beappliedto astrictlybinarynormal logic program

B = f a  b; c; b  c; a; c  a; bg

in conjunction with atomic programsA1 = f a  g , A2 = f b  g , andA3 =
f c  g . For theseprograms,Hbv(B ) = Hb(B) = f a; b; cg, Hbv(A1) =
Hb(A1) = f ag, Hbv(A2) = Hb(A2) = f bg, andHbv(A3) = Hb(A3) = f cg.
As there are no invisible atomsand the rules of the four programsare all
distinct, the moduleconditions from De�n ition 3.15aretrivially satis�ed.

Notethattherulesof B essentiallyexpressthatif anytwoof theatomsa, b,
andc areinferable,the third oneshouldbe, too. Thuseach of the programs
B [ A1 [ A2, B [ A2 [ A3, and B [ A3 [ A1 hasa unique stable model
M = f a; b; cg. Since TrUN is faithful and modular, there are respective
unique stablemodels

(4.6)

8
<

:

N1 = LM(T rUN (B )N1 [ TrUN (A1)N1 [ TrUN (A2)N1 )
N2 = LM(T rUN (B )N2 [ TrUN (A2)N2 [ TrUN (A3)N2 )
N3 = LM(T rUN (B )N3 [ TrUN (A3)N3 [ TrUN (A1)N3 )

of the translationsTrUN (B [ A1 [ A2), TrUN (B [ A2 [ A3), andTrUN (B [
A3 [ A1). Thesethree stable modelshaveto be assumeddifferent, asthe
modulesconstitutingthe respectivetranslationsmayinvolveinvisibleatoms
andeach of them is basedon adifferentcombinationof modules.

Let usthen turn our attentionto the �r stequation in (4.6)andthe “miss-
ing module” TrUN (A3). Note that A3 hasa unique stablemodelM 3 = f cg.
Let N 0

3 = LM(T rUN (A3)N 0
3 ) be the corresponding unique stable model of

TrUN (A3), as implied by the faithfulnessof TrUN . Note that TrUN (B [
A1 [ A2) and TrUN (A3) satisfythe module conditions, as B [ A1 [ A2

and A3 do and TrUN is modular. In addition, Hbv(TrUN (B [ A1 [ A2)) \
Hbv(TrUN (A3)) = f cg and both N1 and N 0

3 contain c sothat we may ap-
ply Lemma 4.3 to conclude that N1 [ N 0

3 is a stable model of TrUN (B [
A1 [ A2) [ TrUN (A3) which equalsto TrUN (B [ A1 [ A2 [ A3) by the mod-
ularity of TrUN . Moreover, the reduct of the translationw.r.t. N1 [ N 0

3 is
TrUN (B [ A1 [ A2)N1 [ TrUN (A3)N 0

3 .
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We let N 0
1 stand for the unique stablemodel of TrUN (A1) which is guar-

anteedto existby symmetryand which correspondsto the unique stable
model M 1 = f ag of A1. Similarly, let N 0

2 be the unique stablemodel cor-
responding to M 2 = f bg. Then we may conclude that alsoN2 [ N 0

1 and
N3 [ N 0

2 are stable modelsof TrUN (B [ A1 [ A2 [ A3) by using the last
two equationsof 4.6 concerning N2 and N3 in a symmetricfashion. On
the other hand, M is the unique stable model of B [ A1 [ A2 [ A3, too.
But then TrUN (B [ A1 [ A2 [ A3) must havea unique stable model —
implying that N1 [ N 0

3 = N2 [ N 0
1 = N3 [ N 0

2. Thus we maydistinguish
N = N1 \ Hb(TrUN (B )) = N2 \ Hb(TrUN (B )) = N3 \ Hb(TrUN (B )), and
rewritethe preceding setof equalitiesas

(4.7)

8
<

:

N [ N 0
1 [ N 0

2 = LM(T rUN (B )N [ TrUN (A1)N 0
1 [ TrUN (A2)N 0

2 )
N [ N 0

2 [ N 0
3 = LM(T rUN (B )N [ TrUN (A2)N 0

2 [ TrUN (A3)N 0
3 )

N [ N 0
3 [ N 0

1 = LM(T rUN (B )N [ TrUN (A3)N 0
3 [ TrUN (A1)N 0

1 )

which still correspondto the unique stablemodelsof TrUN (B [ A1 [ A2),
TrUN (B [ A2 [ A3), andTrUN (B [ A3 [ A1), respectively.

Weproceedbyreducing the�r stequationin (4.6)usingLemma4.2.Note
thatTrUN (A1) [ TrUN (A2) = TrUN (A1 [ A2) by the modularityof TrUN and
Hbv(TrUN (A1 [ A2)) = f a; bg � Hb(TrUN (B )). Thus we obtain N =
LM(T rUN (B )N [ f a  ; b  g ) byLemma4.2. RecallthatN containsc in
addition to a and b. Let TrUN (B )N

0 and TrUN (B )N
1 denotethe disjoint sets

of atomic and strictly unary rules of TrUN (B )N , respectively. It followsby
Lemma 4.6 that there is an atomic rule d  in TrUN (B )N

0 [ f a  ; b  g
such that c 2 LM(T rUN (B )N

1 [ f d  g ). AsLM( �) is a monotonic operator,
weobtain two cases:c 2 LM(TrUN (B )N [ f a  g ) or c 2 LM(T rUN (B )N [
f b  g).

In the �r st case,we obtain c 2 LM(TrUN (B )N [ TrUN (A1)N 0
1 ) by the

monotonicity of the operatorLM( �) again. Recall that Hbv(TrUN (A3)) =
Hbv(A3) = f cg by the de�n ition of TrUN . Asa resultof applyingLemma
4.2 to the third equation in (4.7), TrUN (A3)N 0

3 is reducedto f c  g, sothat
N [ N 0

1 = LM(T rUN (B )N [ TrUN (A1)N 0
1 [ f c  g ). Since c belongsto

LM(T rUN (B )N [ TrUN (A1)N 0
1 ) thissimpli�es to N [ N 0

1 = LM(T rUN (B )N [
TrUN (A1)N 0

1 ). BecauseN � Hb(TrUN (B )), N 0
1 � Hb(TrUN (A1)) , and N

andN 0
1 coincideon theatomsin Hbv(TrUN (B )) \ Hbv(TrUN (A1)) = f ag, we

getTrUN (B )N = TrUN (B )N [ N 0
1 and TrUN (A1)N 0

1 = TrUN (A1)N [ N 0
1 . Then

the modularityof TrUN implies N [ N 0
1 = LM(T rUN (B [ A1)N [ N 0

1 ). Thus
TrUN (B [ A1) possessesa stablemodelN [ N 0

1 containing f a; b; cg. A con-
tradiction, sinceB [ A1 hasaunique stablemodel f ag.

In the secondcase,we can analogouslyconstructa stable model N [
N 0

2 for TrUN (B [ A2) using the secondequation in (4.7). Again, this is a
contradiction, asf a; b; cg � N [ N 0

2 and f bg is the unique stablemodel of
B [ A2. 2

Corollary 4.19 B 6�PFM U, U < PFM B, andU < PFM P.

It remainsto explorethe strictnessof the relationshipA � PFM U. At this
point, it is worth demonstratinga particulartranslationtechnique [40, Proof
of Theorem3.10], which suitably exploits new atomsand negative literals
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andthusservesasapotentialcandidatefor a faithful andmodulartranslation
function from U to A .

Example4.20 Considernormal logic programsP1 = f a  bg and P2 =
f b  cg anda translationof P1 [ P2 into anatomic normal logic program

TrAT (P1 [ P2) = TrAT (P1) [ TrAT (P2)
= f a  � b; b  � bg [ f b  � c; c  � cg

where the intuitive reading of the new atomsb and c is that b and c are
false,respectively. The translationtriesto capturethe rulesof P usingakind
of double negation. In particular, the rules b  � b and c  � c can be
understoodto encodethe standardclosedworld assumption[38]: b and c
are falseby default. The programsP1 [ P2 and TrAT (P1 [ P2) behaveas
follows.

Stablemodels Stablemodels

A of P1 [ P2 [ A of TrAT (P1 [ P2 [ A)

; ; f b; cg

f a  g f ag f a; b; cg

f b  g f a; bg f a; b; cg

f c  g f a; b; cg f a; b; cg

By the preceding analysis,the translationTrAT (P1 [ P2) seemsto capture
the essentialsof P1 [ P2 in a modularandfaithful manner. However,severe
problemsarisewith programscontaining an inferential loop that letsone to
infer a from a, for instance. The simplestpossibleexampleof this kind is
P = f a  ag having a minimal model LM( P) = ; . Unfortunately, the
translationTrAT (P) = f a  � a; a  � ag hastwo stablemodelsf ag and
f ag. The formermodel iswhatwewouldexpecton thebasisof our example,
but the latter isaspuriousstablemodel— dashingour hopesfor TrAT being
faithful and modular in general. It is provedin the following theoremthat
the problemswith TrAT cannotbesettled.

Theorem 4.21 U 6�FM A.

PROOF. Supposethereis a faithful andmodular translationfunction TrAT

from U to A . In the sequel, we analyzetwo unarynormal programsU1 =
f a  bg and U2 = f b  ag, their combinationswith atomic normal pro-
gramsA1 = f b  g andA2 = f a  g , andtheir translationsunderTrAT . To
check the module conditions, wenote that Hbv(U1) = Hb(U1) = f a; bg =
Hb(U2) = Hbv(U1), Hbv(A1) = Hb(A1) = f bg, andHbv(A2) = Hb(A2) =
f ag. Becausethereareno hidden atomsand the rulesof the four programs
aredistinct, the moduleconditions aretrivially satis�edby U1 andA1, byU2

andA2, byU1 [ A1 andU2 [ A2, andbyU1 [ U2 andA1 [ A2.
The programU1 [ A1 hasa unique stablemodel M 1 = LM(U1 [ A1) =

f a; bg. The translationTrAT (U1 [ A1) = TrAT (U1) [ TrAT (A1) and the
modularityof TrAT impliesHbv(TrAT (U1 [ A1)) = Hbv(U1 [ A1) = f a; bg.
SinceTrAT isalsofaithful, the translationTrAT (U1 [ A1) hasaunique stable
modelN1 = LM(T rAT (U1 [ A1)N1 ) = LM(T rAT (U1)N1 [ TrAT (A1)N1 ) such
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that f a; bg � N1. Then it holdsby symmetrythat M 2 = LM( U2 [ A2) =
f a; bg istheuniquestablemodelof U2 [ A2 andN2 = LM(T rAT (U2 [ A2)N2 )
is the unique stablemodel of the translationTrAT (U2 [ A2) = TrAT (U2) [
TrAT (A2), for which Hbv(TrAT (U2 [ A2)) = Hbv(U2 [ A2) = f a; bg holds,
sothat f a; bg � N2.

Recall that TrAT (U1 [ A1) = TrAT (U1) [ TrAT (A1) is an atomic pro-
gram and a 2 LM(T rAT (U1)N1 [ TrAT (A1)N1 ). It followsby Lemma 4.9
that a  must belong to the reduct. Since a 62Hbv(TrAT (A1)) and a 2
Hbv(TrAT (U1)) by the faithfulnessof TrAT , and the translationsTrAT (U1)
andTrAT (A1) satisfymoduleconditions by the modularityof TrAT , wehave
a 62Hb(TrAT (A1)) . Thusa  cannotbelongto TrAT (A1)N1 . Soit mustbe-
long to TrAT (U1)N1 . It followsbysymmetrythatb  belongsto TrAT (U2)N2 .

BecauseU1 [ A1 andU2 [ A2 satisfythe moduleconditions,andN1 and
N2 coincideup to theatomsin Hbv(TrAT (U1 [ A2)) \ Hbv(TrAT (U2 [ A2)) =
f a; bg, weknow byLemma4.3thatN1 [ N2 is a stablemodelof TrAT (U1 [
A1) [ TrAT (U2 [ A2) which equalsto TrAT (U1) [ TrAT (A1) [ TrAT (U2) [
TrAT (A2) = TrAT (U1 [ U2) [ TrAT (A1 [ A2) by the modularity of TrAT .
Moreover,the reduct (TrAT (U1 [ A1) [ TrAT (U2 [ A2))N1 [ N 2 is the union
of TrAT (U1 [ A1)N1 andTrAT (U2 [ A2)N2 , i.e. TrAT (U1)N1 [ TrAT (U2)N2 [
TrAT (A1)N1 [ TrAT (A2)N2 .

SinceHbv(TrAT (A1)) = f bg andHbv(TrAT (A2)) = f ag arecontainedin
Hb(TrAT (U1 [ U2)) , Lemma4.2impliesthatN = (N1 [ N2) \ Hb(TrAT (U1 [
U2)) equalsto LM(T rAT (U1)N1 [ TrAT (U2)N2 [ f a  ; b  g ). Sincea  be-
longsto TrAT (U1)N1 andb  to TrAT (U2)N2 , wecanestablishthatN equals
to LM(T rAT (U1)N1 [ TrAT (U2)N2 ). Moreover, the equality TrAT (U1)N1 [
TrAT (U2)N2 = TrAT (U1[ U2)N followsbythede�n ition ofN andthefactthat
N1 and N2 coincide on the atomsin Hbv(TrAT (U1)) = Hbv(TrAT (U2)) =
f a; bg. ThusN = LM(T rAT (U1 [ U2)N ) isastablemodelof TrAT (U1 [ U2).

SinceHbv(U1 [ U2) = Hb(U1 [ U2) = f a; bg andHbv(TrAT (U1 [ U2)) =
Hbv(U1 [ U2) by the faithfulnessof TrAT , andN \ Hbv(TrAT (U1 [ U2)) =
f a; bg, the faithfulnessof TrAT implies thatU1 [ U2 hasastablemodelM =
f a; bg. A contradiction, as; is the unique stablemodelof U1 [ U2. 2

Corollary 4.22 U 6�PFM A, A < PFM U, A < PFM B, andA < PFM P.

In order to makeour view complete,let us yet addressthe relationship
betweenpositiveprogramsandnormal programs.Recallthat by Proposition
3.18,C+ � PFM Choldsfor anyof the classesCunderconsideration.

Theorem 4.23 For anyC2 fA ; U; B; Pg, C 6�F C+ .

PROOF. Let usassumethat there is a faithful translationfunction Tr from
C to C+ . Considera logic programP = f a  � ag which servesasa repre-
sentativeof the classC. Let Q be the translationTr(P) in C+ . Now P has
no stablemodels,but the translationQ hasa unique stablemodel LM( Q),
which contradictsthe faithfulnessof Tr. 2

Corollary 4.24 For anyC 2 fA ; U; B; Pg, C 6�PFM C+ andC+ < PFM C.

The resultinghierarchy of classesof logic programsis illustratedin Figure
1.
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A < PFM U < PFM B = PFM P

<
P

F
M

<
P

F
M

<
P

F
M

A + < PFM U+ < PFM B+ = PFM P+

Figure 1: ExpressivePower Hierarchy basedon polynomial, faithful and
modular(PFM) translationfunctions

4.4 Comparisonwith Propositional Logic

It is worthwhile to relateour frameworkwith propositionallogic. It is as-
sumedthat a propositionaltheoryS is givenasa setof clausesof the form
(2.3).5 The fundamental satis�ability problem(SAT) is aboutchecking if a
givensetof clausesS hasa model in the senseof De�n ition 2.6. However,
in this report,we areinterestedin all modelsof S ratherthan checking the
existenceof a model. This is becauseit is assumedthat the modelscorre-
spondto the solutionsof the problemformalizedasa setof clausesS. It is
possibleto capturethe modelsof a setof clausesS with the stablemodelsof
a translationof S into a normal program.In fact,wecando this usingonly
atomic rules.The basicideaisasfollows.The rulesa  � aanda  � aare
neededto selectthe truth valueof each atoma 2 Hb(S). Here a 62Hb(S)
is a newatommeaning that a is false(c.f. Example4.20).Given theserules,
we obtain all model candidatesfor S asthe stablemodelsof the rules. Yet
we haveto ensurethat all clausesof the form (2.3) are satis�ed — this is
accomplishedby introducing a newatomf 62Hb(S) andanatomic rule

(4.8) f  � f ; � a1; : : : ; � an ; � b1; : : : ; � bm

for each clause(2.3) in S. Thesekinds of rulesexcludemodel candidates
in which someof the clausesis false. If the full syntaxof normal programs
is assumed,then it would be more intuitive to usea rule of the form f  
b1; : : : ; bm ; � f ; � a1; : : : ; � an which is not atomic, but “double negation” is
neededin orderto makethe rule atomic. Yet anothertechnique is givenin
[36]: anewatomc isintroducedfor each clause(2.3)which is translatedinto

c  a1; : : : ; c  an ; c  b1; : : : ; c  bm :

Then (4.8) can be replacedby f  � f ; � c. However,to meet the module
conditions from De�n ition 3.15,wehaveto localizethe choice of truth val-
ues. For this reasonwe translatea clausec of the form (2.3) into a setof

5Any propositionaltheorycan be transformedinto clausalform and the transformation
ispolynomial if newatomscanbeintroduced.Without newatomsit isdif�cult to transform
formulassuch as(a1 ^ : a1) _ � � � _ (an ^ : an ) into clausalform.
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rules

(4.9)
TrLP (c) = f fc  � fc; � a1; : : : ; � an ; � bc

1; : : : ; � bc
m g [

f ai  � ac
i ; ac

i  � ai j 0 < i � ng [
f bi  � bc

i ; bc
i  � bi j 0 < i � ng

wherefc, ac
1; : : : ; ac

n , andbc
1; : : : ; bc

m arenewatomsthatareunique to c. This
implies that the choice of the truth valueof an atoma is sharedby the rules
in which the atomappears.However,thesechoicesaresynchronized,asa is
sharedamongthe rules,andthis is how a is assignedaunique truth value.

De�n ition 4.25 A setof clausesS is translatedinto

TrLP (S) =
S

f TrLP (c) j c 2 Sg [ f a  � a; a  � a j a 2 Hba(S)g

with Hba(TrLP (S)) = ; andHb(TrLP (S)) =

Hb(S) [ f fc j c 2 Sg [ f ac j c 2 S anda appearsin cg [ f a j a 2 Hba(S)g:

The visiblepartHbv(TrLP (S)) = Hbv(S).

A particularfeatureof the translationTrLP (S) is that all atomsof Hb(S)
actuallyappearin the rulesof TrLP (S) and thus Hba(TrLP (S)) can be left
empty. The rulesassociatedwith the atomsin Hba(S) arenecessaryin or-
der to capturethe classicalmodelsof S properly, sinceHb(S) maycontain
atomsthat do not appearin the clausesof S; and according to De�n ition
2.6 classicalmodelsof S aresubsetsof Hb(S). Given a setof clausesS, an
interpretation I � Hb(S), anda clausec 2 S, wede�ne the setof comple-
mentaryatomsCA(c;M ) which is to contain ac wheneveraappearsin c and
a 62M . For the setS aswhole,welet

(4.10) CA(S;M ) =
[

f CA(c;M ) j c 2 Sg [ f a j a 2 Hba(S) � M g

which takesalsothe additional atomsfrom Hba(S) properly into account.
Wearenow readyto addressthecorrectnessof the translationfunction TrLP .

Proposition 4.26 Let S be a setof clauses. If M � Hb(S) is a classical
model of S, then N = M [ CA(S;M ) is a stablemodel of TrLP (S) such
thatN \ Hb(S) = M .

PROOF. Let M be a (classical)model of S and de�ne N asabove. The
reductTrLP (S)N contains(i) a  for each a 2 M , (ii) ac  for each occur-
renceof an atoma 2 Hb(S) � M in a clausec 2 S, and(iii) a  for each
a 2 Hba(S) � M . In particular,the rule f c  is not included for anyclause
c 2 S, becauseN \ f f c; a1; : : : ; an ; bc

1; : : : ; bc
mg = ; would imply that (2.3)

is not satis�edin M . ThusN = LM(T rLP (S)N ) by Lemma4.9 andN is a
stablemodelof TrLP (S). SinceCA(S;M ) containsonly atomsthatarenew
relativeto Hb(S), wehaveM = N \ Hb(S) by the de�n ition of N . 2

Proposition 4.27 Let S be a setof clauses.If N � Hb(TrLP (S)) is a stable
modelof TrLP (S), then M = N \ Hb(S) j= S andN = M [ CA(S;M ).
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PROOF. Let N � Hb(TrLP (S)) be a stablemodel of TrLP (S) and de�ne
M asabove.Let us �r st assumethat f c 2 N for somec 2 S. It followsby
Lemma 4.9 that fc  must belongto TrLP (S)N . By the �r st rule in (4.9)
this meansthat fc 62N , a contradiction. Then considerany ac such that
a 2 Hb(S) appearsin c 2 S. Now ac 2 N ( ) ac  belongsto TrLP (S)N

by Lemma4.9 ( ) a 62N by (4.9) ( ) a 62M ( ) ac 2 CA(S;M ).
Finally, let a be any atom from Hba(S). Now a 2 N ( ) a  belongs
to TrLP (S)N by Lemma 4.9 ( ) a 62N by the rule a  � a included in
TrLP (S) ( ) a 62M ( ) a 2 CA(S;M ). RecallingHb(TrLP (S)) from
De�n ition 4.25,weconcludethatN = M [ CA(S;M ) holds.

Supposethat M 6j= S, i.e. there is a clausec 2 S of the form (2.3) not
satis�ed in M . It followsthat M \ f a1; : : : ; ang = ; and f b1; : : : ; bmg �
M . The samerelationshold w.r.t. N by the de�n ition of M . Thus the
rules bc

1  ; : : : ; bc
m  are not included in the reduct TrLP (S)N so that

N \ f a1; : : : ; an ; bc
1; : : : ; bc

mg = ; by Lemma4.9. Asshown above,weknow
that fc 62N . Then the rule fc  belongsto TrLP (S)N so that fc 2 N ,
contradiction. HenceM isa modelof S. 2

Theorem 4.28 SC � PFM A.

PROOF. The translationfunction TrLP transformsa clause(2.3) consisting
of 2n + 3m + 2 symbolsinto asetof rules(4.9)with atmost3n + 3m + 5 +
n � (5+ 5)+ m � (5+ 5) = 13n + 13m + 5 symbols.The translationof each
atoma 2 Hba(S) consistsof 10 symbols.Moreover,de�n ition 4.25suggests
thatTrLP (S) canbeproducedon aclause-by-clausebasisin a linearnumber
of steps.ThusweconcludethatTrLP is linear aswell aspolynomial.

To establish modularity, let S and T be two setsof clausessuch that
the module conditions M1–M4 from De�n ition 3.15 are satis�ed. De�-
nition 4.25 implies that TrLP (S [ T) equals to the union of TrLP (S) and
TrLP (T). The module condition M1 is satis�edby the translationsTrLP (S)
and TrLP (T), asS \ T = ; by M1, Hba(S) \ Hba(T) = ; by M2, and
the introduction of new atomsguaranteethat the setsof rules (4.9) and
f a  � a; a  � a j a 2 Hba(S)g that constituteTrLP (S) remain distinct
from thoseof TrLP (T). The modulecondition M2 is trivially satis�ed,since
Hba(TrLP (S)) = Hba(TrLP (T)) = ; by de�n ition. In addition, M3 andM4
remainvalid, asTrLP addsnewatomsthat remainlocal to the translationsof
S andT.

It remainsto show TrLP faithful. First, De�n ition 4.25 implies for any
setof clausesthat Hb(S) � Hb(TrLP (S)) and Hbv(TrLP (S)) = Hbv(S).
In Proposition4.26,we show that Ext LP : CM(S) ! SM(TrLP (S)) is an
extensionfunction which mapsM 2 CM(S) to N = Ext LP (M ) = M [
CA(S;M ) included in SM(TrLP (S)) such thatM = N \ Hb(S). Moreover,
we know by Proposition4.27 that if N 2 SM(TrLP (S)), then M = N \
Hb(P) 2 CM(S) and N = Ext LP (M ). The restfollowsby Theorem3.19.

2
On the other hand, it is impossibleto translatean atomic normal pro-

gramP into a setof clausesin a faithful and modular way. This resulthas
beenestablishedby Niemelä [36, Proposition4.3] for normal programsin
general,but differentnotionsof faithfulnessandmodularityareemployedin
Niemelä'sproof.
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Theorem 4.29 A 6�FM SC.

PROOF. Let us assumethat thereexistsa faithful and modular translation
function Tr : A ! SC. Then consideratomic normal logic programs
P1 = f a  � ag and P2 = f a  g with Hbv(P1) = Hb(P1) = Hbv(P2) =
Hb(P2) = f ag. It is clear that P1 and P2 satisfythe module conditions
from De�n ition 3.15. The programP1 hasno stable modelswhile P2 has
a unique stablemodelM = f ag. SinceTr is faithful, the translationTr(P1)
mustbepropositionallyinconsistent.Bythemodularityof Tr, the translation
Tr(P1 [ P2) = Tr(P1) [ Tr(P2) which is alsopropositionallyinconsistent,
i.e. hasno models.But thiscontradictsthe faithfulnessof Tr, sinceM isalso
the unique stablemodelof P1 [ P2. Hencethereis no such Tr. 2

Corollary 4.30 A 6�PFM SC, SC < PFM A, SC < PFM U, SC < PFM B, and
SC < PFM P.

Theorem 4.31 SC 6�F C+ holdsfor anyC 2 fA ; U; B; Pg.

PROOF. The setof clausesS = ff a; : agg hastwoclassicalmodelsM 1 = ;
and M 2 = f ag which cannotbe faithfully capturedby a positiveprogram
P = Tr(S) possessingaunique stablemodelLM(P). 2

Theorem 4.32 C+ 6�FM SCholdsfor all classesC 2 fA ; U; B; Pg.

PROOF. We begin with the classU by assuming the existenceof a faith-
ful and modular translationfunction TrCL from U+ to SC. To establisha
counter-example,we usepositiveunary programsP1 = f a  g and P2 =
f a  ag which satisfythe module conditions, asHbv(Pi ) = Hb(Pi ) = f ag
for i 2 f 1; 2g. Now P1 and P2 haveunique stablemodelsLM( P1) = f ag
andLM( P2) = ; , respectively. It followsby the faithfulnessof TrCL that the
unique classicalmodelsof TrCL (P1) andTrCL (P2) areN1 andN2 such that
M1 = N1 \ f ag and M 2 = N2 \ f ag. It followsthat TrCL (P1) j= a and
TrCL (P2) j= : a. On theotherhand,weknow bythemodularityof TrCL that
TrCL (P1[ P2) = TrCL (P1)[ TrCL (P2). It followsthatTrCL (P1[ P2) j= a^ : a,
i.e.TrCL (P1[ P2) hasno models.However,theprogramP1[ P2 hasaunique
stablemodelLM( P1 [ P2) = f ag which contradictsthe faithfulnessof TrCL .

The programsP1 andP2 abovearealsorepresentativesof the classesB+

andP+ . In thisway, theproofabovecoversclassesC 2 fB ; Pg, too. The fate
of A needsreconsiderationasP2 62A + . In fact,we maysubstituteP2 = ;
with Hba(P2) = f ag for P2 aboveto obtain aproofof A + 6�FM SC. 2

By the preceding results,we maymakeprecisethe positionof SC in the
expressivepowerhierarchy illustratedin Figure 1. That is, SC is strictly less
expressivethananyof theclassesA , U, B, andP, but incomparablewith the
respectiveclassesof positiveprograms.

Corollary 4.33 C+ 6= PFM SCholdsfor all classesC 2 fA ; U; B; Pg.
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5 YET ANOTHER CHARACTERIZATION OF STABILITY

In Section6, wewill studynon-modularalternativesto translationfunctions
that wereshown not to existin Section4. Asa preparationfor one particu-
lar translationfunction, we will addressan alternativesemanticsfor normal
programs,namelythe onebasedon supportedmodels[2]. It turnsout in the
sequel that we are able to characterizestable modelsassupportedmodels
possessinga levelnumbering# which extendsthe notion of levelnumbers,
�r st introduced for positiveprogramsin Section2.2, to the caseof normal
programs.

De�n ition 5.1 A classicalmodel M of a normal programP is a supported
model of P if and only if for everyatoma 2 M there is a rule r 2 P such
thathead(r ) = a andM j= body(r ).

Inspiredby this notion, wede�ne the setof supportingrulesSR(P; I ) =
f r 2 P j I j= body(r )g � P for any normal programP and an interpre-
tation I � Hb(P). Thus the intuition behind this set is that each rule
r 2 SR(P; I ) providesasupportfor head(r ).

De�n ition 5.2 Let M be a supportedmodel of a normal programP. A
function # from M [ SR(P; M ) to N isa levelnumberingw.r.t. M iff

(5.1) 8a 2 M : # a = minf # r j r 2 SR(P; M ) anda = head(r )g

and

(5.2) 8r 2 SR(P; M ) :

# r =
�

maxf # b j b 2 body+ (r )g + 1; if body+ (r ) 6= ; :
1; otherwise.

It is important to realizethat a level numbering neednot existfor every
supportedmodel. This isdemonstratedby the following example.

Example5.3 ConsideralogicprogramP consistingof tworulesr 1 = a  b
and r2 = b  a. There are two supportedmodelsof P: M 1 = ; and
M2 = f a; bg. The �r st model hasa trivial level numbering with an empty
domain, sinceM 1 [ SR(P; M 1) = ; . For the second,the domain M 2 [
SR(P; M 2) = M 2 [ P. The requirementsin De�n ition 5.2 lead to four
equations:# a = # r 1, # r1 = # b+ 1, # b = # r 2, and# r 2 = # a+ 1. From
these,weobtain # a = # a+ 2. Hencethereisno levelnumberingw.r.t. M 2.

Proposition 5.4 Let M be a supportedmodel of P. If thereis a levelnum-
beringw.r.t. M , then the levelnumberingis unique.

PROOF. Supposethat # 1 and # 2 aretwo level numberingsw.r.t. M . It is
provedby induction on # 1(x) > 0 for x 2 M [ SR(P; M ) that # 1(x) =
# 2(x).

Basecase:# 1(x) = 1. If x = a for an atom a 2 M , then # 1(a) = 1
( ) thereisarule r 2 SR(P; M ) such thathead(r ) = aandbody+ (r ) = ;
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( ) # 2(a) = 1. Similarly, if x = r for for a rule r 2 SR(P; M ), then
# 1(r ) = 1 ( ) body+ (r ) = ; ( ) # 2(r ) = 1.

Induction step: # 1(x) = n > 1. If x = r for a rule r 2 SR(P; M ),
then # 1(r ) = maxf # 1(b) j b 2 body+ (r )g + 1. Note that body+ (r ) 6= ; ,
as# 1(r ) > 1. Then considerany b 2 body+ (r ). Since # 1(b) < n we
obtain # 2(b) = # 1(b) by the inductive hypothesis.Thus # 2(r ) = # 1(r )
holds,too. If x = a for an atoma 2 M , then # 1(a) = # 1(r ) for somerule
r 2 SR(P; M ) such thathead(r ) = ayielding theminimum valuefor # 1(r ).
By the preceding analysis,we know that # 2(r ) = # 1(r ) for this particular
rule sothat # 2(a) � # 1(a). Then supposethat # 2(a) < # 1(a), i.e. thereis
a rule r 0 2 SR(P; M ) such that head(r 0) = a and # 2(r 0) < # 2(r ). By the
inductivehypothesis,# 1(r 0) = # 2(r 0) which impliesthat# 1(r 0) < # 1(a), a
contradiction. Hence# 2(a) = # 1(a) isnecessarilythe case. 2

The questionis how onecandetermine levelnumberingsin practice.In
fact,the schemeintroducedin Section2.2canbeextendedto coverrulesas
well.

De�n ition 5.5 Let P beapositiveprogramandM = LM( P). Let usde�ne
level numbers lev(a) for atomsa 2 M asin Section2.2. Given any rule
r 2 P such thatbody+ (r ) = body(r ) � M , de�ne the levelnumber

(5.3) lev(r ) =
�

maxf lev(b) j b 2 body+ (r )g + 1; if body+ (r ) 6= ; :
1; otherwise.

Assigning levelnumbersin this wayiscompatiblewith De�n ition 5.2.

Lemma 5.6 Let P beapositiveprogram,M = LM( P), anda 2 M .

1. For everyr 2 SR(P; M ) such thathead(r ) = a, lev(r ) � lev(a).

2. Thereis r 2 SR(P; M ) such thathead(r ) = a andlev(r ) = lev(a).

PROOF. Recallthat lev(a) is the leastnumbern > 0 such that a 2 TP " n
but a 62TP " n � 1. Sincea 2 TP " n, there is a rule r 2 P such that
head(r ) = a and body+ (r ) � TP " n � 1 which is contained in M =
lfp(T P ). It followsthat r 2 SR(P; M ) andlev(b) < n for anyb 2 body+ (r ).
Thus lev(r ) � n holds by the de�n ition of lev(r ) in (5.3). To conclude,
thereisa rule r 2 SR(P; M ) such thathead(r ) = a andlev(r ) � lev(a).

1. Let r 0 2 SR(P; M ) beanyrule such that head(r 0) = a. Then suppose
that 0 < lev(r 0) < n. Two casesariseon the basisof (5.3). (i) If
body+ (r 0) = body(r 0) = ; , then lev(r 0) = 1 and a 2 TP " 1. On
the other hand lev(r 0) < n implies a 62TP " 1, a contradiction.
(ii) If body+ (r 0) = body(r 0) 6= ; , we havebody+ (r 0) � M , asr 0 2
SR(P; M ), andlev(b) < lev(r 0) for each b 2 body+ (r 0). It followsthat
body+ (r 0) � TP " m wherem isthemaximum valueamongf lev(b) j
b 2 body+ (r 0)g. Thusa 2 TP " lev(r 0). But this is acontradiction, as
lev(r 0) � n � 1 anda 62TP " n � 1. To conclude,lev(r 0) � lev(a).

2. By the �r stitem, wehavelev(r ) = lev(a) for the rule r above. 2

The characterizationof stablemodelsis then establishedasfollows.
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Proposition 5.7 [33, Corollary 1] Any stablemodel M � Hb(P) of a nor-
mal logic programP is alsoasupportedmodelof P.

Theorem 5.8 Let P beanormalprogram.

1. If M is a stablemodel of P, then M is a supportedmodel of P and
thereexistsa unique levelnumbering# : M [ SR(P; M ) ! N w.r.t.
M de�ned asfollows. (i) For a 2 M , let # a = lev(a). (ii) For r 2
SR(P; M ), let # r = lev(r + ).

2. If M isasupportedmodelof P andthereisa levelnumbering# w.r.t.
M , then # is unique andM is astablemodelof P.

PROOF. (Item 1). Let M beastablemodelofP. ThenM isalsoasupported
modelof P byProposition5.7.Recallthateach r 2 SR(P; M ) satis�esM j=
body(r ) which implies that r + 2 PM , body+ (r ) � M , andhead(r ) 2 M ,
asM is alsoa classicalmodelof P. Let usnow provethat the levelnumbers
meetthe requirementsof De�n ition 5.2.

Consider any a 2 M . It should be establishedthat # a is the mini-
mum amongf # r j r 2 SR(P; M ) andhead(r ) = ag. It is clear that this
set is non-empty, as M is a supportedmodel of P. Then considerany
r 2 SR(P; M ) such that head(r ) = a. Now # r is de�ned as lev(r + )
given in (5.3). Since r 2 SR(P; M ), we obtain r + 2 SR(PM ; M ). Thus
# r = lev(r + ) � lev(a) by the �r st claim of Lemma 5.6. By the sec-
ond claim, there is a rule r 0 2 SR(PM ; M ) such that head(r 0) = a and
lev(r 0) = lev(a). Then there is a rule r 00 2 SR(P; M ) such that r 0 =
(r 00)+ , head(r 00) = a and # r 00 = lev(r 00) = lev(a). Thus # a = lev(a)
is the minimum in question. Then considerany r 2 SR(P; M ). There
are two possibilities. If body+ (r ) = ; , we obtain body+ (r + ) = ; so that
# r = lev(r + ) = 1 by (5.3). This is in perfectharmonywith De�n ition
5.2. On the other hand, if body+ (r ) 6= ; , # r = lev(r + ) is de�ned as
maxf lev(b) j b 2 body+ (r + )g + 1. Since body+ (r + ) = body+ (r ) and
# b = lev(b) for each b 2 body+ (r ) by de�n ition, # r = lev(r + ) coincides
with maxf # b j b 2 body+ (r )g + 1 asinsistedbyDe�n ition 5.2.

We may conclude that # is a level numbering w.r.t. M . Since M is a
supportedmodelof P, the uniquenessof # followsbyProposition5.4.

(Item 2). Let M beasupportedmodelof P and# alevelnumberingw.r.t.
M . The uniquenessof # followsby Proposition5.4. It followsthat M j= P
and M j= PM . Thus it is immediately clear that LM( P M ) is contained in
M . It remainsto provethat M � LM( P M ). We usecompleteinduction on
# a > 1 to show thata 2 M impliesa 2 LM( P M ).

Basecase: # a = 1. Supposethat a 2 M . Since # a = 1, the only
possibilityis that there is a rule r 2 SR(P; M ) such that head(r ) = a and
body+ (r ) = ; . It followsthata  belongsto P M sothata 2 LM( PM ).

Induction step: # a = n > 1. Supposethat a 2 M . Since # a > 1,
there is a rule r 2 SR(P; M ) such that head(r ) = a, body+ (r ) 6= ; , and
# a = # r . Then considerany b 2 body+ (r ). Since # r = maxf # b0 j
b0 2 body+ (r )g + 1, we obtain # b < n. Moreoverr 2 SR(P; M ) implies
that b 2 M . Thus b 2 LM( PM ) by the inductive hypothesisand we have
establishedthat body+ (r ) � LM(PM ). On the otherhand, r 2 SR(P; M )
implies that r + = a  body+ (r ) 2 PM . It followsthata 2 LM(PM ). 2
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6 NON-MODULARTRANSLATION FUNCTIONS

In Section4, weshowedthat faithful andmodulartranslationscannotbees-
tablishedbetweencertain classesof logic programs.However,this doesnot
excludethepossibilitythatapolynomial andfaithful, but non-modulartrans-
lation function could be devisedfor the classesinvolved. Such alternatives
aretakeninto considerationin this section.We proceedasfollows.Section
6.1 covers the caseof positiveprogramsin which non-modularalternatives
areveryeasyto obtain. A non-modularandfaithful translationfunction from
normal programsto atomic normal programsis developedin Section6.2.
This is a far more complicatedobjective,asnormal programsmay possess
multiple stablemodels.Finally, in analogyto Section4, weend this section
bycomparinglogic programswith setsof clausesin Section6.3.

6.1 Positive ProgramsRevisited

Theorems4.7 and 4.10, which were establishedin Section4.2, state that
B+ 6�FM U+ and U+ 6�FM A + , respectively. Despitetheserelationships,
it is straightforward to obtain a non-modulartranslationin caseof positive
programs.Basically, this boils down to the fact that the leastmodel LM(P)
canbebecomputedin polynomial time for anyP 2 P + . Then it ispossible
to reduceanyP 2 P+ to an atomic programin the following way.

De�n ition 6.1 For anypositiveprogramP 2 P + , de�ne

TrLM (P) = f a  j a 2 LM( P)g.

Moreover,let Hba(TrLM (P)) = Hb(P) � LM( P) sothat Hb(TrLM (P)) =
Hb(P). The visiblepartHbv(TrLM (P)) = Hbv(P).

Theorem 6.2 P+ � PF A + .

PROOF. It is clearthat TrLM is faithful, sinceHbv(TrLM (P)) = Hbv(P) by
de�n ition andbothP andTrLM (P) havetheuniquestablemodelLM( P) =
LM(T rAT (P)) byLemma4.9. The translationfunction TrLM is polynomial,
asLM( P) canbecomputedin polynomial time. If the iterativeconstruction
from Section2.2 is usedasa basis,a quadraticalgorithm is obtained, but
thereisalsoa linear time algorithmavailable[9]. 2

Asa consequence,the relations� PFM and � FM giveriseto diverseclas-
si�cations for the classesof positivelogic programs. In fact, the hierarchy
obtainedwith � PFM is morere�ned than the oneobtainedwith � FM . Thus
� PFM seemsto provideamoreaccuratemeasureof expressiveness.

Corollary 6.3 A + = PF U+ = PF B+ = PF P+ .

Example6.4 The translationfunction TrLM introducedin De�n ition 6.1 is
indeednon-modular. For instance,the programsU = f a  bg and A =
f b  g from the proofof Theorem4.10aretranslatedasfollows:TrLM (U [
A) = f a  ; b  g , but TrLM (U) = ; with Hba(TrLM (U)) = f a; bg and
TrLM (A) = f b  g . ThusTrLM (U [ A) 6= TrLM (U) [ TrLM (A). 2
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Generallyspeaking,the translationTrNM (P) obtainedby a non-modular
translationfunction TrNM isoftenheavilydependenton particularinstances
of P sothatalreadyslightchangesto P mayalterTrNM (P) completely. Con-
sequently, ashortcoming of non-modulartranslationsis that theydonot nec-
essarilysupportupdates. This is alsoclear on the basisof the translation
function TrLM introducedin Theorem6.2.E.g.,in Example6.4,theeffectof
removingA fromTrLM (U[ A) = f a  ; b  g isthorough,asTrLM (U) = ; .

6.2 TranslatingNormal Programsinto Atomic Ones

Asshown in Section6.1,it iseasyto obtain anon-modularandfaithful trans-
lation function for removing positivebody literals in the caseof positive
programs. The settingbecomesfar more complicatedwhen normal logic
programsaretakeninto consideration,sincea normal programmaypossess
severalstablemodelsand it is not clearhow to applyTrLM from De�n ition
6.1.Nevertheless,weintend to developapolynomial andfaithful translation
function TrAT sothat an arbitrarynormal programP getstranslatedinto an
atomic programTrAT (P). It is clearby the resultspresentedin Section4.3
that TrAT must be non-modularif faithfulnessis to be expected.Our idea
is to apply the characterizationof stablemodelsdevelopedin Section5 so
that each stablemodel M of a normal programP is eventuallycapturedas
a supportedmodelM of P possessinga levelnumberingw.r.t. M . To recall
the basicconceptsfrom Section5 wegivean exampleof a levelnumbering.

Example6.5 Let P = f r 1; r2; r3g bea(positive)normalprogramconsisting
of the rulesr 1 = a  ; r2 = a  b; and r 3 = b  a sothat Hbv(P) =
Hb(P) = f a; bg. The unique stablemodel M = LM( P) = f a; bg is sup-
portedby SR(P; M ) = P. The unique levelnumbering# w.r.t. M is deter-
mined by# r 1 = 1, # a = 1, # r 3 = 2, # b = 2, and# r 2 = 3. 2

However,thereisno explicit wayof representingalevelnumberingwithin
a normal programandwehaveto encodesuch a numberingusingproposi-
tional atoms. Then a natural solution is to usea binary representation for
the individual numbersdetermined bya levelnumbering# . Unfortunately,
everyatomin Hb(P) maybe assigneda different levelnumber in the worst
case.This settingis actuallydemonstratedin Example6.5. Thus the level
numbers of atomsmayvary from 1 to jHb(P)j. Hence the highestpossible
level number of a rule r 2 P is jHb(P)j + 1, asfor r 2 in our example.Al-
thoughlevelnumbersarepositivenumbersby de�n ition, weleaveroom for
0 which is to actasthe leastbinaryvalue. Thus,givena normal programP,
wehaveto bepreparedfor binarynumbersconsistingof atmost

(6.1) r P = dlog2(jHb(P)j + 2)e

bits. In caseof Example6.5,wehaver P = 2 which is enoughto represent
all the valuesin the rangeof the levelnumbering# in question.In general,
wecanestablishthe following boundsfor levelnumbersin termsof r P.

Proposition 6.6 If M is a supportedmodelof a normal programP and# :
M [ SR(P; M ) ! N a level numberingw.r.t. M , then 0 < # a < 2r P � 1
for everya 2 M and0 < # r < 2r P for everyr 2 SR(P; M ).
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PROOF. Let usconsiderthe lowerbounds�r st. The levelnumber # r 2 N
assignedto arule r 2 SR(P; M ) isnecessarilygreaterthanzero,because# r
isde�ned either (i) asamaximum amongasetof naturalnumbersincreased
by oneor (ii) as1. Thus the level number # a assignedto anyatoma 2 M
greaterthan 0, as# a is de�ned asa minimum of a setof natural numbers
thataregreaterthan0. To show the upperboundsfor levelnumbers,weuse
completeinduction on naturalnumbersn � 1 in orderto establishthat

1. if # a = n for somea 2 M , then# a < 2r P � 1 andthereisasequence
of atomsa1; : : : an from M such that# ai = i for all i 2 f 1; : : : ; ng and
an = a; and

2. if # r = n for somer 2 SR(P; M ), then # r < 2r P .

In the basecase,# a = 1 for an atom a 2 M or # r = 1 for a rule
r 2 SR(P; M ). In both cases,Hb(P) containsat leastone atom, so that
r P � 2. Thus# a < 3 � 2r P � 1 and# r < 4 � 2r P . Moreover,if # a = 1
for someatoma 2 M , then the sequenceinvolvedin the �r st item contains
a alone.

Induction stepfollows. The secondclaim is proved�r st. Supposethat
# r = n > 1 holdsfor somerule r 2 SR(P; M ). Then body+ (r ) 6= ; holds
necessarilyby De�n ition 5.2and# r equalsto maxf # b j b 2 body+ (r )g +
1. Thus # b < n holds for each b 2 body+ (r ) so that we can conclude
maxf # b j b 2 body+ (r )g < 2r P � 1 bythe inductivehypothesis.Therefore
# r < 2r P .

Then supposethat # a = n for somea 2 M . By De�n ition 5.2, there
is a rule r 2 SR(P; M ) such that head(r ) = a and # r = n > 1, too.
The de�n ition of # r implies the existenceof an atom b 2 body+ (r ) such
that # b = n � 1. It followsby the inductive hypothesisthat there is a se-
quence of atomsa1; : : : ; an� 1 from M such that an� 1 = b and # ai = i
for all i 2 f 1; : : : ; n � 1g. By adding a in the end of this sequence, we
obtain a sequence a1; : : : ; an of atomsfrom M such that # ai = i for all
i 2 f 1; : : : ; ng andan = a. If n is to be maximal,then a1; : : : ; an mustenu-
merateHb(P) aswhole, i.e. # a = n = jHb(P)j. Then recall the de�n ition
of r P. Asa 2 Hb(P), wehavejHb(P)j � 1 sothat1 � log2(jHb(P)j + 1) <
log2(jHb(P) + 2j) � dlog2(jHb(P)j + 2)e. The respectivepowersof 2 yield
jHb(P)j + 1 < jHb(P) + 2j � 2r P which implies jHb(P)j < 2r P � 1. It
followsthat# a = jHb(P)j < 2r P � 1 asdesired. 2

The logarithmic factorembodied in r P formsan important designcrite-
rion for us,sincewould like to keepthe lengthof the translationjjTrAT (P)jj
aswell asthe translationtime proportionalto jjP jj � r P ratherthan jjPjj �
jHb(P)j. Hence we strivefor a sub-quadratic translationfunction from P
to A . To get an idea of the potential behind such an objective,we have
r P = 14for programsP with jHb(P)j = 10000, for instance.

RepresentingBinary Counters
We haveto �x somenotation in orderto dealwith binaryrepresentationsof
naturalnumbers.Given the numberof bitsbandanaturalnumber0 � n <
2b, wewrite n[i : : : j ], where0 < i � j � b, for the binaryrepresentation of
n from the i th bit to the j th bit in the decreasingorderof signi�cance. Thus
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n[1: : : b] givesacompletebinaryrepresentationfor n. Moreover,asaspecial
caseof this notation,wemayreferto the i th bit bywriting n[i ] = n[i : : : i ].

Technically speaking,the idea is to encodethe level number # a for a
particular atom a 2 Hb(P) using a vectora1; : : : ; aj of new atomswhere
j = r P. Such a vectorcan be understoodasa representation of a binary
counterof j bits;the �r standthe lastatomscorresponding to themostsignif-
icant and the leastsigni�cant bits, respectively. The idea is to equatebits 0
and1 with the truth valuesfalseandtrue assignedto atoms,sinceatomsmay
takeonly two valuesunder the stablemodel semantics.Becausethe forth-
coming translationis supposedto be an atomic normal program,positive
bodyliteralsareforbiddenandwehaveto introducethe vectora1; : : : ; aj of
complementaryatomssothat wecancondition ruleson both valuesof bits.
This is exactlythe technique that wasdemonstratedin Example4.20.In the
current setting,the idea is that the i th bit of the binary counter associated
with the atoma takesthe value0 (resp.1) if and only if ai (resp.ai ) cannot
be inferred,i.e. the negativeliteral � ai (resp.� ai ) is satis�edin rule bodies.
In the sequel, we mayintroducea binarycounterof the kind abovefor any
atom a by subscriptingit with an index i in the range0 < i � j . Such a
representation involvesasetof newatomsHbctr

j (a) de�ned below.

De�n ition 6.7 Given anumberof bits j andanatoma, let

(6.2) Hbctr
j (a) = f ai ; ai j 0 < i � j g:

In order to expressthe constraintson level numberings,asdemanded
by De�n ition 5.2,we needcertain primitive operationson binarycounters.
Theseprimitiveswill be usedassubprogramsof the forthcoming translation
TrAT (P) for normal programsP. The �r st setof subprograms,aslisted in
Table2, concentrateson settingthe counters to particularvalues. The size
of each subprogramis governedby aparameterj which givesthe numberof
bitsusedin the binarycounters involved.The activation of all subprograms
is controlledby an additional atomc. The ideais that the respectivesubpro-
gramsareactivatedonly when c cannotbe inferred,i.e. c is assignedto false
understablemodelsemantics.In the following,wegivebrief descriptionsof
the �r stthreeprimitives.

1. The subprogramSELj (a; c) selectsa value between0 and 2j � 1 for
the binarycountera1; : : : ; aj associatedwith anatoma.

2. The programNXT j (a; b; c) bindsthe valuesof the binarycountersas-
sociatedwith atomsaandb, respectively, sothat the latteris the former
increasedbyone(modulo2j ). Wehavechosenr P big enoughsothat
countersto beusedin the sequel do not wrapin practice.

3. The lastsubprogramFIX j (a; n; c) assignsa �xed value0 � n < 2j , in
the binaryrepresentation, to the counterassociatedwith the atoma.

In addition to settingthevaluesof counters,wehaveto beableto compare
them. Table3 listsour basicprimitivesin this respect:implementationsof
the relations< and= asatomic normalprograms.Our explanationsfollow.
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Primitive De�n ition

SELj (a; c) = f ai  � ai ; � c; ai  � ai ; � c j 0 < i � j g

NXT j (a; b; c) = f bi  � ai ; � ai +1 ; � bi +1 ; � c j 0 < i < j g [

f bi  � ai ; � ai +1 ; � bi +1 ; � c j 0 < i < j g [

f bi  � ai ; � ai +1 ; � c j 0 < i < j g [

f bi  � ai ; � ai +1 ; � c j 0 < i < j g [

f bi  � ai ; � bi +1 ; � c j 0 < i < j g [

f bi  � ai ; � bi +1 ; � c j 0 < i < j g [

f bj  � aj ; � c; bj  � aj ; � cg

FIX j (a; n; c) = f ai  � c j 0 < i � j andn[i ] = 0g [

f ai  � c j 0 < i � j andn[i ] = 1g

Table2: Primitivesfor selectingthe valuesof binarycounters

4. The programLT j (a; b; c) checksif the valueof the binarycounteras-
sociated with an atom a is strictly lower than the value of the binary
counterassociatedwith anotheratom b. To keepthe programlinear
in j , weneedavectorof newatomslt(a; b)1; : : : ; lt(a; b) j plusthe cor-
responding vectorof complementaryatomswhich weassociatewith a
andb. The atomslt(a; b)1 andlt(a; b)1, which referto the mostsigni�-
cantbits,capturethe resultof the comparison.In particular,notethat
lt(a; b)1 meansintuitively that the counter associated with the atom
a holds a value that is greaterthan or equal to the one held by the
counterassociatedwith the atomb. This relation will alsobe needed
when comparingthe valuesof counters.

5. Quite similarly, the programEQj (a; b; c) checks if the counters asso-
ciatedwith the atomsa and b hold the samevalue. In this case,only
two new atomseq(a; b) and eq(a; b), which capturethe result of the
comparison,areneeded.

Our nextgoalis to specify the expectedoutcomesof the primitiveslisted
in Tables2 and3. However,the correctnessproofsarepostponeduntil Sec-
tion 9. Wheneverthe value of a counter of j bits associated with an atom
a is chosento be 0 � n < 2j , the contribution of the respectiveprogram
SELj (a; c) isa setof atoms

(6.3) ATctr
j (a; n) = f ai j 0 < i � j andn[i ] = 1g [

f ai j 0 < i � j andn[i ] = 0g

given that the atom c is not inferable. The readermight ponderthe refer-
enceto the valuen at this point, asthe choice of n is to bemade.But when
SELj (a; c) is usedasa subprogram,the stability condition from De�n ition

6 NON-MODULAR TRANSLATI ON FUNCTI ONS 41



Primitive De�n ition

LT j (a; b; c) = f lt(a; b) i  � ai ; � bi ; � c j 0 < i � j g [

f lt(a; b) i  � ai ; � bi ; � lt(a; b) i +1 ; � c j 0 < i < j g [

f lt(a; b) i  � ai ; � bi ; � lt(a; b) i +1 ; � c j 0 < i < j g [

f lt(a; b) i  � lt (a; b) i ; � c j 0 < i � j g

EQj (a; b; c) = f eq(a; b)  � ai ; � bi ; � c j 0 < i � j g [

f eq(a; b)  � ai ; � bi ; � c j 0 < i � j g [

f eq(a; b)  � eq(a; b); � cg

Table3: Primitivesfor comparingthe valuesof binarycounters

2.2 implies a �xed point condition on n sothat anyvalue of n in the range
from 0 to 2j � 1 is possible.The effecta subprogramNXT j (b; a; c) is sup-
posedto bethesamesetof atoms(6.3)giventhat thecounterassociatedwith
someotheratomb is holding avaluem such thatn = m + 1 mod 2j .

In analogyto the preceding two subprograms,we haveto de�ne the re-
sult of a subprogramLT j (a; b; c) when the atom c is assignedto false. It is
assumedin (6.4) below that the valuesof the counters associated with the
atomsa and b aren and m in the ranges0 � n < 2j and 0 � m < 2j ,
respectively. Then let

(6.4) AT lt
j (a; n; b; m) =

f lt(a; b) i j 0 < i � j andn[i : : : j ] < m[i : : : j ]g [

f lt(a; b) i j 0 < i � j andn[i : : : j ] � m[i : : : j ]g:

Note that c is neglectedin (6.4), asno atom can be inferred by the rules
of LT j (a; b; c) when c is inferable; i.e. assignedto true in a stable model.
The resultof testingthe equality of the countersis de�ned analogously. The
outcomefor EQj (a; b; c), when c isnot inferable,is the following:

(6.5) ATeq
j (a; n; b; m) = f eq(a; b) j n = mg [ f eq(a; b) j n 6= mg:

On the otherhand,givenanatoma andasetof atomsN — such asastable
model of a programinvolving the subprogramsunder consideration— we
mayextractthe valueof the countera1; : : : ; aj associatedwith anatoma by

(6.6) valj (a; N ) =
X

f 2j � i j 0 < i � j andai 2 N g:

It followsthat valj (a; N )[i ] = 1 ( ) ai 2 N holds for each 0 < i � j .
Moreover,wehavevalj (a; ATctr

j (a; n)) = n for anyn for which 0 � n < 2j .

A Non-Modular TranslationFunction TrAT

In the sequel, wewill composea non-modulartranslationfunction TrAT in
four stepscorresponding De�n itions 6.8–6.11to be presented.In each de�-
nition, wespecify a subtranslation(sayTrSUB(P)) of TrAT (P) aswell asthe
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sethead(TrSUB(P)), which determinesthe atomseffectivelyde�ned by the
subtranslationTrSUB(P) in question.Thesesetswill be disjoint for the four
subtranslationsto be presented.To achieve faithfulness,one of the aimsis
to captureeach stable model M of a normal logic programP asa stable
modelN of TrAT (P) which isan atomic program.In the subsequent discus-
sion,M andN aresupposedto form a pair of stablemodelsin a one-to-one
correspondence,asinsistedby faithfulness.The �r st part of the translation
TrSUPP (P) aimsto capturea supportedmodel M of the programP and to
de�ne the complementaryatoma for each atoma 2 Hb(P).

De�n ition 6.8 For a normalprogramP, de�ne anatomic normalprogram

(6.7) TrSUPP (P) = f a  � a j a 2 Hb(P)g [

f bt(r )  � body+ (r ); � body� (r ) j r 2 Pg [

f bt(r )  � bt(r ) j r 2 Pg [

f head(r )  � bt(r ) j r 2 Pg:

The setof atomshead(TrSUPP (P)) is

(6.8) head(P) [ f a j a 2 Hb(P)g [ f bt(r ); bt(r ) j r 2 Pg:

In principle, it would besuf�cient to rewritea rule r 2 P as

(6.9) head(r )  � body+ (r ); � body� (r );

but other partsof the overall translationrequire us to determine when the
bodyof r is true. This is why new atomsbt(r ) andbt(r ) areintroducedfor
each r 2 P. Note that copyingthe transformedbodyof r to other partsof
the translationwould imply a quadraticblow-upandweneedbt(r ) for each
r 2 P in order to savespace. The next part of the translationintroduces
countersthatareneededto representa levelnumberingcandidate.

De�n ition 6.9 For anormalprogramP, de�ne anatomic normal program

(6.10) TrCTR (P) =
[

a2 Hb( P )

[SELr P (ctr(a); a) [ NXT r P (ctr(a); nxt(a); a)] [

[

r 2 P andbody + (r )= ;

FIX r P (ctr(r ); 1; bt(r )) [

[

r 2 P andbody+ (r )6= ;

SELr P (ctr(r ); bt(r )) :

Consequently, the setof atoms

(6.11) head(TrCTR (P)) =
[

a2 Hb( P )

[Hbctr
r P (ctr(a)) [ Hbctr

r P (nxt(a))] [

[

r 2 P andbody + (r )= ;

AT ctr
r P (ctr(r ); 1) [

[

r 2 P andbody + (r )6= ;

Hbctr
r P (ctr(r )) :
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In this way, two new atomsctr(a) and nxt(a), which act asnamesof two
counters,areintroducedfor each atoma 2 Hb(P). The eventualpurposeof
thesecountersis to hold the values# a and# a+ 1, respectively, in casethat
a belongsto the domainof a levelnumbering# , i.e. a 2 M ; or equivalently,
a 62N . However,at this point, the primitivesincluded in TrCTR (P) choose
a valuefor ctr(a) andde�ne the valueof nxt(a) asthe successorof the value
of ctr(a) modulo 2r P . Quite similarly, a newatomctr(r ) andthe respective
counter is introduced for each r 2 P to eventuallyhold # r when r is in
the domain of # , i.e. r 2 SR(P; M ), or equivalentlybt(r ) 62N . In caseof
an atomic rule r 2 P with body+ (r ) = ; , the counterctr(r ) is assigneda
�xed value1 andno choice ismade.Note thatsuch aspecial restrictionis in
accordancewith De�n ition 5.2.

ThetranslationTrCTR (P) issuf�cient for choosingacandidatelevelnum-
bering for a supportedmodel M of P that is to be capturedby the rulesin
TrSUPP (P). We haveto introduce constraintsin order to ensurethat the
candidate is indeed a level numbering, asdictatedby De�n ition 5.2. We
start with the conditions imposedon rules r 2 P and in particular, when
r 2 SR(P; M ) holds,i.e.M j= body(r ). Thisexplainswhy bt(r ) isusedasa
controllingatomin theforthcoming translation.Asexplainedabove,thecase
of atomic rulesr 2 P with body+ (r ) = ; is alreadycoveredby TrCTR (P)
which assignsa �xed value — the natural number 1 — to ctr(r ). But for
non-atomic rules r 2 P with body+ (r ) 6= ; , the maximization principle
from De�n ition 5.2mustbeexpressede.g.asfollows.

De�n ition 6.10 Let x be a newatomnot appearingin Hb(P). For an non-
atomic rule r 2 P anda numberof bitsb, de�ne

(6.12) TrMAX (r; b) =
[

a2 body+ (r )

TrMAX (r; b;a)

wherefor anya 2 body+ (r ), TrMAX (r; b;a) =

LTb(ctr(r ); nxt(a); bt(r )) [

EQb(ctr(r ); nxt(a); bt(r )) [

f x  � x; � bt(r ); � lt (ctr(r ); nxt(a)) 1g [

f max(r )  � bt(r ); � eq(ctr(r ); nxt(a))g:

For a normalprogramP, de�ne anatomic normal program

(6.13) TrMAX (P) =
[

r 2 P andbody+ (r )6= ;

TrMAX (r; r P) [

f x  � x; � bt(r ); � max(r ) j r 2 P andbody+ (r ) 6= ;g :

Consequently, the setof atoms

(6.14) head(TrMAX (P)) = f xg [ f max(r ) j r 2 P andbody+ (r ) 6= ;g [
[

r 2 P anda2 body + (r )

Hbctr
r P (lt(ctr(r ); nxt(a))) [

f eq(ctr(r ); nxt(a)); eq(ctr(r ); nxt(a)) j r 2 P anda 2 body+ (r )g:
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An informal descriptionfollows. The rules in TrMAX (r; r P; a) areto be
activated for a non-atomic rule r 2 SR(P; M ) and a positivebody atom
a 2 body+ (r ). Asa consequence,the value held by ctr(r ) mustbe greater
thanor equal to thevalueof nxt(a) which issupposedto bethevalueof ctr(a)
increasedbyone. In addition to this,the rulesfor max(r ) in TrMAX (r; r P; a)
andTrMAX (P) makethevalueof ctr(r ) equal to the valueof nxt(a) for some
a 2 body+ (r ). Thus the value of ctr(r ) must be the maximum amongthe
valuesof the counters nxt(a) associated with the positivebody atomsa 2
body+ (r ). This conformsto the de�n ition of # r givenin De�n ition 5.2.

Let us then turn our attention to atomsa that are assignedto true in a
supportedmodel M of P. By De�n ition 5.1such an atommusthavea rule
r 2 SR(P; M ) such that head(r ) = a. Moreover,the level number # a is
de�ned asthe minimum amongthe respectiverulesbyDe�n ition 5.2.

De�n ition 6.11 Let y be a newatomnot appearingin Hb(P). For a rule r
andanumberof bitsb, de�ne TrMIN (r; b) =

LTb(ctr(r ); ctr(head(r )) ; bt(r )) [

EQb(ctr(r ); ctr(head(r )) ; bt(r )) [

f y  � y; � bt(r ); � lt(ctr(r ); ctr(head(r ))) 1g [

f min(head(r ))  � bt(r ); � eq(ctr(r ); ctr(head(r ))) g:

For a normalprogramP, de�ne anatomic normal program

(6.15) TrMIN (P) =
[

r 2 P

TrMIN (r; r P) [

f y  � y; � a; � min(a) j a 2 Hb(P)g:

Then the setof atoms

(6.16) head(TrMIN (P)) = f yg [ f min(a) j a 2 head(P)g [
[

r 2 P

Hbctr
r P (lt(ctr(r ); ctr(head(r )))) [

f eq(ctr(r ); ctr(head(r ))) ; eq(ctr(r ); ctr(head(r ))) j r 2 Pg:

Given a 2 M anda rule r 2 SR(P; M ) such that head(r ) = a, the rules
in TrMIN (r; r P) makethe valueof ctr(a) lowerthan or equal to the valueof
ctr(r ). Moreover,the rulesfor min(a) in TrMIN (P) ensurethat the valueof
ctr(a) equalsto thevalueof ctr(r ) for at leastonesuch rule r . In thisway, the
valueof ctr(a) becomesnecessarilytheminimum, which is in harmonywith
the de�n ition of # a in De�n ition 5.2. We arenow readyto formulateTrAT

which isbasedon thefour sub-translationspresentedin De�n itions6.8–6.11.

De�n ition 6.12 Given a normal programP, de�ne an atomic normal pro-
gram

TrAT (P) = TrSUPP (P) [ TrCTR (P) [ TrMAX (P) [ TrMIN (P)
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andHba(TrAT (P)) = ; , asHb(P) � Hb(TrAT (P)) =

Hb(TrSUPP (P)) [ Hb(TrCTR (P)) [ Hb(TrMIN (P)) [ Hb(TrMAX (P)):

The visiblepartHbv(TrAT (P)) isde�ned asHbv(P).

By inspectingthe four partsof TrAT (P) oncemore,wenotethatTrAT (P)
can be formed in a verysystematicfashionby generatingcertain rules for
each r 2 P and a 2 Hb(P). However,TrAT is not modular in the sense
de�ned in Section3.3. A sourceof non-modularityis hidden in the number
of bits r P involved in TrAT (P). Given two programsP and Q satisfying
module conditions M1–M4, it is still possiblethat r P < r (P [ Q) and
r Q < r (P [ Q). Asa consequence,the counters involvedin TrAT (P) and
TrAT (Q) arebasedon toofewbits,which impliesthatTrAT (P) andTrAT (Q)
cannotbejoined togetherin orderto form the translationTrAT (P [ Q).

Example6.13 Due to thenumberof rulesgeneratedbyTrAT , let usconsider
a logic programP which containsonly onerule r = a  a. To giveabetter
ideaof the rulesincluded in TrAT (P), acompletelisting of the translationis
givenin Figure 3 on page54. Note that atomsarewritten in a �at notation
to enablecomputationswith SM ODELS [41]. Moreover, complementary
atoms(such asa for a) arepre�xed with “ ������� ”. Usingtheseprinciples,e.g.
theatomlt(ctr(r ); nxt(a))1 isrewrittenas�������
	���������
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now useSM ODELS to computethe only stablemodelof the translation:
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In our previousnotation, this is a stablemodel N = f bt(r ); ag of TrAT (P)
which correspondsto the only stablemodel M = ; of P. Note that the rest
of the translation(TrCTR (P), TrMAX (P), and TrMIN (P)) is inactive given
that bt(r ) anda aretrue. The lastline of the output indicatesthat TrAT (P)
doesnot havefurtherstablemodels;nor doesP. However,if wedropthe last
threelines from the translationgivenin Figure 3, weobtain four additional
stablemodels.One of them assignstrue atomsthatarelistedbelow:
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According to this stablemodel,sayN 0, wehavea situationin which a evalu-
atesto true. This implies that the bodyof r is satis�ed,i.e. bt(r ) is true. The
counters ctr(a), nxt(a), and ctr(r ) hold the values012 = 1, 102 = 2, and
102 = 2, respectively. Moreover,thevalueheld byctr(r ) isdetectedto be(i)
greaterthan or equal to the value held by nxt(a) and (ii) equal to the value
held by nxt(a). Thus ctr(r ) holdsa maximum value,which is indicatedby
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max(r ) being true. Finally, the value held by ctr(r ) is not lower than that
held by ctr(a). However,the valuesarenot equal, which indicatesthat the
valueheld by ctr(a) is not appropriateasa minimum andthis is why min(a)
remainsfalsein N 0. This revealshow the last three lines of the complete
translationasgivenin Figure3 invalidateN 0 asastablemodelof TrAT (P).

Correctnessof the TranslationFunction TrAT

Let usthenaddressthecorrectnessof the translationfunction TrAT . In order
to describethe correspondencebetweenstable models,the following def-
initions makeexplicit how a stable model M of a normal programP can
be extendedto a stable model N of the translationTrAT (P). This is be-
causeTrAT (P) involvesmany new atoms,the truth valuesof which have
to be determined. First of all, we deal with atomsthat are essentiallyde-
�ned by the rulesof TrSUPP (P) andde�ne the respectiveextensionoperator
Ext SUPP (P; M ) for P andM below. Recallthat in addition to reproducing
M , this partof the translationis responsiblefor de�n ing the complementary
atomsa, for which a 2 Hb(P), andthe atomsbt(r ) andbt(r ), which detect
the satisfaction of body(r ) for rules r 2 P. Out of theseatoms,the ones
included in the setExt SUPP (P; M ) de�ned below aresupposedbe true in
the corresponding stablemodelN of TrAT (P).

De�n ition 6.14 For a normal programP and an interpretation M of P,
de�ne Ext SUPP (P; M ) =

(6.17) M [ f a j a 2 Hb(P) � M g [

f bt(r ) j r 2 SR(P; M )g [ f bt(r ) j r 2 P � SR(P; M )g:

By the following de�n ition, we introduce similar extensionoperators for
the other partsof TrAT (P). For instance, the rules in TrCTR (P) are re-
sponsiblefor selectingcorrect valuesfor the counters whosepurposeis to
capture the unique level numbering # w.r.t. M . As a result, the atoms
in Ext CTR (P; M ; #) ought to be markedtrue in N . The last two partsof
the translationcontributeatomsinvolvedin the constraintson the valuesof
the counters, which implement the maximization/minimization principles
from De�n ition 5.2. Again, the respectiveextensionoperatorsExt MAX and
Ext MIN determine which atomsevaluateto true givenP, M , and# .

De�n ition 6.15 For a normal programP, an interpretation M of P, and
a function # : M [ SR(P; M ) ! f 0; : : : ; 2r P � 1g, de�ne the following
extensionoperators:

(6.18) Ext CTR (P; M ; #) =
[

a2 M

ATctr
r P (ctr(a); # a) [

[

a2 M

AT ctr
r P (nxt(a); # a+ 1 mod 2r P )] [

[

r 2 SR(P;M ) andbody+ (r )= ;

ATctr
r P (ctr(r ); 1) [

[

r 2 SR(P;M ) andbody + (r )6= ;

AT ctr
r P (ctr(r ); # r ):
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(6.19) Ext MAX (P; M ; #) =

f max(r ) j r 2 SR(P; M ) andbody+ (r ) 6= ;g [
[

r 2 SR(P;M ) anda2 body + (r )

AT lt
r P (ctr(r ); # r; nxt(a); # a+ 1 mod 2r P ) [

[

r 2 SR(P;M ) anda2 body + (r )

ATeq
r P (ctr(r ); # r; nxt(a); # a+ 1 mod 2r P ):

(6.20) Ext MIN (P; M ; #) = f min(a) j a 2 M g [
[

r 2 SR(P;M )

AT lt
r P (ctr(r ); # r; ctr(head(r )) ; #head(r )) [

[

r 2 SR(P;M )

ATeq
r P (ctr(r ); # r; ctr(head(r )) ; #head(r )) :

The four extensionsoperators introduced so far are combined into one
extensionoperatorfor the whole translationTrAT (P). It shouldbe yet em-
phasizedthat the four setsof atomsinvolvedin De�n ition 6.16aredisjoint.

De�n ition 6.16 For a normal programP, an interpretationM � Hb(P) of
P, anda function # : M [ SR(P; M ) ! f 0; : : : ; 2r P � 1g, de�ne

(6.21) Ext AT (P; M ; #) = Ext SUPP (P; M ) [

Ext CTR (P; M ; #) [ Ext MAX (P; M ; #) [ ExtMIN (P; M ; #) :

The correctnessof the translationfunction TrAT is addressedin Proposi-
tions6.17and6.19aswell asTheorem6.20.

Proposition 6.17 Let P be a normal program.If M is a stablemodel of P
and# isthecorresponding levelnumberingw.r.t. M , thenthe interpretation
N = Ext AT (P; M ; #) is a stable model of TrAT (P) such that M = N \
Hb(P).

De�n ition 6.18 Let P be a normal program,N � Hb(TrAT (P)) an in-
terpretation of the translationTrAT (P), and M = N \ Hb(P). De�ne a
function # : M [ SR(P; M ) ! f 0; : : : ; 2r P � 1g bysetting

1. # a = valr P (ctr(a); N ) for atomsa 2 M , and

2. # r = valr P (ctr(r ); N ) for rulesr 2 SR(P; M ).

Proposition 6.19 Let P be a normal program. If N is a stable model of
the translationTrAT (P), then M = N \ Hb(P) is a stablemodel of P and
N = Ext AT (P; M ; #) where# is de�ned asin De�n ition 6.18.

Theorem 6.20 P � PF A.

However,due to the sizeand intricacy of TrAT , the correctnessproofs
appearseparatelyin Section9. An important subsidiary notion usedin the
proofsis the one of local stability givenin De�n ition 6.21below. Asestab-
lishedin Theorem6.22,atomic programslend themselvesto localizing the
�xed point condition behind the stablemodelsemantics.Consequently, the
proofsfor Propositions6.17and6.17canbedevisedonepartat a time.
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De�n ition 6.21 An interpretationI is locally stablew.r.t. anormalprogram
P if andonly if I \ head(P) = LM( P I ).

Theorem 6.22 Let P1; : : : ; Pn beatomic normalprogramssuch that thesets
head(P1); : : : ; head(Pn ) form apartition of head(P) for P =

S n
i=1 Pi .

For anyS � f 1; : : : ; ng, an interpretationM � head(P) is locally stable
w.r.t. PS =

S
i 2 S Pi ( ) M is locallystablew.r.t. Pi for everyi 2 S.

Moreover,an interpretation M � Hb(P) is a stablemodel of P ( )
M � head(P) andM is locally stablew.r.t. Pi for everyi 2 f 1; : : : ; ng.

PROOF. Let us pick anysetof indicesS � f 1; : : : ; ng. ( =) ) Let M �
head(P) be locallystablew.r.t. PS =

S
i 2 S Pi . Thuswehave

(6.22)

M \ head(PS) = M \ head(
S

i 2 S Pi )
= M \ (

S
i 2 S head(Pi ))

= LM( PM
S )

= LM((
S

i 2 S Pi )M )
= LM(

S
i 2 S PM

i )
=

S
i 2 S LM( PM

i )

where the last equality holds by Lemma 4.9, as P M
i is atomic and posi-

tive for each i 2 S. Then considerany index i 2 S. Lemma 4.9 im-
plies that LM( PM

i ) = head(PM
i ) � head(Pi ). Moreover, the properties

of P imply that
S

j 2 S head(Pj ) formsa partition of head(PS). Thus M \
head(Pi ) = LM( PM

i ) follows by intersectingboth sidesof the equation
(6.22) with head(Pi ). To conclude, M is locally stable w.r.t. Pi for every
i 2 S.

( ( = ) Supposethat M � head(P) is locally stable w.r.t. Pi for every
i 2 S. Thus M i = M \ head(Pi ) = LM(PM

i ) holdsfor all i 2 S. SinceS
i 2 S head(Pi ) formsa partition of head(PS), we obtain M \ head(PS) =S
i 2 S M i =

S
i 2 S LM( PM

i ). SincePM
i is atomic andpositivefor each i 2 S,

weobtain byLemma4.9that

M \ head(PS) =
S

i 2 S LM( PM
i )

= LM(
S

i 2 S PM
i )

= LM((
S

i 2 S Pi )M )
= LM(PM

S ):

ThusM is locally stablew.r.t. PS.
For the lastclaim, we note that M � Hb(P) is a stablemodel of P, i.e.

M = LM( PM ) ( ) M � head(P) andM is locallystablew.r.t. P. 2
In analogyto the classesof positiveprograms,the four classesof normal

programsresidein thesameexpressivenessclassif measuredbytheexistence
of polynomial andfaithful translationfunction, i.e. the relation� FM .

Corollary 6.23 A = PF U = PF B = PF P.

On the otherhand,let usconsideranyclassC 2 fA ; U; B; Pg. It follows
by Proposition3.18 that C+ � PF C and by Theorem4.23 that C 6�PF C+ .
ThusC+ < PF Choldsfor all representativesof the twoexpressivenessclasses.
The resultinghierarchy of classesof logic programsis illustratedin Figure2.
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A = PF U = PF B = PF P

<
P

F

<
P

F

<
P

F

<
P

F

A + = PF U+ = PF B+ = PF P+

Figure2: ExpressivePowerHierarchy basedon polynomial andfaithful (PF)
translationfunctions

6.3 Propositional Logic Revisited

In general,it is verychallengingto translatea normal programP into a set
of clausessothat a one-to-onecorrespondenceof modelsis obtained. For
instance,the approach [5] by Ben-Eliyahu andDechter is basedon a trans-
formation that is clearly polynomial, but the producedsetof clausesmay
possessmultiple modelscorresponding to onestablemodel of P. However,
atomic programsprovideapromisingintermediary representation that is rel-
ativelystraightforward to translateinto a setof propositionalclauses.Here
we can applyClark's programcompletion asestablishedby Fages[14], but
new atomshaveto be introducedby the translationfunction TrCL in order
to keepthe translationfunction linear;or evenpolynomial in the �r stplace.

De�n ition 6.24 For an atomic normal programP 2 A and an atom a 2
Hb(P), let DefP (a) = f r 2 P j head(r ) = ag andde�ne the setof clauses

TrCL (a; P) = ff a; : bt(r )g j a 2 Hb(P) andr 2 DefP (a)g [

ff: ag [ f bt(r ) j r 2 DefP (a)g j a 2 Hb(P)g [

ff bt(r )g [ body� (r ) j r 2 DefP (a)g [

ff: bt(r ); : cg j r 2 DefP (a) andc 2 body� (r )g

wherebt(r ) isanewatomfor each r 2 P and

TrCL (P) =
[

a2 Hb( P )

TrCL (a; P):

The HerbrandbaseHb(TrCL (P)) equalsto Hb(P) [ f bt(r ) j r 2 Pg with
Hba(TrCL (P)) = ; . The visiblepartHbv(TrCL (P)) = Hbv(P).

Theintuitive reading ofbt(r ) isthesameasin Section6.2,i.e.bt(r ) issup-
posedto be true wheneverthe bodyof the rule r is true. Roughlyspeaking,
the clausesin the translationensurethat everyatoma 2 Hb(P) is logically
equivalent to the disjunction of all bodiesof rulesr 2 P with head(r ) = a.
More precisely, clausesof the �r sttwokindsin TrCL (a; P) enforcetheequiv-
alenceof each a 2 Hb(P) with the disjunction

W
f bt(r ) j r 2 DefP (a)g.
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On the other hand, each disjunct bt(r ) is madeequivalent to the conjunc-
tion of negative(classical)literals

V
f: c j c 2 body� (P)g by clausesof the

last two kinds in TrCL (a; P). The net effect is Clark's completion for each
a 2 Hb(P). Thisleadsto atight correspondenceof modelsasdescribednext.

De�n ition 6.25 Given an interpretation I � Hb(P) of P 2 A , de�ne

ExtCL (P; I ) = I [ f bt(r ) j r 2 SR(P; I )g:

Proposition 6.26 Let P be an atomic normal program.If M � Hb(P) is a
supportedmodel of P, then N = Ext CL (P; M ) is a modelof TrCL (P) such
thatM = N \ Hb(P).

PROOF. Let M be a supportedmodel of P and let us assumethat N 6j=
TrCL (P) holdsfor the interpretationN = Ext CL (P; M ). Four casesarise.

1. Supposethat N 6j= f a; : bt(r )g for somea 2 Hb(P) and r 2 P such
that head(r ) = a. The truth de�n ition of clausesimplies a 62N and
bt(r ) 2 N . Then a 62M and r 2 SR(P; M ) follow by the de�n i-
tion of N . Thus M j= body(r ) and M 6j= head(r ), i.e. M 6j= r , a
contradiction.

2. AssumethatN 6j= f: ag [ f bt(r ) j r 2 DefP (a)g for somea 2 Hb(P).
It followsthat a 2 N andbt(r ) 62N for each r 2 DefP (a). Then the
de�n ition of N implies that a 2 M andr 62SR(P; M ) for each r 2 P
with head(r ) = a. A contradiction, asM is asupportedmodelof P.

3. Considerthe casethat N 6j= f bt(r )g [ body� (r ) for somer 2 P.
It follows that bt(r ) 62N and c 62N for each c 2 body� (r ). The
interconnectionof N and M implies r 62SR(P; M ) and c 62M for
each c 2 body� (r ). Sincer is atomic, weobtain M j= body(r ), i.e.
r 2 SR(P; M ), acontradiction.

4. Supposethat N 6j= f: bt(r ); : cg for somer 2 P and c 2 body� (r ).
Then bt(r ) 2 N andc 2 N hold by the truth de�n ition. The de�n i-
tion of N impliesr 2 SR(P; M ) andc 2 M . But then M 6j= � c holds
andwehaveM 6j= body(r ) aswell asr 62SR(P; M ), a contradiction.

Henceour assumptionmustbewrong,i.e. N j= TrCL (P) musthold. 2

Proposition 6.27 Let P be an atomic normal program.If an interpretation
N � Hb(TrCL (P)) is a (classical)modelTrCL (P), then M = N \ Hb(P) is
asupportedmodelof P such thatN = Ext CL (P; M ).

PROOF. Let N be a model of TrCL (P). Let us �r st establish that N =
Ext CL (P; M ) holds for M = N \ Hb(P). This boils down to establishing
that bt(r ) 2 N ( ) r 2 SR(P; M ) holdsfor all r 2 P. Solet usconsider
any rule r 2 P. ( =) ) Assumethat bt(r ) 2 N , i.e. N j= bt(r ). Since
N j= TrCL (P), wehaveN j= f: bt(r ); : cg for anyc 2 body� (r ). It follows
that N j= : c, i.e. c 62N . Since c 2 Hb(P), we obtain c 62M . Thus
M j= � c for each c 2 body� (r ). This impliesM j= body(r ), asr isatomic,
and r 2 SR(P; M ). ( ( = ) Supposethat bt(r ) 62N . That is, N 6j= bt(r ).
Since N j= TrCL (P), we know that N j=

W
body� (r ). Then there is an
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atom c 2 body� (r ) such that N j= c. Then the de�n ition of M implies
c 2 M , asc 2 Hb(P). But then M 6j= � c sothat M 6j= body(r ). Thus
r 62SR(P; M ).

Let us then assumethat M 6j= P. Then there is a rule r 2 P such that
M 6j= r , i.e. M j= body(r ) andM 6j= head(r ). It followsthat r 2 SR(P; M )
and head(r ) = a 62M . Since N = Ext CL (P; M ), we obtain bt(r ) 2 N
anda 62N . This impliesN 6j= f a; : bt(r )g by the truth de�n ition of clauses.
HenceN 6j= TrCL (P), acontradiction.

Finally, wesupposethatM isnot asupportedmodel,i.e. thereisanatom
a 2 M such that r 62SR(P; M ) for all r 2 P such that head(r ) = a. Since
a 2 Hb(P), wehavea 2 N , too. In addition, the factthatN = Ext CL (P; M )
impliesbt(r ) 62N for each r 2 DefP (a). It followsthatN 6j= f: ag[ f bt(r ) j
r 2 DefP (a)g. Therefore,we haveN 6j= TrCL (P), a contradiction. Hence,
M is necessarilya (supported)modelof P. 2

Example6.28 A logic programP consistingof two rulesr 1 = a  � a and
r2 = a  � b hasunique stablemodelM = f ag. On the otherhand,

TrCL (P) = f a_ : bt(r 1); a_ : bt(r 2); : a_ bt(r 1) _ bt(r2); : b;
bt(r1) _ a; : bt(r 1) _ : a; bt(r 2) _ b; : bt(r 2) _ : b g

hasa unique model N = f a; bt(r 2)g, as interpretationsare restrictedto
Hb(TrCL (P)) = f a; b; bt(r 1); bt(r2)g.

The translationfunction TrCL isclearlynon-modular,sincetheclausesof
the typef: ag [ f bt(r ) j r 2 DefP (a)g createa dependencybetweenrules
possessingthe sameheada. Let us then addresspolynomiality and faithful-
nessassuggestedby the one-to-onecorrespondenceobtained in Example
6.28.

Proposition 6.29 Let P be an atomic normal program.Then M � Hb(P)
is astablemodelof P if andonly if M is asupportedmodelof P.

PROOF. ( =) ) This holds by Proposition5.7 despitethe fact that P is
atomic. ( ( = ) Let M bea supportedmodelof P. Let usde�ne a function
# from M [ SR(P; M ) to N such that# a = 1 for all a 2 M and# r = 1 for
all r 2 SR(P; M ). SinceP isatomic, wehavebody+ (r ) = ; for everyr 2 P
andit iseasyto inspectfrom De�n ition 5.2that# isa levelnumberingw.r.t.
M . ThusM is astablemodelof P byTheorem5.8. 2

Theorem 6.30 A � PF SC.

PROOF. A atomic rule r = a  � c1; : : : ; � cm consistsof 3m + 2 symbols
if each atomcountsasonesymbolandonesymbolis reservedfor separating
it from otherrules.The translationfunction TrCL translatesr effectivelyinto

(6.23) f a; : bt(r )g; f bt(r ); c1; : : : ; cmg;

f: bt(r ); : c1g; : : : ; andf: bt(r ); : cm g;

which contain 10m + 11 symbols— including separatingcommas. In ad-
dition, the rule r contributesone literal to f: ag [ f bt(r 0) j r 0 2 DefP (a)g
which producestwo additional symbolsfor r and 4 symbolsfor each a 2
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Hb(P). Thusanatomic programP consistingof
P

r 2 P (3 � jbody� (r )j + 2)
symbolsis translatedinto TrCL (P) consistingof

P
r 2 P (10 � jbody� (r )j +

13)+ 4� jHb(P)j symbols.The translationTrCL (P) canbeproducedbygo-
ing throughthe rulesof P, creatingthe clausesin (6.23),andkeepinganac-
count of atomsthatappearasheadsin the rules.The clausef: ag[ f bt(r 0) j
r 0 2 DefP (a)g needsto be createdfor such atoms.ThusweconcludeTrCL

to bepolynomial.
Then we needto establishthe faithfulnessof TrCL . Let P be an atomic

normal program. Note that Hb(P) � Hb(TrCL (P)) and Hbv(TrCL (P)) =
Hbv(P) hold directly by De�n ition 6.24. It followsby Propositions6.29and
6.26that there is an extensionfunction Ext CL : SM(P) ! CM(TrCL (P))
that mapsM 2 SM(P) into N = Ext CL (P; M ) included in CM(TrCL (P))
such that M = N \ Hb(P). Moreover,Propositions6.27and 6.29 imply
that that if N 2 CM(TrCL (P)), then M = N \ Hb(P) 2 SM(P) and
N = Ext CL (P; M ). ThuswemayconcludeTrCL to be faithful by Theorem
3.19. 2

Corollary 6.31 SC = PF A = PF U = PF B = PF P.

Corollary 6.32 C+ < PF SCholdsfor anyC 2 fA ; U; B; Pg.
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Figure3: A translationof anormalprograminto atomic one
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7 RELATED WORK

Let us�r stcommenton themajorchangestoanearlierpublisheddraftof this
report[24] in which the systematicclassi�cationmethodfor logic programs,
aspresentedin Section3.4,wasinitiated. In contrastto [24], slightlydifferent
requirementson translationfunctionsarecurrently imposedin Section3.3.

1. Firstly, the notion of modularityisnow more�ne-graineddueto mod-
ule conditions M1–M4 introduced in De�n ition 3.15. That is, (3.6)
is supposedto hold in limited contextwhile P and Q can be arbi-
traryaccording to [24]. Moreover,our earlierapproach assumesthat
Tr(P) = P for all P 2 C1 if Tr : C1 ! C2 andC1 � C2, i.e. C1 hasa
morerestrictedsyntaxthanC2. The net effectis that

(7.1) Tr(P [ Q) = P [ Tr(Q)

shouldhold for all P 2 C1 andQ 2 C2 wheneverC1 � C2, if Tr is to
be modular. This notion producesanalogousintranslatability results
givena chain of classesof logic programs— like A � U � B � P in
[24] andthis report.However,problemsariseif classes,which aresyn-
tacticallydifferent, such asSC distinguishedin Section3.1,aretaken
into consideration.Then it is not guaranteedthat the compositionof
modular translationsis modular (c.f. Proposition3.17). Moreover,it
is not clear how to interpret (7.1) if P and Tr(Q) belongto syntacti-
cally different classesof logic programs.For thesereasons,weemploy
aweakernotion of modularityin this report.Asaconsequence,the in-
translatability resultsobtainedin Section4 becomestrongerthanthose
establishedin [24].

2. A furtherdifferenceconcernsthenotion of faithfulness.In [24], afaith-
ful translationfunction Tr : C1 ! C2 mustsatisfyHb(P) � Hb(Tr(P))
and theremustexista bijection f : SemC1 (P) ! SemC2 (Tr(P)) such
thatM = f (M )\ Hb(P) for all M 2 SemC1 (P). Comparedto this,we
employ a weakernotion of faithfulnessin this report. This is because
the notion of faithfulnessis restrictedto visible atomsonly, and it is
enoughthat the semanticsis preservedup to Hbv(P) � Hb(P). That
is, Hbv(P) = Hbv(Tr(P)) andM \ Hbv(P) = f (M ) \ Hbv(Tr(P))
in thebijectiverelationshipdescribedabove.Again, theweakernotion
of faithfulnessis in favorof the intranslatability results,which become
strongerin thisway.

Otherwise,the resultingclassi�cationof logic programsareanalogous(Fig-
ure 1 vs.[24, Figure2]), exceptthat the comparisonwith propositionallogic
is more natural using the current criteria, becausepolynomiality, faithful-
nessandmodularityareproperlypreservedundercomposition.Bydesigning
the relations� PFM , < PFM , = PFM , . . .basedon theseproperties,wehaveac-
commodatedthe classi�cationmethod proposedfor non-monotonic logics
[22, 26] to the caseof logic programs.The frameworksareanalogous,but
somewhat different. Most importantly, the semanticsof a non-monotonic
theoryisdeterminedbyasetof extensionswhich aretypicallypropositionally
closedtheories6. In contrastto this, weassumethat the semanticsof a logic

6Recallthata propositionallyclosedtheoryis fully determined by the setof its models.
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programP is determined by a setof interpretations/models.The notionsof
modularityarealsodifferentdueto major syntacticdifferences.

Let usthenbrie�y commenton computationalcomplexity. Asestablished
byMarekandTruszczýnski [34], the problemof checking whetheranormal
logic programP hasa stable model formsan NP-completedecision prob-
lem. The translationfunction TrAT presentedin Section4.4impliesthat the
satis�ability problem SAT is polynomial time reducible to the problem of
checking whetheranatomic/unary/binarynormal logic programhasastable
model. This indicatesthat the computationalcomplexityof the latter prob-
lem remainsNP-completeunder the threesyntactic restrictionsusedin this
report. This indicatesthat the expressivepowers of the classesA , U, and B
cannotbedifferentiatedin termsof traditional complexitymeasures.In con-
trastto this,therelation< PFM basedon theexistenceofapolynomial, faithful
andmodulartranslationfunction enablesusto detectstrictdifferences.This
is mainly becausethe reducibilities involvedin complexityresultspreserve
only the yes/noanswersto decisionproblems.Otherwisetransformationsbe-
tweendecisionproblemscanbearbitraryaslongastheyremaincomputable
in polynomial time. Asit isclearbyTheorems4.7,4.10,4.18,4.21,4.23,and
4.29presentedin Section4 faithfulnessandmodularityplayacentralrole in
our intranslatability results.

Asshown in Section4.4,normal programscannotbe translatedinto sets
of clausesin a faithful andmodularway. Niemelä [36, Proposition4.3] pro-
videsa formalcounter-examplein this respect,too,but the resultisbasedon
quite different notionsof faithfulnessandmodularity: the existenceof mod-
elsis to bepreserved,andTr isconsideredmodularif P [ F andTr(P) [ F
are equally satis�ablewhere F is a very simple program,namely a setof
facts;or a positiveatomic programin our terminology. Of course,the aim
is to makethat particular intranslatability result asstrongaspossible. De-
spitethisparticularintranslatability result,thecompositionof the translation
functionsTrAT andTrCL from Section6 is suf�cient to reducenormal logic
programsinto propositionalsatis�ability. The resultingtranslationfunction
is de�n itely not modular, but still highly structural so that actual transla-
tions can be computedin a quite systematicfashion. On the other hand,
Niemelä[36] presentsthebasictechnique to expresspropositionalsatis�abil-
ity problemsasnormal logic programs— the objectivebeing to preservethe
existenceof models. However,the translationfunction TrLP from Section
4.4 is designedto meetstrongercriteria. First,a one-to-onecorrespondence
of modelsis established.Second,particularattentionis paid to makeTrLP

modularsothatclausescanbetranslatedinto ruleson clause-by-clausebasis.
Partialevaluationtechniqueshavebeenintroducedto unfold rulesof pro-

gramsin a semanticspreservingway. A goodexamplein this respectis an
approach by Brassand Dix [6]. They proposeequivalencetransformations
for normalanddisjunctivelogic programsunder the stablemodelsemantics
[18]. Let usdescribethesetransformationsin caseof normal logic programs.
Two of their transformationseliminate tautologicaland inapplicablerules,
which arerules(2.1) such that a = ai for somei , and rules(2.1) such that
ai = bj for somei and j , respectively. The third transformationis particu-
larly interestingfrom the perspectiveof this report,asit affectsthe number
of positivebodyliterals.Whenarule (2.1)in anormalprogramP ispartially

56 7 RELATED WORK



evaluatedwith respectto oneof itspositivebodyliteralsai , it is replacedbya
rule

a  a1; : : : ; ai � 1; c1; : : : ; ck ; ai +1 ; : : : ; an ; � b1; : : : ; � bm ; � d1; : : : ; � dl

for everyrule ai  c1; : : : ; ck ; � d1; : : : ; � dl of P havingai asthe head. In
this way, the positiveoccurrencesof ai are replacedby each rule de�n ing
ai . Thus,partialevaluationmayhaveaquite oppositeeffectcomparedto the
goalsof thispaper,asit might increasethenumberof positivebodyliterals.It
isquite easyto seethat the translationfunction TrPE corresponding to partial
evaluationis not modular. It is alsopossibleto constructexamplesfor which
TrPE causesanexponentialblow-upin the lengthof the program.

Antoniou et al. [1] applyamodularitycondition whendevelopingnormal
formsfor Nute'sdefeasiblelogic [37]. Althoughdefeasiblelogic is basedon
a completelydifferent semantics,its rule-basedsyntaxmakesit reminiscent
of normal programs.Thus a comparisonis called for. Firstly, Antoniou et
al. considera translationfunction Tr to be correct, if D � L (D ) Tr(D) for
everyD. Here � denotessemanticalequivalence,i.e., the theoriesyield ex-
actly the sameconclusionsin the languageL(D) of D. This is somewhat
analogousto the notion of faithfulnessemployed in this paper,but certain
differencesremain. The �r st is due to the proof-theoreticsemanticsof de-
feasiblewhich assignsa unique setof conclusionsto each theory. The sec-
ond is that our notion is lessconstrained,sincethe preservation of conclu-
sionsis restrictedto visibleatomsonly. A further propertyaddressedin [1]
is incrementality, which presumesthat the translationfunction Tr satis�es
D1 [ D2 � L (D 1 )[ L (D 2 ) Tr(D1) [ Tr(D2) for everyD1 andD2. In thepresence
of correctness,thisequation impliesD1 [ D2 � L (D 1 )[ L (D 2 ) Tr(D1 [ D2), the
form of which isverycloseto the equation (3.6) involvedin our de�n ition of
modularity. The main differenceis thatour de�n ition of modularityisbased
on syntacticalequality = ratherthan semanticalequivalence� v . Moreover,
thereisno counterpartto moduleconditions in theapproach byAntoniou et
al. Actually, Antoniou et al. reservethe term modularity for a strongerprop-
erty. For this, the translationfunction Tr mustsatisfyD1 [ D2 � L (D 1 )[ L (D 2 )

D1 [ Tr(D2) for anydefeasibletheoriesD1 and D2.7 If Tr is correct,then
modularityis implied by Tr(D1 [ D2) � L (D 1 )[ L (D 2 ) D1 [ Tr(D2) — an ob-
viousanalogof (7.1) which makesit impossibleto apply such a notion to
translationfunctionsbetweenclassesof logic programsthat aresyntactically
different.

Ben-Eliyahu and Dechter [5] study the possibilitiesof reducing head-
cycle-freedisjunctivelogic programs,underthestablemodelsemantics[18],
topropositionallogic. Sincenormalprogramsarespecial casesofhead-cycle-
freedisjunctiveprograms,a comparisonwith our resultsfollows.One of the
resultsobtained by Ben-Eliyahu and Dechter [5, Theorem 2.8] is a char-
acterizationof stable modelsthat resemblesthe one developedin Section
5. However,they imposeweakerconditions on level numberings. That is,
they insiston the existenceof a function f : Hb(P) ! N+ such that for
each a 2 M , there is a rule r 2 SR(P; M ) satisfyingf (b) < f (a) for ev-
eryb 2 body+ (r ). It is easyto seethat a levelnumbering# conforming to

7Thusanymodulartransformationis alsoincremental andcorrect[1].
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De�n ition 5.2canbe extendedto such a function f , but such functionsare
by no meansunique evenif the rangeof f is limited. This is in contrastto
Theorem5.8wherethe uniquenessof levelnumberingsis established.The
translationfunction TrBD (calledtranslate-2in [5]) producesapropositional
theory TrBD (P) that consistsof four parts. The �r st two partsensurethat
each modelN of TrBD (P) capturesaclassicalmodelM of P. The third part
makesM a supportedandstablemodelof P whereasthe fourth partcanbe
neglectedin caseof normal programs.In particular, the fact that f (a) = i
holdsfor an atoma 2 Hb(P) is expressedby makinga newatomin(a) i true
in N . In our approach, similar objectivescan be identi�ed for the partsof
TrAT (P) givenin De�n ition 6.12.In contrastto thecompositionTrAT � TrCL ,
the translationfunction TrBD doesnot necessarilyyield a one-to-onecorre-
spondencebetweenthe stablemodelsof P and the classicalmodelsof the
translation.This is becausethe level numberingsusedby Ben-Eliyahu and
Dechter arenot unique. Moreover,the languageof P is not preservedby
TrBD , i.e., Hb(P) \ Hb(TrBD (P)) = ; . ThusTrBD is far from being faithful
in thesensegivenbyDe�n ition 3.14.A furtherdifferenceis that jjTrBD (P)jj
isquadraticin jjP jj in theworstcase.The translationfunctionsdevelopedin
this reportaremorecompact:jjTrCL (TrAT (P)) jj is of orderjjP jj � r P, asa
binaryencoding of levelnumbersisused.

Therearealsoothercharacterizationsof stablemodelsthatarecloselyre-
lated to the one establishedin Section5. Fages[15] callsan interpretation
I � Hb(P) of a normal programP well-supportedif andonly if thereexists
astrictwell-foundedpartialorder� on I such that for anyatoma 2 I , there
existsr 2 SR(P; I ) satisfyinghead(r ) = a andb � a for all b 2 body+ (r ).
The basicresult [15, Theorem3.2] that well-supportedmodelsof a normal
programP arestablemodelsof P, and vice versa. In fact, it is possibleto
associatesuch an orderingwith a levelnumberingconforming to De�n ition
5.2: just de�ne a � b ( ) # a < # b for any a 2 I and b 2 I . The
resultingorderingcanbeconsideredasacanonical one,as# isknown to be
unique by Theorem5.8. Moreover,Fagesdistinguishespositiveordercon-
sistentnormal programswhosemodelsarenecessarilywell-supported.Asa
consequence,the classicalmodelsof the completedprogramP [7], or sup-
portedmodelsof P, coincide with the stablemodelsof P. Quite recently,
Babovich et al. [4] and alsoErdem and Lifschitz [13] generalizeFages're-
sultsby introducing the notion of tightnessfor logic programs.The tightness
of alogicprogramP isde�ned relativeasetatomsA � Hb(P), which makes
Fages'theoremapplicableto a wider rangeof programs.To understand the
contribution of this reportin this respect,let uspoint out thatatomic normal
programsare automaticallypositiveorder consistent,or absolutelytight in
the terminologyof [13]. Therefore,arbitrarynormal programscanbe trans-
formed into absolutelytight onesin a fairly systematicfashionby applying
the translationfunction TrAT presentedin Section6. A further implication
is that a transitiveclosureof relationcanbeproperlycapturedwith classical
models.This ishasalreadybeenestablishedbyErdemandLifschitz [12] for
relationsthat canberepresentedin termsof a tight program.

Asalreadydiscussedin Section3.2, a basicnotion of equivalenceis ob-
tainedfor a givenclassof programsC by requiring that programsto possess
the samestable models,i.e. P � Q ( ) SemC(P) = SemC(Q). Lifs-
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chitz et al. [29] studya strongercondition, which involvesan arbitrarycon-
text R 2 C in which P and Q could be placedassubprograms.That is, P
and Q are stronglyequivalent, denotedby P � s Q ( ) for all R 2 C,
SemC(P [ R) = SemC(Q [ R). Lifschitz et al. [29] and later Turner [43]
characterizestrongequivalencein variousways,e.g.,usingHeyting's logic
of here-and-there.We �nd the equivalencerelations� v and � w, asintro-
ducedin Section3.2,morepracticallyorientedthanthe tworelationsabove.
It is verytypical that logic programscontain additional atomsfor knowledge
representation purposes.Such atomsactasauxiliaryconceptswhich arenot
directly relevant for the problem being solvedand can be hidden from the
user. Therefore,it is justi�able to omit such atomsaslongastheequivalence
of logic programsisconcerned.In caseof hiddenatoms,the relations� and
� v arequite different,but asestablishedin Proposition3.11wehaveP � Q
( ) P � v Q ( ) P � w Q whenHbv(P) = Hb(P) = Hb(Q) = Hbv(Q).
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8 CONCLUSIONS

This report concentrateson the problem of reducing the number of posi-
tive subgoalsin the bodiesof rules. To addressthis problem, we proposea
frameworkbasedon PFM translationfunctionsin Section3; theaim being a
comparisonclassesof logic programs— obtainedby restrictingthe number
of positivesubgoalsin rules— on the basisof their expressivepower.

Retrospectivelyspeaking,theadjustmentof the framework,which wasini-
tiatedin [24], involvedmanyobjectivesthat hadto be settled.For instance,
our preliminary comparisonswith propositionalsatis�ability suggestedthat
the frameworkshouldbe generalenoughto enablea comparisonof a vari-
etyof classesof logic programs,which maydiffer by syntaxor semantics—
or evenboth. Furthermore,we realizedthat the notion of modularity em-
ployedin [24] doesnot generalizeproperlyfor thecomparisonof classesthat
do not sharesyntax. Thus extracarewasneededin order to guaranteethat
the requirementson PFM translationfunctions are preservedunder com-
positions.A further objectivewasto keepour preliminary (in)translatability
results[24] valid underanyupdatesthatseemednecessaryto the �r stversion
of the framework. We believethat the current frameworkmeetstheseob-
jectivessuccessfully, asindicatedby the resultsestablishedin the restof this
report. However,the developmentof the underlyingtheoryinvolvedmany
important technical detailssuch asvisibility of atoms,mechanismsto extend
Herbrandbases,notionsof equivalence,and module conditions. Many of
theseideasraisedfrom our practicalexperienceswith answersetprogram-
ming andexistingimplementations.

The expressivenessanalysisperformedin Section4.2 is quite straightfor-
ward,but it revealsthemain constituentsof monotonic rule-basedreasoning.
In the simplestpossibleform, we havejust setsof atomic rulesa  stating
that certain atomsaretrue in the world; and no further inferencesarepos-
sible. Unary rules enrich this settingby allowing chained inferenceswith
rules, e.g.we can infer a using rules a  b; b  c; and c  . In the
richestform, wehavebinaryrulesthat incorporateconjunctiveconditions to
rule-basedreasoning. For instance,a followsby the rulesa  b; c; b  d;
c  d; andd  . Non-binaryrules,which havemorethan twopositivesub-
goals,areeasilyreducible to theseprimitive forms.In contrastto this,binary
andunaryrulesarenot expressiblein amodularwayusingunaryandatomic
rules,respectively, asimplied by the formal counterexamples.

The analysiscontinuesin Section4.3 and it is establishedthat this set-
ting is not affectedevenif normal logic programsare considered.That is,
negation asfailure is insuf�c ient to fully compensateconjunctiveconditions
nor chainedinferences(c.f. Example4.20). Looking back to the expressive
powerhierarchy in Figure 1, the number of positivebodyliteralsappearsto
be an essentialsyntactic restriction,asstrict differencesin expressivepower
canbe established.Thus, in analogyto our previousexperienceon classify-
ing non-monotonic logics[22], the methodbasedon PFM translationfunc-
tions yieldsa more accuratemeasureof expressivepower than the levelsof
polynomial time hierarchy (PH) do. It is alsointerestingto realizethat clas-
sicalsetsof clausesdo not properlycapturereasoning with (atomic) normal
programs,asshown in Section4.4. Thereis alsopracticalevidencefor this,
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asmanyproblemsaremoreeasilyformalizedusingrulesratherthanclauses.
The characterizationof stablemodelsdevelopedin Section5 revealsthat

the computation of the leastmodel for a positivenormal programcan be
understoodasaminimization/maximizationprocess.Asdiscussedin Section
7, a particularnoveltyof a level numberingconforming to De�n ition 5.2 is
that the valuesassignedto atomsareuniquely determined. This is in sharp
contrastwith earliercharacterizationsof stablemodels,wheresimilar num-
beringsareusedto distinguishstablemodels,but the value assignmentcan
be doneevenin in�n itely manyways. Due to the tight correspondenceof
modelsencompassedin the notion of faithfulnessemployed in this report,
unique levelnumberingsarecrucial for the main objectiveof Section6, i.e.
apolynomial andfaithful translationof normalprogramsinto atomic ones.

In Section6, we try to completeour view by consideringnon-modular
alternativesin caseswheremodulartranslationsturnedout to beimpossible.
Asafundamental result,wedevelopacounter-basedapproach for translating
normal programsinto atomic ones.Comparedto earlierattempts,thereare
severaldistinctivefeaturesin our approach. All �n ite normal programscan
becoveredandabijectiverelationshipof modelsis obtained.Moreover,the
translationfunction TrAT preservesthe Herbrandbaseof the program,only
new atomsareadded. The length of the translationjjTrAT (P)jj aswell as
the translationtime areof order jjP jj � log2 jHb(P)j, indicating that TrAT

is sub-quadratic. We considerthis asa breakthrough,sincethe bestknown
transformationto date[5] is quadratic.Nevertheless,it shouldbenotedthat
the translationfunction TrAT is far from being optimal. There are several
techniquesthat can be usedto decreasethe number of rules that haveto
be generatedfor a particular normal program;and the number of binary
countersaswell asthe numberof bitsinvolvedin them. One technique is to
computethe stronglyconnectedcomponentsof P, asalreadysuggestedby
Ben-Eliyahu andDechter [5] in caseof their translation,and to applyTrAT

componentwise. However,we leavesuch optimizationsto be considered
elsewhere,asthemain interestin thecurrentworkisto establishatranslation
function possessingcertain, but still quite promising,properties.

Let us then return to the fundamental questionthat initiated this work.
The formal counter examplescraftedin the proofsof Theorems4.18 and
4.21indicatethat it is impossibleto rewriterulessuch that all positivebody
literalsareremoved,if weexpectfaithfulnessandmodularityfromsuch trans-
formations. On the other hand, asestablishedin Theorem6.20, thereare
compensatorypolynomial and faithful techniques,but which cannotbe ap-
plied on arule-by-rulebasis.For instance,wehaveto know r P beforeatoms
and rulescan be translated.Thus our �nal answerto the questionis af�r-
mative: positivebody literals can be removed,but the price may be quite
high. That is, lots of extrarules involving new atomsmaybe needed,asa
consequenceof which the search for stablemodelsis likely to degrade.

To conclude,binary rulestend to block contrapositiveinferencein prac-
tice. To seethis, considera binary rule a  b; c; the headof which is is
known to be falsein a stablemodel M under construction. Given that the
truth valuesof b and c arenot yet known, all we can infer that b is falsein
M , or c is falsein M , in orderto satisfythe rule in M . Recall that M must
be a classicalmodel aswell. This leadsto a caseanalysiswhich can be in

8 CONCLUSI ONS 61



the worstcaseat leastasexpensiveasordinarybranching with respectto b or
c. That is, analyzingseparatelythe casesthat b (resp.c) is true in M and b
(resp.c) is falsein M . Such asettingis illustratedbyour �nal example.

Example8.1 Considerabinarynormal logic program

P = f a  b; c; b  � b1; b1  � b; c  � c1; c1  � cg

which hasfour stablemodels:M 1 = f a; b; cg, M 2 = f b; c1g, M 3 = f b1; cg
and M 4 = f b1; c1g. Supposewe would like to computethe stablemodels
M of P in which a is false.Assuggestedby the contrapositiveinterpretation
of a  b; c; onepossibilityis to branch the search usingthe conditions that
(i) b is falsein M and (ii) c is falsein M . While analyzingthe case(i), we
�nd thestablemodelsM 3 andM 4. On theotherhand,thestablemodelsM 2

andM 4 arediscoveredwhen (ii) isanalyzed.8 ThusM 4 isencounteredtwice
during the search, asit satis�esboth assumptionson M . Anotherapproach
is to branch according to the condition (i) aboveandthe condition that (iii)
b is true in M . In the case(iii), the stablemodel M 2 is found directly. In
the lattersetting,each stablemodelisencounteredexactlyonce,becausethe
assumptionson M aremutually exclusive. 2

Nevertheless,wedo not claim that contrapositivereasoning is not useful.
For instance,if a and b areknown to be falseand true, respectively, then it
is reasonableto infer that c mustbe false,too, in the settingof Example8.1.
However,depending on our assumptionson the truth valuesof atoms,binary
rulesmayblock contrapositivereasoning in practice.

8.1 Future Work

The current expressivepower hierarchy in Figure 1 wasobtained asa by-
productwhile analyzingthe possibilitiesfor reducing the numberof positive
bodyliterals. It is clearthat the hierarchy canbe extendedby analyzingthe
expressivenessof other classesof logic programs.One direction is to con-
siderclasseswith richer syntaxsuch asextendedprograms[17], disjunctive
programs[18] andnestedprograms[30]. Theotheristo takedifferentseman-
tics,such asthewell-foundedsemantics[45], into consideration.Our recent
resultson partialstablemodels[27] anddisjunctiveprograms[25] providea
promisingstartingpoint in this respect.A comparisonwith Schlipf 's results
[40] is alsocalled for in the caseof normal programs.We arealsodevelop-
ing anoptimizedimplementationof the translationfunction TrAT presented
in Section6. This workwill include comparisonwith othersimilar systems
such asASSAT [31], CM ODELS [3] and QUIP [10].
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9 APPENDIX: PROOFS

9.1 Correctnessof SELj

Lemma 9.1 Let j be the number of bits. If N is a setof atomssuch that
c 62N andN \ Hbctr

j (a) = ATctr
j (a; n) holdsfor somenumber n satisfying

0 � n < 2j , then LM(SEL j (a; c)N ) = AT ctr
j (a; n).

If N is asetof atomssuch that c 2 N , then LM(SEL j (a; c)N ) = ; .

PROOF. SupposethatN satis�esthe if-partof the �r stclaim. Thenconsider
anyatom a and i such that 0 < i � j . Now ai  belongsto SELj (a; c)N

( ) ai 62N by the structureof SELj (a; c) ( ) ai 2 ATctr
j (a; n) by the

requirementsimposedon N and (6.3). It is similarly establishedthat ai  
is included in SELj (a; c)N ( ) ai 2 AT ctr

j (a; n). Since SELj (a; c)N is
both positiveandatomic, it followsby Lemma4.9 that LM(SELj (a; c)N ) =
AT ctr

j (a; n).
Then assumethat c 2 N . Since� c appears in each rule of the program

SELj (a; c), weobtain SELj (a; c)N = ; andLM(SELj (a; c)N ) = ; . 2

Lemma 9.2 Let j be the number of bits and N a setof atomssuch that
N \ Hbctr

j (a) = LM(SEL j (a; c)N ).
If c 62N , then N \ Hbctr

j (a) = ATctr
j (a; n) holdsfor n = valj (a; N ).

If c 2 N , then N \ Hbctr
j (a) = ; .

PROOF. Supposethat c 62N andde�ne n = valj (a; N ). Then it holdsfor
any i in the range0 < i � j that ai 2 N ( ) n[i ] = 1 by (6.6) ( )
ai 2 AT ctr

j (a; n) by (6.3). On the other hand, it holdsthat ai 2 N ( )
ai 2 LM(SEL j (a; c)N ) ( ) ai  belongsto SELj (a; c)N ( ) ai 62N by
the structureof SELj (a; c) ( ) n[i ] = 0 by (6.6) ( ) ai 2 AT ctr

j (a; n) by
(6.3). Sincei wasarbitraryandHbctr

j (a) doesnot contain otheratomsthan
ai andai for each i 2 f 1; : : : ; ng, the claim follows.

The casein which c 2 N follows.Sinceeach rule of SELj (a; c) is condi-
tionedby � c, wehaveSELj (a; c)N = ; andLM(SEL j (a; c)N ) = ; . 2

9.2 Correctnessof NXT j

It is worth pointing out that the translationNXT j (a; b; c) is basedon the
following methodto increasethe valueof abinarycounterbyone.The least
signi�cant bit of the counteris alwayschanged.If the bit changedfrom 1 to
0, then the nextsigni�cant bit is changed,too,andsoon.

Lemma 9.3 Let j be the number of bits and N a setof atomssuch that
c 62N , N \ Hbctr

j (a) = ATctr
j (a; n) for somenumbern such that0 � n < 2j ,

andm = n + 1 mod 2j . Then

bi  belongsto NXT j (a; b; c)N ( ) bi 2 ATctr
j (b; m); and(9.1)

bi  belongsto NXT j (a; b; c)N ( ) bi 2 ATctr
j (b; m)(9.2)

hold for i = j andfor any0 < i < j satisfying

bi +1 2 N ( ) bi +1 2 AT ctr
j (b; m) and(9.3)

bi +1 2 N ( ) bi +1 2 AT ctr
j (b; m):(9.4)
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PROOF. Given that c 62N , the rule bj  belongsto NXT j (a; b; c)N ( )
aj 62N by the structureof NXT j (a; b; c) ( ) aj 62AT ctr

j (a; n) by the
requirementson N ( ) aj 2 AT ctr

j (a; n) by (6.3) ( ) n[j ] = 0 by
(6.3) ( ) m[j ] = 1, asm = n + 1 mod 2j , ( ) bj 2 AT ctr

j (b; m) by
(6.3). Moreover,it followsby the symmetrypresentin the setsAT ctr

j (a; n)
and AT ctr

j (b; m) aswell asthe programNXT j (a; b; c) that the rule bj  
belongsto NXT j (a; b; c)N ( ) bj 2 AT ctr

j (b; m).
Thuswehaveestablished(9.1)and(9.2)wheni = j . Let usthenconsider

any i such that 0 < i < j and the equations(9.3) and (9.4) aresatis�ed. It
followsbythestructureof NXT j (a; b; c) thatbi  belongsto NXT j (a; b; c)N

( ) ai 62N , ai +1 62N , andbi +1 62N , or
ai 62N andai +1 62N , or
ai 62N andbi +1 62N

( ) ai 2 AT ctr
j (a; n), ai +1 2 AT ctr

j (a; n), andbi +1 2 ATctr
j (b; m), or

ai 2 AT ctr
j (a; n) andai +1 2 AT ctr

j (a; n), or
ai 2 AT ctr

j (a; n) andbi +1 2 ATctr
j (b; m)

by the requirementson N , (6.3),aswell as(9.3)and(9.4)
( ) n[i : : : i + 1] = 01andm[i + 1] = 0, or

n[i : : : i + 1] = 10, or
n[i ] = 1 andm[i + 1] = 1 by (6.3)

( ) m[i ] = 1, asm = n + 1 mod 2j ,

( ) bi 2 ATctr
j (b; m). In this way, we haveestablished(9.1). Due to

symmetry, the prooffor (9.2) is obtainedbysystematicallyexchanging

1. ai andai ;

2. bi andbi ;

3. n[i ] = 0 andn[i ] = 1; aswell as

4. m[i ] = 0 andm[i ] = 1

in the proofof (9.1). 2

Lemma 9.4 Let j be the numberof bits.
If N is a setof atomssuch that c 62N , N \ Hbctr

j (a) = ATctr
j (a; n) for

a number n such that 0 � n < 2j , and N \ Hbctr
j (a) = AT ctr

j (b; m) for
m = n + 1 mod 2j , then LM(NXT j (a; b; c)N ) = AT ctr

j (b; m).
If N is asetof atomssuch that c 2 N , then LM(NXT j (a; b; c)N ) = ; .

PROOF. Let usassumethatN isasetofatomssatisfyingtheif-partof the �r st
claim. Then the assumptionsof Lemma9.3aresatis�ed,andboth (9.3)and
(9.4) hold for each 0 < i < j . It followsby Lemma9.3 that (9.1) and (9.2)
hold for any0 < i � j . Sincethe reductNXT j (a; b; c)N isboth positiveand
atomic, weconcludeLM(NXT j (a; b; c)N ) = ATctr

j (b; m) byLemma4.9.
On the otherhand,all the rulesof NXT j (a; b; c) areguardedby the neg-

ativeliteral � c. Thus,if c 2 N , wehaveNXT j (a; b; c)N = ; which implies
LM(NXT j (a; b; c)N ) = ; byLemma4.9. 2
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Lemma 9.5 Let j be the number of bits and N a setof atomssuch that
N \ Hbctr

j (b) = LM(NXT j (a; b; c)N ).
If c 62N andN \ Hbctr

j (a) = ATctr
j (a; n) holdsfor n = valj (a; N ), then

N \ Hbctr
j (b) = AT ctr

j (b; m) for m = n + 1 mod 2j .
If c 2 N , then N \ Hbctr

j (b) = ; .

PROOF. SupposethatN satis�esthe if-partof the �r stclaim. In the sequel,
it is provedby induction on j � i � 0 that bi 2 N ( ) bi 2 AT ctr

j (b; m),
andthatbi 2 N ( ) bi 2 ATctr

j (b; m).
Basecase: j � i = 0 which implies i = j . It followsby Lemmas9.3and

4.9andtherequirementson N thatbj 2 N ( ) bj 2 LM(NXT j (a; b; c)N )
( ) bj  belongsto NXT j (a; b; c)N ( ) bj 2 AT ctr

j (b; m). The factthat
bj 2 N ( ) bj 2 AT ctr

j (b; m) follows by symmetry. Induction step:
j � i > 0 which implies 0 < i < j . Now (9.3) and (9.4) aresatis�edby
the inductive hypothesis.Thusbi 2 N ( ) bi 2 LM(NXT j (a; b; c)N ) by
the assumptionson N ( ) bi  belongsto NXT j (a; b; c)N byLemma4.9
( ) bi 2 ATctr

j (b; m) byLemma9.3andthe inductivehypothesis.The fact
thatbi 2 N ( ) bi 2 AT ctr

j (b; m) is establishedbysymmetry.
If N is a setof atomssuch that c 2 N , then NXT j (a; b; c)N = ; sothat

LM(NXT j (a; b; c)N ) = ; followsbyLemma4.9. 2

9.3 Correctnessof FIX j

Lemma 9.6 Let j be the number of bits and 0 � n < 2j . If N is a setof
atomssuch that c 62N , then LM(FIX j (a; n; c)N ) = ATctr

j (a; n).
If N is asetof atomssuch that c 2 N , then LM(FIX j (a; n; c)N ) = ; .

PROOF. Let N beasetof atomssuch that c 62N and0 < i � j . The struc-
ture of FIX j (a; n; c) and Lemma 4.9 imply that ai 2 LM(FIX j (a; n; c)N )
(resp.ai 2 LM(FIX j (a; n; c)N )) ( ) the rule ai  (resp.ai  ) belongs
to FIX j (a; n; c)N ( ) n[i ] = 0 (resp.n[i ] = 1) ( ) ai 2 ATctr

j (a; n)
(resp.ai 2 AT ctr

j (a; n)). Hence the claim. In casethat c 2 N , we have
FIX j (a; n; c)N = ; sothat the claim followsbyLemma4.9. 2

9.4 Correctnessof LT j

Lemma 9.7 Let j be the number of bits and N a setof atomssuch that
c 62N , N \ Hbctr

j (a) = ATctr
j (a; n) for 0 � n < 2j , and N \ Hbctr

j (b) =
AT ctr

j (b; m) for 0 � m < 2j .
If 0 < i � j andin addition, i < j implies

(9.5) lt(a; b) i +1 2 N ( ) lt(a; b) i +1 2 AT lt
j (a; n; b; m);

then

(9.6) lt(a; b) i  belongsto LT j (a; b; c)N ( )

lt(a; b) i 2 AT lt
j (a; n; b; m):

If 0 < i � j and

(9.7) lt(a; b) i 2 N ( ) lt(a; b) i 2 AT lt
j (a; n; b; m);
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then

(9.8) lt(a; b) i  belongsto LT j (a; b; c)N ( )

lt(a; b) i 2 AT lt
j (a; n; b; m):

PROOF. If i = j , thentherule lt(a; b) j  isincludedin LT j (a; b; c)N ( )
aj 62N and bj 62N ( ) aj 2 ATctr

j (a; n) and bj 2 ATctr
j (b; m) by the

requirementson N ( ) n[j ] = 0 andm[j ] = 1 by (6.3) ( ) n[j ] < m[j ]
( ) lt(a; b) j 2 AT lt

j (a; n; b; m) by (6.4). Thus(9.6)holdswhen i = j .
If 0 < i < j , then (9.5)holdsandlt(a; b) i  belongsto LT j (a; b; c)N

( ) ai 62N andbi 62N , or
ai 62N andbi 62N , andlt(a; b) i +1 62N , or
ai 62N andbi 62N , andlt(a; b) i +1 62N
by the structureof LT j (a; b; c)

( ) ai 2 ATctr
j (a; n) andbi 2 AT ctr

j (b; m), or
ai 2 ATctr

j (a; n), bi 2 ATctr
j (b; m), and

lt(a; b) i +1 2 AT lt
j (a; n; b; m), or

ai 2 ATctr
j (a; n), bi 2 ATctr

j (b; m), and
lt(a; b) i +1 2 AT lt

j (a; n; b; m)
by the requirementson N , (9.5),aswell as(6.4)

( ) n[i ] = 0 andm[i ] = 1, or
n[i ] = m[i ] = 0 andn[i + 1: : : j ] < m[i + 1: : : j ], or
n[i ] = m[i ] = 1 andn[i + 1: : : j ] < m[i + 1: : : j ] by (6.4)

( ) n[i : : : j ] < m[i : : : j ]
( ) lt(a; b) i 2 AT lt

j (a; n; b; m).

Thus we haveestablished(9.6). Then considerany0 < i � j and assume
that (9.7) holds. Now the rule lt(a; b) i  belongsto LT j (a; b; c)N ( )
lt(a; b) i 62N bythestructureof LT j (a; b; c) ( ) lt(a; b) i 62AT lt

j (a; n; b; m)
by (9.7) ( ) lt(a; b) i 2 AT lt

j (a; n; b; m) by (6.4). Thus(9.8)holds. 2

Lemma 9.8 Let j be the numberof bits.
If N is a setof atomssuch that c 62N , N \ Hbctr

j (a) = ATctr
j (a; n) for

0 � n < 2j , N \ Hbctr
j (b) = ATctr

j (b; m) for 0 � m < 2j , and N \
head(LT j (a; b; c)) = AT lt

j (a; n; b; m), then

LM(L T j (a; b; c)N ) = AT lt
j (a; n; b; m):

If N is asetof atomssuch that c 2 N , then LM(L T j (a; b; c)N ) = ; .

PROOF. Supposethat c 62N . Consequently, it is easyto seethat (9.5) is
satis�edby every0 < i < j and (9.7) is satis�edby every0 < i � j . Then
(9.6) and (9.8) hold for all 0 < i � j . Since LT j (a; b; c)N is atomic, it
followsby Lemma 4.9 that LM(LT j (a; b; c)N ) = AT ctr

j (a; n; b; m). On the
otherhand,if c 2 N , then LT j (a; b; c)N = ; by the structureof LT j (a; b; c)
sothatLM(L T j (a; b; c)N ) = ; . 2

Lemma 9.9 Let j be the number of bits and N a setof atomssuch that
N \ head(LT j (a; b; c)) = LM(L T j (a; b; c)N ).
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If c 62N , N \ Hbctr
j (a) = ATctr

j (a; n) wheren = valj (a; N ), and N \
Hbctr

j (b) = ATctr
j (b; m) wherem = valj (b; N ), then

N \ head(LT j (a; b; c)) = AT lt
j (a; n; b; m):

If c 2 N , then N \ head(LT j (a; b; c)) = ; .

PROOF. Supposethat N satis�esthe if-part of the �r st claim. We usein-
duction on j � i � 0 to establish that lt(a; b) i 2 N ( ) lt(a; b) i 2
AT lt

j (a; n; b; m), andlt(a; b) i 2 N ( ) lt(a; b) i 2 AT lt
j (a; n; b; m).

Basecase: j � i = 0 which implies i = j . The structureof LT j (a; b; c)
impliestogetherwith Lemmas9.7and4.9thatlt(a; b) j 2 N ( ) lt(a; b) j 2
LM(L T j (a; b)N ) ( ) lt(a; b) j  belongsto LT j (a; b)N ( ) lt(a; b) j 2
AT lt

j (a; n; b; m). Thus (9.7) holds for i = j so that the other equivalence
is similarly obtainedusing(9.8). Induction step: j � i > 0 which implies
0 < i < j . Note that (9.5) is satis�edby the inductive hypothesis.Thus
(9.6)holdsbyLemma9.7. It followsby Lemma4.9that lt(a; b) i 2 N ( )
lt(a; b) i 2 LM(LT j (a; b)N ) ( ) lt(a; b) i  belongsto LT j (a; b)N ( )
lt(a; b) i 2 AT lt

j (a; n; b; m). Thus we haveestablished(9.7) which implies
(9.8) by Lemma 9.7. Then lt(a; b) i 2 N ( ) lt(a; b) i 2 AT lt

j (a; n; b; m)
canbeestablishedsimilarly to (9.7). 2

9.5 Correctnessof EQj

Lemma 9.10 Let j be the number of bits and N a setof atomssuch that
c 62N , N \ Hbctr

j (a) = ATctr
j (a; n) for 0 � n < 2j , and N \ Hbctr

j (b) =
AT ctr

j (b; m) for 0 � m < 2j . If

(9.9) eq(a; b) 2 N ( ) eq(a; b) 2 ATeq
j (a; n; b; m);

then

(9.10) eq(a; b)  belongsto EQj (a; b; c)N ( )

eq(a; b) 2 ATeq
j (a; n; b; m):

Moreover,

(9.11) eq(a; b)  belongsto EQj (a; b; c)N ( )

eq(a; b) 2 ATeq
j (a; n; b; m):

PROOF. Supposethat (9.9) holds. Now the rule eq(a; b)  belongsto
EQj (a; b; c)N ( ) eq(a; b) 62N by the structureof EQj (a; b; c) ( )
eq(a; b) 62ATeq

j (a; n; b; m) by (9.9) ( ) eq(a; b) 2 ATeq
j (a; n; b; m) by

(6.5). On the otherhand,the rule eq(a; b)  is included in EQj (a; b; c)N
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( ) 9i 2 f 1; : : : ; j g such thatai 62N andbi 62N , or
ai 62N andbi 62N

( ) 9i 2 f 1; : : : ; j g such thatai 2 ATctr
j (a; n) andbi 2 AT ctr

j (b; m), or
ai 2 ATctr

j (a; n) andbi 2 AT ctr
j (b; m)

( ) 9i 2 f 1; : : : ; j g such thatn[i ] = 0 andm[i ] = 1, or
n[i ] = 1 andm[i ] = 0

( ) n[1: : : j ] 6= m[1: : : j ]
( ) n 6= m
( ) eq(a; b) 2 ATeq

j (a; n; b; m). 2

Lemma 9.11 Let j be the numberof bits.
If N is a setof atomssuch that c 62N , N \ Hbctr

j (a) = ATctr
j (a; n) for

0 � n < 2j , N \ Hbctr
j (b) = ATctr

j (b; m) for 0 � m < 2j , and N \
head(EQj (a; b; c)) = ATeq

j (a; n; b; m), then

LM(EQj (a; b; c)N ) = ATeq
j (a; n; b; n):

If N is asetof atomssuch that c 2 N , then LM(EQ j (a; b; c)N ) = ; .

PROOF. SupposethatN satis�esthe if-partof the �r stclaim. Consequently,
theprerequisitesof Lemma9.10aresatis�ed— including theequation(9.9).
Thus(9.10)and(9.11)follow byLemma9.10.SinceEQj (a; b; c)N isatomic,
we obtain LM(EQj (a; b; c)N ) = ATeq

j (a; n; b; m) by Lemma 4.9. On the
otherhand,if c 2 N , then EQj (a; b; c)N = ; , as� c is included in the body
of each rule in EQj (a; b; c). It followsthatLM(EQ j (a; b; c)N ) = ; . 2

Lemma 9.12 Let j be the number of bits and N a setof atomssuch that
N \ head(EQj (a; b; c)) = LM(EQ j (a; b; c)N ).

If c 62N , N \ Hbctr
j (a) = ATctr

j (a; n) wheren = valj (a; N ), and N \
Hbctr

j (b) = ATctr
j (b; m) wherem = valj (b; N ), then

N \ head(EQj (a; b; c)) = ATeq
j (a; n; b; m):

If c 2 N , then N \ head(EQj (a; b; c)) = ; .

PROOF. Supposethat N satis�esthe if-part of the �r st claim so that the
prerequisitesof Lemma9.10aremet. Then eq(a; b) 2 N ( ) eq(a; b) 2
LM(EQ j (a; b)N ) ( ) eq(a; b)  belongsto EQj (a; b)N ( ) eq(a; b) 2
ATeq

j (a; n; b; m) byLemma4.9and(9.11)in Lemma9.10.This ishow (9.9)
is established�r st, and then the fact that eq(a; b) 2 N ( ) eq(a; b) 2
ATeq

j (a; n; b; m) followssimilarly using(9.10). Thus LM(EQj (a; b; c)N ) =
ATeq

j (a; n; b; m).
The latterclaim followsby the sameargumentsasin Lemma9.11. 2

9.6 Correctnessof TrSUPP (P)

Lemma 9.13 Let P be a normal program,M � Hb(P) an interpretation
of P, and# a function from M [ SR(P; M ) to f 0; : : : ; 2r P � 1g, andN =
Ext AT (P; M ; #) . The respectiveintersectionsof N with head(TrSUPP (P)),
head(TrCTR (P)), head(TrMAX (P)), andhead(TrMIN (P)) arethe sets
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ExtSUPP (P; M ), Ext CTR (P; M ; #) , Ext MAX (P; M ; #) , and
Ext MIN (P; M ; #) .

PROOF. De�n itions6.14and6.8imply thatExt SUPP (P; M ) iscontainedin
head(TrSUPP (P)). The samecan be statedaboutthe other threeextension
operators Ext CTR , Ext MAX , and Ext MIN , and the respectivetranslationsof
P by De�n itions 6.15,6.9, 6.10,and 6.11. In addition to this, the four sets
of headatomsaredisjoint by De�n itions 6.8, 6.9, 6.10,and 6.11. The rest
followsby the de�n ition of Ext AT in De�n ition 6.16. 2

Proposition 9.14 Let P be a normal program. If M is a supportedmodel
of P, # a level numbering w.r.t. M , and N = Ext AT (P; M ; #) , then N \
head(TrSUPP (P)) = Ext SUPP (P; M ) = LM(T rSUPP (P)N ).

PROOF. Let M be a supportedmodel of P and# a level numberingw.r.t.
M . Recall the translationTrSUPP (P) from De�n ition 6.8 and the set of
atomsN = Ext SUPP (P; M ) from De�n ition 6.14. The �r st equality N \
head(TrSUPP (P)) = Ext SUPP (P; M ) followsdirectly by Lemma 9.13. The
secondequality is establishedbyshowing that a rule r 2 TrSUPP (P)N ( )
head(r ) 2 Ext SUPP (P; M ). Therearefour typesof rules in the translation
TrSUPP (P) thathaveto becheckedin this respect.

1. Consideranyatoma 2 Hb(P) for which TrSUPP (P) containsthe rule
a  � a. Now a  belongsto TrSUPP (P)N ( ) a 62N ( )
a 62M , asN \ head(TrSUPP (P)) = Ext SUPP (P; M ), ( ) a 2
Ext SUPP (P; M ).

2. Then let r 2 P for which bt(r )  � body+ (r ); � body� (r ) is in-
cluded in the translationTrSUPP (P). Consequently, the rule bt(r )  
belongsto TrSUPP (P)N ( ) N j= � body+ (r ) [ � body� (r ) ( )
body+ (r ) \ N = ; andbody� (r ) \ N = ; ( ) body+ (r ) � M and
body� (r ) \ M = ; , sinceN \ head(TrSUPP (P)) = Ext SUPP (P; M )
and body+ (r ) [ body� (r ) � Hb(P), ( ) M j= body(r ) ( )
r 2 SR(P; M ) ( ) bt(r ) 2 Ext SUPP (P; M ).

3. Then considerthe rule bt(r )  � bt(r ) associatedwith a rule r 2 P
andincluded in TrSUPP (P). Now bt(r )  is included in TrSUPP (P)N

( ) bt(r ) 62N ( ) r 62SR(P; M ), asN \ head(TrSUPP (P)) =
Ext SUPP (P; M ), ( ) bt(r ) 2 Ext SUPP (P; M ).

4. Finally, there is a rule head(r )  � bt(r ) 2 TrSUPP (P) for each r 2
P. Then for anya 2 head(P), the rule a  belongsto TrSUPP (P)N

( ) 9r 2 P such that head(r ) = a and bt(r ) 62N ( ) 9r 2
SR(P; M ) such that head(r ) = a, asN \ head(TrSUPP (P)) equalsto
Ext SUPP (P; M ), ( ) a 2 M , sinceM is a supportedmodel of P,
( ) a 2 ExtSUPP (P; M ).

It followsbyLemma4.9thatLM(T rSUPP (P)N ) = Ext SUPP (P; M ). 2

Proposition 9.15 Let P be a normal program. If N is a stable model of
TrAT (P), then N \ head(TrSUPP (P)) = Ext SUPP (P; M ) for M = N \
Hb(P).
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PROOF. Let N be a stable model of TrAT (P), i.e. N = LM(T rAT (P)N ).
Recallthe translationTrSUPP (P) andhead(TrSUPP (P)) from De�n ition 6.8.
In the sequel, we establishfor all atomsa 2 head(TrSUPP (P)) that a 2 N
( ) a 2 Ext SUPP (P; M ). Four caseshaveto beanalyzed.

1. Recall that head(P) � head(TrSUPP (P)). The de�n ition of M im-
plies for all a 2 head(P) that a 2 N ( ) a 2 M ( ) a 2
Ext SUPP (P; M ).

2. Then considerany a 2 Hb(P) for which a 2 head(TrSUPP (P)). It
followsthat a 2 N ( ) a 2 LM(T rAT (P)N ) ( ) a  belongs
to TrAT (P)N by Lemma 4.9 ( ) a  belongsto TrSUPP (P)N by
the structureof TrAT (P) ( ) a 62N by the structureof TrSUPP (P)
( ) a 62M by the de�n ition of M , asa 2 Hb(P), ( ) a 2
Ext SUPP (P; M ).

3. Let usthen analyzeanyr 2 P andthe respectiveatombt(r ) included
in head(TrSUPP (P)). Recall that bt(r )  � body+ (r ); � body� (r )
belongsto TrSUPP (P). The relationshipestablishedin the previous
item implies for any a 2 body+ (r ) that (i) a 62N ( ) a 2 M .
On the otherhand,the de�n ition of M implies that (ii) a 62N ( )
a 62M for any a 2 body� (r ). Thus bt(r ) 2 N ( ) bt(r ) 2
LM(T rAT (P)N ) ( ) bt(r )  belongsto TrAT (P)N by Lemma4.9
( ) bt(r )  belongsto TrSUPP (P)N by the structureof TrAT (P)
( ) N j= � body+ (r ) andN j= � body� (r ) ( ) M j= body(r ) by
(i) and(ii) above ( ) r 2 SR(P; M ) ( ) bt(r ) 2 Ext SUPP (P; M ).

4. The caseof the complementaryatom bt(r ) 2 head(TrSUPP (P)) fol-
lows.Recallthat r 2 P and that the rule bt(r )  � bt(r ) is included
in TrSUPP (P). Thusbt(r ) 2 N ( ) bt(r ) 2 LM(T rAT (P)N ) ( )
bt(r )  belongsto TrAT (P)N by Lemma4.9 ( ) bt(r )  belongs
to TrSUPP (P)N by the structureof TrAT (P) ( ) bt(r ) 62N ( )
r 62SR(P; M ), asshown above, ( ) bt(r ) 2 Ext SUPP (P; M ). 2

Proposition 9.16 Let P be a normal program. If N is a stable model of
TrAT (P), then M = N \ Hb(P) is asupportedmodelof P.

PROOF. Let N bea stablemodelof TrAT (P) andde�ne M asabove.Sup-
posethat M 6j= P. Then there is a rule r 2 P such that M j= body(r )
but M 6j= head(r ). Thus r 2 SR(P; M ) and it followsby Proposition9.15
that bt(r ) 2 N and bt(r ) 62N . But then head(r )  belongsto the reduct
TrSUPP (P)N � TrAT (P)N implying that head(r ) 2 LM(T rAT (P)N ) = N .
Ashead(r ) 2 Hb(P), we obtain head(r ) 2 M . That is, M j= head(r ), a
contradiction. HenceM j= P is the case.

Let usthen assumethat M is not a supportedmodel of P. Then thereis
an atoma 2 M such that for everyrule r 2 P with head(r ) = a, we have
M 6j= body(r ), i.e. r 62SR(P; M ). Then let r beanyrule with head(r ) = a.
Recall that head(r )  � bt(r ) is included in TrSUPP (P). It followsPropo-
sition 9.15that r 62SR(P; M ) ( ) bt(r ) 2 N ( ) head(r )  is not
included in TrSUPP (P)N ( ) head(r )  doesnot belongto TrAT (P)N .
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To summarize,it follows by Lemma 4.9 that a 62LM(T rAT (P)N ). Thus
a 62N by the stability of N . Then the de�n ition of M implies a 62M , a
contradiction. 2

9.7 Correctnessof TrCTR (P)

Proposition 9.17 Let P be a normal program.If M is a stablemodel of P,
# the corresponding level numberingw.r.t. M , and N = Ext AT (P; M ; #) ,
then N \ head(TrCTR (P)) = Ext CTR (P; M ; #) = LM(T rCTR (P)N ).

PROOF. Let M be a stable model of P, # the corresponding level num-
bering, as implied by Theorem 5.8, and N = Ext CTR (P; M ; #) . Now
N \ head(TrCTR (P)) = Ext CTR (P; M ; #) holdsdirectly by Lemma 9.13.
The translationTrCTR (P) contains four kinds of subprogramsaslisted in
De�n ition 6.9.We shallestablishthatN is locallystablew.r.t. each of these.

1. Considera subprogramQctr (a) = SELr P (ctr(a); a) associatedwith an
atom a 2 Hb(P). Now head(Qctr (a)) = Hbctr

r P (ctr(a)) is one of the
subsetsthat form head(TrCTR (P)). Two casesarisedepending on the
membership of a in N . If a 62N , then a 2 M by the de�n ition of
N . The de�n ition of Ext CTR (P; M ; #) = N \ head(TrCTR (P)) im-
pliesthatN \ head(Qctr (a) ) = ATctr

r P (ctr(a); # a). ThenLM( QN
ctr (a)) =

ATctr
r P (ctr(a); # a) followsbyLemma9.1.On theotherhand,if a 2 N ,

we havea 62M by the de�n ition of N . Then N \ head(Qctr (a) ) = ;
by the de�n ition of Ext CTR (P; M ; #) = N \ head(TrCTR (P)) and
LM( QN

ctr (a) ) = ; by Lemma 9.1, asa 2 N holds. Thus N is locally
stablew.r.t. Qctr (a) in both cases.

2. Let us then analyzethe programQnxt(a) = NXT r P (ctr(a); nxt(a); a)
associated with a 2 Hb(P). Now head(Qnxt(a) ) = Hbctr

r P (nxt(a)) is
one part of head(TrCTR (P)). Like above,we havetwo casesto con-
sider. Supposethat a 62 N is the case. As noted in the previous
item, a 2 M andN \ head(Qctr (a) ) = AT ctr

r P (ctr(a); # a). In addition,
N \ head(Qnxt(a) ) = AT ctr

r P (nxt(a); # a+ 1 mod 2r P ) by thede�n ition
of Ext CTR (P; M ; #) = N \ head(TrCTR (P)), sincehead(Qnxt(a) ) =
Hbctr

r P (nxt(a)). Proposition6.6impliesthat# a+ 1 mod 2r P = # a+ 1.
Then,byLemma9.4,it holdsthatLM( QN

nxt(a) ) = AT ctr
r P (nxt(a); # a+

1). On the otherhand, if a 2 N , then a 62M by the de�n ition of N .
Then the de�n ition of Ext CTR (P; M ; #) = N \ head(TrCTR (P)) im-
pliesN \ head(Qnxt(a) ) = ; andLM( QN

nxt(a) ) = ; followsby Lemma
9.4.ThusN is locally stablew.r.t. Qnxt(a) .

3. Our next concern is the programQctr (r ) = SELr P (ctr(r ); bt(r )) as-
sociated with a rule r 2 P such that body+ (r ) 6= ; . Note that
head(Qctr (r )) = Hbctr

r P (ctr(r )) is a part of head(TrCTR (P)). Since
bt(r ) appearsasthecontrolatomof thesubprogram,twocasesarisede-
pending itsmembershipin N . If bt(r ) 62N , thenr 2 SR(P; M ) bythe
de�n ition of N . It followsthatN \ head(Qctr (r ) ) = ATctr

r P (ctr(r ); # r )
by the de�n ition of Ext CTR (P; M ; #) = N \ head(TrCTR (P)). Thus,
weobtain LM( QN

ctr (r ) ) = AT ctr
r P (ctr(r ); # r ) by Lemma9.1. The case
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bt(r ) 2 N is coveredasfollows.Now r 62SR(P; M ) by the de�n ition
of N . The de�n ition of Ext CTR (P; M ; #) = N \ head(TrCTR (P)) im-
pliesN \ head(Qctr (r ) ) = ; . This is in harmonywith LM( QN

ctr (r ) ) = ;
which holds by Lemma 9.1. To conclude, N is locally stable w.r.t.
Qctr (r ) .

4. The last subprogramQctr (r ) = FIX r P (ctr(r ); 1; bt(r )) is associated
with arule r 2 P such thatbody+ (r ) = ; . Recallthathead(Qctr (r )) =
ATctr

r P (ctr(r ); 1). There are two possibilities.If r 2 SR(P; M ), then
# r = 1 by De�n ition 5.2. The de�n ition of Ext SUPP (P; M ) = N \
head(TrSUPP (P)) implies bt(r ) 62N . Then Lemma 9.6 implies that
LM( QN

ctr (r ) ) = ATctr
r P (ctr(r ); 1). This complieswith the de�n ition

of Ext CTR (P; M ; #) = N \ head(TrCTR (P)) by which we obtain
N \ head(Qctr (r ) ) = ATctr

r P (ctr(r ); 1). On the other hand, if r 62
SR(P; M ), then bt(r ) 2 N by the de�n ition of Ext SUPP (P; M ) =
N \ head(TrSUPP (P)). Then N \ head(Qctr (r ) ) = ; by the de�n i-
tion of Ext CTR (P; M ; #) = N \ head(TrCTR (P)) and accordingly
LM( QN

ctr (r ) ) = ; by Lemma9.6. ThusN is locally stablew.r.t. Qctr (r )

in both cases.

It followsby Theorem6.22that N is locally stablew.r.t. TrCTR (P), i.e. N \
head(TrCTR (P)) = LM(TrCTR (P)N ). 2

Proposition 9.18 Let P be a normal program. If N is a stable model of
TrAT (P), then N \ head(TrCTR (P)) = Ext CTR (P; M ; #) for M = N \
Hb(P) andthe function # : M [ SR(P; M ) ! f 0; : : : ; 2r P � 1g from Def-
inition 6.18.

PROOF. Let N be a stablemodel of TrAT (P) sothat N = LM(T rAT (P)N )
holds.Let M = N \ Hb(P) andde�ne the function # asin De�n ition 6.18.
Proposition9.15implies for anya 2 Hb(P) andr 2 P that

a 2 M ( ) a 62N , and(9.12)

r 2 SR(P; M ) ( ) bt(r ) 62N:(9.13)

Then recall the translationTrCTR (P) andhead(TrCTR (P)) from De�n ition
6.9.The setof headatomshead(TrCTR (P)) is partitionedasfollows.

1. First,we havehead(Qctr (a) ) = Hbctr
r P (ctr(a)) for anya 2 Hb(P) and

the respectivesubprogramQctr (a) = SELr P (ctr(a); a). Since N is a
stablemodel of TrAT (P), it followsby Theorem6.22that N is locally
stablew.r.t. Qctr (a) � TrAT (P), i.e. N \ head(Qctr (a) ) = LM( QN

ctr (a) ).
Two casesarisefor our consideration.If a 2 M , then a 62N by (9.12)
and N \ head(Qctr (a) ) = ATctr

r P (ctr(a); # a) follows by Lemma 9.2,
since# a = valr P (ctr(a); N ) holdsby the de�n ition of # a for a 2 M .
On the otherhand, if a 62M , wehavea 2 N by (9.12). It followsby
Lemma9.2thatN \ head(Qctr (a) ) = ; . To conclude,N \ head(Qctr (a) )
is compatiblewith the de�n ition of Ext CTR (P; M ; #) for each a 2
Hb(P).
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2. Let us then analyzethe programQnxt(a) = NXT r P (ctr(a); nxt(a); a)
associatedwith a 2 Hb(P). Now head(Qnxt(a) ) = Hbctr

r P (nxt(a)). The
stability of N implies the local stability of N w.r.t. Qnxt(a) by Theorem
6.22. Thus N \ head(Qnxt(a) ) = LM( QN

nxt(a) ). In analogyto the �r st
item above,two casesarisedepending on the membershipof a in M .
If a 2 M , then a 62N by (9.12). Moreover,weknow by the �r st item
thatN \ head(Qctr (a) ) = ATctr

r P (ctr(a); # a). Thuswemayconcludeby
Lemma9.5thatN \ head(Qnxt(a) ) = AT ctr

r P (nxt(a); # a+ 1 mod 2r P ).
But if a 62M , thena 2 N by(9.12)andweobtain N \ head(Qnxt(a)) =
; byLemma9.5.ThusN \ head(Qnxt(a) ) coincideswith thede�n ition
of Ext CTR (P; M ; #) in both cases.

3. The caseof a rule r 2 P with body+ (r ) 6= ; follows. The respec-
tive subprogramQctr (r ) = SELr P (ctr(r ); bt(r )), which is included in
TrAT (P), is handledanalogouslyto Qctr (a) in the �r st item. The only
notable difference is that the controlling atom bt(r ) is governedby
(9.13).This relationshipgivesthe crucial link to the de�n itions of # r
andExt CTR (P; M ; #) in De�n itions 6.15and6.18,respectively.

4. The lastsubprogramthatneedsour attentionis theoneassociatedwith
a rule r 2 P with body+ (r ) = ; : let Qctr (r ) = FIX r P (ctr(r ); 1; bt(r )).
Now head(Qctr (r ) ) = ATctr

r P (ctr(r ); 1) and since N is locally stable
w.r.t. Qctr (r ) , it holdsthatN \ head(Qctr (r ) ) = LM(QN

ctr (r ) ). Twocases

arise. If bt(r ) 62N , then N \ head(Qctr (r ) ) = AT ctr
r P (ctr(r ); 1) by

Lemma 9.6 and r 2 SR(P; M ) by (9.13). Thus # r = 1 by the
de�n ition of # r and N \ head(Qctr (r ) ) complieswith the de�n ition
of Ext CTR (P; M ; #) . On the other hand, if bt(r ) 2 N , then N \
head(Qctr (r )) = ; followsby Lemma9.6. This is compatiblewith the
de�n ition of Ext MAX (P; M ; #) , asr 62SR(P; M ) by (9.13).HenceN
is locallystablew.r.t. Qctr (r ) .

Thus we havecoveredall subprogramsof TrCTR (P) contributing to the set
head(TrCTR (P)). In each case,we obtained a perfectcompatibility w.r.t.
Ext CTR (P; M ; #) . HenceN \ head(TrCTR (P)) = Ext CTR (P; M ; #) . 2

9.8 Correctnessof TrMAX (P)

Proposition 9.19 Let P be a normal program.If M is a stablemodel of P,
# the corresponding level numberingw.r.t. M , and N = Ext AT (P; M ; #) ,
then N \ head(TrMAX (P)) = Ext MAX (P; M ; #) = LM(TrMAX (P)N ).

PROOF. Let M be a stable model of P and # the corresponding level
numbering w.r.t. M , as implied by Theorem 5.8. Let us note that N \
head(TrMAX (P)) = Ext MAX (P; M ; #) is implied directly by the de�n ition
of N andLemma9.13. The translationTrMAX (P) givenin De�n ition 6.10
consistsof severalsubprogramsleading to a caseanalysis.In each case,we
establishthe local stability of N w.r.t. the subprogramin question.

Then let r 2 P such that body+ (r ) 6= ; . Subprogramsof the translation
TrMAX (r; r P) from De�n ition 6.10areanalyzednext.
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1. Let Qnxt(a) = LT r P (ctr(r ); nxt(a); bt(r )) associatedwith an atoma 2
body+ (r ). Two casesarise. If r 2 SR(P; M ), then a 2 M , asM j=
body(r ). Thus # r and # a arewell-de�ned, as# is a level number-
ing w.r.t. M . Moreover,# a + 1 mod 2r P = # a + 1 by Proposition
6.6. The atombt(r ) 62N by the de�n ition of Ext SUPP (P; M ) = N \
head(TrSUPP (P)). It followsby the de�n ition of Ext CTR (P; M ; #) =
N \ head(TrCTR (P)) that N \ Hbctr

r P (ctr(r )) = ATctr
r P (ctr(r ); # r )

andN \ Hbctr
r P (nxt(a)) = ATctr

r P (ctr(r ); # a + 1). Also,we haveN \
head(Qnxt(a) ) = AT lt

r P (ctr(r ); # r; nxt(a); # a+ 1) by the de�n ition of
Ext MAX (P; M ; #) = N \ head(TrMAX (P)). Consequently, Lemma
9.8implies thatLM(QN

nxt(a) ) = AT lt
r P (ctr(r ); # r; nxt(a); # a+ 1).

On the other hand, if r 62SR(P; M ) holds, then bt(r ) 2 N by the
de�n ition of Ext SUPP (P; M ) = N \ head(TrSUPP (P)). Then the
de�n ition of Ext MAX (P; M ; #) = N \ head(TrMAX (P)) implies that
N \ head(Qnxt(a) ) = ; , asr 62SR(P; M ). In accordanceto this, we
obtain LM( QN

nxt(a) ) = ; by Lemma9.8. To concludethe caseanalysis
above,N is locally stablew.r.t. the subprogramQnxt(a) .

2. The subprogramRnxt(a) = EQr P (ctr(r ); nxt(a); bt(r )) associatedwith
a 2 body+ (r ) is coveredanalogouslyto Qnxt(a) , but we haveto ap-
ply Lemma 9.11ratherthan Lemma 9.8. Then N \ head(Rnxt(a) ) =
LM( RN

nxt(a) ) which indicatesthatN is locallystablew.r.t. Rctr (r ) .

3. Let

Qmax(r ) = f max(r )  � bt(r ); � eq(ctr(r ); nxt(a)) j a 2 body+ (r )g:

If r 2 SR(P; M ) holds, then bt(r ) 62N followsby the de�n ition of
Ext SUPP (P; M ) = N \ head(TrSUPP (P)). Then the rule max(r )  
belongsto the reductQN

max(r )

( ) 9a 2 body+ (r ) such thateq(ctr(r ); nxt(a)) 62N

( ) 9a 2 body+ (r ) such that # r = # a + 1 holdsby the de�n ition
of Ext MAX (P; M ; #) = N \ head(TrMAX (P)). The lastis vacuously
true by Theorem5.8,asM is a supportedmodelof P and# is a level
numbering w.r.t. M . It follows by Lemma 4.9 that LM( QN

max(r ) ) =
f max(r )g which equalsto N \ head(Qmax(r ) ) by the de�n ition of the
setExt MAX (P; M ; #) = N \ head(TrMAX (P)).

If r 62SR(P; M ) holds, then bt(r ) 2 N followsby the de�n ition of
Ext SUPP (P; M ) = N \ head(TrSUPP (P)). Thestructureof Qmax(r ) im-
pliesthatQN

max(r ) = ; is thiscase.ThusN \ head(Qmax(r ) ) = ; , asdic-
tatedby the de�n ition of Ext MAX (P; M ; #) , equalsto LM(QN

max(r ) ) =
; . HenceN is locally stablew.r.t. Qmax(r ) .

Finally, let usconsiderthe setof constraintsQx =

(9.14)
[

r 2 P anda2 body + (r )

f x  � x; � bt(r ); � lt(ctr(r ); nxt(a)) 1g [

[

r 2 P andbody + (r )6= ;

f x  � x; � bt(r ); � max(r )g:
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Note that x 62N by de�n ition andwewould like to establishthat x  does
not belongQN

x , which could resultfor two reasons.

1. Supposethat bt(r ) 62N and lt(ctr(r ); nxt(a)) 1 62N hold for some
rule r 2 P such that body+ (r ) 6= ; andan atoma 2 body+ (r ). The
de�n ition of Ext SUPP (P; M ) = N \ head(TrSUPP (P)) impliesthatr 2
SR(P; M ), asbt(r ) 62N . Then the de�n ition of Ext MAX (P; M ; #) =
N \ head(TrMAX (P)) implies that lt(ctr(r ); nxt(a))1 2 N and# r <
# a + 1 for an atoma 2 body+ (r ). A contradiction, asr 2 SR(P; M )
and# is a levelnumberingw.r.t. M .

2. Supposethat bt(r ) 62 N and max(r ) 62 N for somerule r 2 P
such that body+ (r ) 6= ; . Then r 2 SR(P; M ) follows as above,
and max(r ) 2 N follows by the de�n ition of Ext MAX (P; M ; #) =
N \ head(TrMAX (P)), a contradiction.

It follows that QN
x = ; so that LM( QN

x ) = ; by Lemma 4.9. Thus N \
head(Qx) = LM(QN

x ), which meansthat N is locally stable w.r.t. Qx. To
conclude,wehaveestablishedthatN is locallystablew.r.t. each subprogram
of TrMAX (P) andbyTheorem6.22,N is locally stablew.r.t. TrMAX (P), too.

2

Proposition 9.20 Let P be a normal program. If N is a stable model of
TrAT (P), then N \ head(TrMAX (P)) = ExtMAX (P; M ; #) for M = N \
Hb(P) andthe function # : M [ SR(P; M ) ! f 0; : : : ; 2r P � 1g from Def-
inition 6.18.

PROOF. Let N be a stable model of TrAT (P), and de�ne M and # as
above.It followsbyTheorem6.22thatN is locallystablew.r.t. TrMAX (P) �
TrAT (P). Moreover,the relationships(9.12)and (9.13)pointed out in the
proofof Proposition9.18arevalid in this proofaswell. Moreover,recall the
translationTrMAX (P) from De�n ition 6.10. In the sequel, we analyzesub-
programsthat partition head(TrMAX (P)) suitably. Note that Theorem6.22
implies thatN is locally stablew.r.t. each subprogram.

Recall the subprogramQx from (9.14) for which head(Qx) = f xg. Let
us then assumethat x 2 N . Since N is locally stable w.r.t. TrMAX (P), it
is locally stable w.r.t. Qx, too. Thus x 2 LM( QN

x ) so that x  must be-
long to QN

x . Since � x appears in the bodyof each rule in Qx this implies
that x 62N , a contradiction. Hence x 62N . Accordingly, it holds that
x 62Ext MAX (P; M ; #) by the de�n ition of Ext MAX (P; M ; #) . Subprograms
which areassociatedwith rulesr 2 P such that body+ (r ) 6= ; areanalyzed
next.

1. Let Qnxt(a) = LT r P (ctr(r ); nxt(a); bt(r )) associatedwith an atoma 2
body+ (r ). Since N is locally stable w.r.t. Qnxt(a) , it holds that N \
head(Qnxt(a) ) = LM(QN

nxt(a) ). Therearetwo casesto consider. First,if

bt(r ) 62N , then r 2 SR(P; M ) by (9.13).Proposition9.18implies

(9.15)
�

N \ Hbctr
r P (ctr(r )) = AT ctr

r P (ctr(r ); # r ) and
N \ Hbctr

r P (nxt(a)) = AT ctr
r P (nxt(a); # a+ 1 mod 2r P ):
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ThenN \ head(Qnxt(a) ) = AT lt
r P (ctr(r ); # r; nxt(a); # a+ 1 mod 2r P )

followsby Lemma9.9. This is fully compatiblewith the de�n ition of
Ext MAX (P; M ; #) . Second,if bt(r ) 2 N , we haver 62SR(P; M ) by
(9.13).In addition to this,Lemma9.9impliesthatN \ head(Qnxt(a)) =
; , in harmonywith the de�n ition of Ext MAX (P; M ; #) .

2. Then considerRnxt(a) = EQr P (ctr(r ); nxt(a); bt(r )) associated with
a 2 body+ (r ). This subprogramis handledanalogouslyto the one
above— starting from the local stability of N w.r.t. it. Like above,
bt(r ) 62N implies r 2 SR(P; M ) and (9.15). Then the equality
N \ head(Rnxt(a) ) = ATeq

r P (ctr(r ); # r; nxt(a); # a + 1 mod 2r P ) fol-
lowsby Lemma 9.12. Similarly, bt(r ) 2 N implies r 2 SR(P; M )
and N \ head(Rnxt(a) ) = ; by Lemma 9.12. Hence the structureof
Ext MAX (P; M ; #) is respected.

3. Let

Qmax(r ) = f max(r )  � bt(r ); � eq(ctr(r ); nxt(a)) j a 2 body+ (r )g:

SinceN islocallystablew.r.t. Qmax(r ) , it followsthatN \ head(Qmax(r ) )
equals to LM( QN

max(r ) ). Again, two casesarise. If bt(r ) 62N , then
r 2 SR(P; M ) by (9.13). Let usthen assumemax(r ) 62N . Sincethe
rule x  � x; � bt(r ); � max(r ) is included in Qx, weobtain that x  
is included in QN

x . Thusx 2 N , a contradiction. Hencemax(r ) 2 N
is necessarilythe case.Recall that max(r ) 2 Ext MAX (P; M ; #) , too.
On the other hand, if bt(r ) 2 N , then r 62SR(P; M ) by (9.13). It
follows that QN

max(r ) = ; so that max(r ) 62LM( QN
max(r )). Thus we

havea perfectmatch with the de�n ition of Ext MAX (P; M ; #) which
excludesmax(r ) when r 62SR(P; M ).

We havenow coveredall setsof atomsthat constitutehead(TrMAX (P)). It
followsthatN \ head(TrMAX (P)) = Ext MAX (P; M ; #) . 2

Proposition 9.21 Let P be a normal program. If N is a stable model of
TrAT (P), M = N \ Hb(P) and# from De�n ition 6.18,then

(9.16) # r =
�

maxf # a+ 1 mod 2r P j a 2 body+ (r )g; if body+ (r ) 6= ; :
1; otherwise:

holdsfor everyr 2 SR(P; M ).

PROOF. Let N beastablemodelof TrAT (P) andde�ne M asaboveand#
by De�n ition 6.18.Then let usconsideranyr 2 P such that r 2 SR(P; M )
for which # r is well-de�ned. Asestablishedin Proposition9.18,this partic-
ular value is held by ctr(r ) in binary. Then (9.13) implies that bt(r ) 62N .
Twocasesarisedepending whetherbody+ (r ) = ; or not.

If body+ (r ) = ; , then N \ Hbctr
r P (ctr(r )) = AT ctr

r P (ctr(r ); 1) by Proposi-
tion 9.18.Thus# r = valr P (ctr(r ); N ) = 1, asinsistedbyDe�n ition 6.18.

If body+ (r ) 6= ; , thereis at leastoneatoma 2 body+ (r ). Let usassume
that# r < # a+ 1 mod 2r P . Recallthat thevalue# a+ 1 mod 2r P isheld by

9 APPENDI X: PROOFS 81



thecounternxt(a), i.e.N \ Hbctr
r P (nxt(a)) = ATctr

r P (nxt(a); # a+ 1 mod 2r P )
by Proposition9.18. SinceN \ head(TrMAX (P)) = Ext MAX (P; M ; #) by
Proposition9.20,weobtain lt(ctr(r ); nxt(a)) 1 62N . Thenrecall that therule
x  � x; � bt(r ); � lt(ctr(r ); nxt(a)) 1 included in TrMAX (P). It followsthat
x  is included in TrMAX (P)N and furthermorex 2 N , a contradiction.
Thus we conclude that # r � # a + 1 mod 2r P actuallyholds for all a 2
body+ (r ).

On the other hand,we establishedmax(r ) 2 N in the proof of Proposi-
tion 9.20where the programQmax(r ) wasanalyzed.Since N is locally sta-
ble w.r.t. Qmax(r ) , it followsthat max(r ) 2 LM( QN

max(r ) ). Then Lemma 4.9
implies that max(r )  belongsto QN

max(r ) . This is possibleonly if there

is a 2 body+ (r ) such that eq(ctr(r ); nxt(a)) 62N . It follows by Propo-
sition 9.20 that eq(ctr(r ); nxt(a)) 62Ext MAX (P; M ; #) , or equivalently, it
holds that eq(ctr(r ); nxt(a)) 2 Ext MAX (P; M ; #) . Then the de�n ition of
Ext MAX (P; M ; #) implies that # r = # a + 1 mod 2r P . To conclude,we
haveestablishedthat

# r = maxf # a+ 1 mod 2r P j a 2 body+ (r )g:

2

9.9 Correctnessof TrMIN (P)

Proposition 9.22 Let P be a normal program.If M is a stablemodel of P,
# the corresponding level numberingw.r.t. M , and N = Ext AT (P; M ; #) ,
then LM(T rMIN (P)N ) = Ext MIN (P; M ; #) .

PROOF. Let M beastablemodelof P and# the corresponding levelnum-
bering,asimplied by Theorem5.8. We note that N \ head(TrMIN (P)) =
Ext MIN (P; M ; #) holdsdirectlybythede�n ition ofN andLemma9.13.The
translationTrMIN (P) given in De�n ition 6.11 consistsof multiple subpro-
gramsleading to acaseanalysis.In each case,weestablishthe local stability
of N w.r.t. the subprogramin question.

Given a rule r 2 P, the subprogramsof TrMIN (r; r P) from De�n ition
6.11areaddressednext.Supposethathead(r ) = a.

1. Let Qctr (a) = LT r P (ctr(r ); ctr(a); bt(r )). Two casesarisedepend-
ing on the statusof r . If r 2 SR(P; M ), then a 2 M , asM j=
body(r ) and M j= r . Thus # r and # a are well-de�ned, as# is
a level numbering w.r.t. M . The atom bt(r ) 62 N by the de�n i-
tion of Ext SUPP (P; M ) = N \ head(TrSUPP (P)). It followsby the
de�n ition of ExtCTR (P; M ; #) = N \ head(TrCTR (P)) that N \
Hbctr

r P (ctr(r )) = ATctr
r P (ctr(r ); # r ) aswell asthatN \ Hbctr

r P (ctr(a)) =
ATctr

r P (ctr(a); # a). Also,wehave

N \ head(Qctr (a) ) = AT lt
r P (ctr(r ); # r; ctr(a); # a)

by the de�n ition of Ext MIN (P; M ; #) = N \ head(TrMIN (P)). Thus

LM( QN
ctr (a) ) = AT lt

r P (ctr(r ); # r; ctr(a); # a)
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followsbyLemma9.8.

On the other hand, if r 62SR(P; M ) holds, then bt(r ) 2 N by the
de�n ition of ExtSUPP (P; M ) = N \ head(TrSUPP (P)). The de�n i-
tion of Ext MIN (P; M ; #) = N \ head(TrMIN (P)) implies that N \
head(Qctr (a) ) = ; , asr 62SR(P; M ). In accordanceto this, we ob-
tain LM( QN

ctr (a) ) = ; by Lemma9.8. To concludethe preceding case
analysis,N is locally stablew.r.t. Qctr (a) .

2. The subprogramRctr (a) = EQr P (ctr(r ); ctr(a); bt(r )) is coveredanal-
ogouslyto Qctr (a) , but wehaveto applyLemma9.11in thiscaserather
than Lemma9.8. Then N \ head(Rctr (a) ) = LM(RN

ctr (a) ) which indi-
catesthatN is locally stablew.r.t. the subprogramRctr (a) .

The following subprogramis associatedwith anyatoma 2 head(P). Let
Qmin(a) = f min(a)  � bt(r ); � eq(ctr(r ); ctr(a)) j r 2 DefP (a)g. Note that
head(Qmin(a) ) = f min(a)g. It followsthat min(a) 2 N ( ) a 2 M by
the de�n ition of ExtMIN (P; M ; #) = N \ head(TrMIN (P)) ( ) 9r 2
DefP (a) such that r 2 SR(P; M ), asM is a supportedmodel of P, ( )
9r 2 DefP (a) such that r 2 SR(P; M ) and# r = # a by De�n ition 5.2,as
# is a level numberingw.r.t. M , ( ) 9r 2 DefP (a) such that bt(r ) 62N
and eq(ctr(r ); ctr(a)) 62N by the de�n itions of Ext SUPP (P; M ) = N \
head(TrSUPP (P)) and Ext MIN (P; M ) = N \ head(TrMIN (P)) ( ) the
rule min(a)  belongsto the reduct QN

min(a) ( ) min(a) 2 LM(QN
min(a) ).

HenceN is locally stablew.r.t. Qmin(a) .
Finally, let usconsiderthe setof constraints

(9.17) Qy =
[

r 2 P

f y  � y; � bt(r ); � lt(ctr(r ); ctr(head(r ))) 1g [

[

a2 Hb( P )

f y  � y; � a; � min(a)g:

Note that y 62N by de�n ition andwewould like to establishthat y  does
not belongQN

y , which might resultfor two reasons.

1. Let bt(r ) 62N andlt(ctr(r ); ctr(head(r ))) 1 62N hold for somer 2 P.
The de�n ition of Ext SUPP (P; M ) = N \ head(TrSUPP (P)) implies
that r 2 SR(P; M ), asbt(r ) 62N . Note that r 2 SR(P; M ) implies
that head(r ) = a 2 M , asM j= r . Then # r < # a followsby the def-
inition of Ext MIN (P; M ; #) = N \ head(TrMIN (P)). A contradiction
byDe�n ition 5.2,asa 2 M and# is a levelnumberingw.r.t. M .

2. Supposethat a 62N andmin(a) 62N hold for someatoma 2 Hb(P).
Then the de�n ition of Ext SUPP (P; M ) = N \ head(TrSUPP (P)) im-
plies a 2 M . Moreover, min(a) 2 N follows by the de�n ition of
Ext MIN (P; M ; #) = N \ head(TrMIN (P)), acontradiction.

It follows that QN
y = ; so that LM( QN

y ) = ; by Lemma 4.9. Thus N \
head(Qy) = LM( QN

y ), which meansthat N is locally stable w.r.t. Qy. To
conclude,wehaveestablishedthatN is locallystablew.r.t. each subprogram
of TrMIN (P). Hence N is locally stablew.r.t. TrMIN (P) by Theorem6.22.

2
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Proposition 9.23 Let P be a normal program. If N is a stable model of
TrAT (P), then N \ head(TrMIN (P)) = ExtMIN (P; M ; #) for M = N \
Hb(P) andthe function # : M [ SR(P; M ) ! f 0; : : : ; 2r P � 1g from Def-
inition 6.18.

PROOF. Let N be a stable model of TrAT (P), and de�ne M and # as
above.It followsby Theorem6.22that N is locally stablew.r.t. TrMIN (P) �
TrAT (P). Moreover,the relationships(9.12)and (9.13)pointed out in the
proof of Proposition9.18 are valid in this proof aswell. Let us recall the
translationTrMIN (P) and the sethead(TrMIN (P)) from De�n ition 6.10. In
the sequel, we analyzesubprogramsQ � TrMIN (P) which partition the set
head(TrMIN (P)) suitably such that Theorem6.22 implies that N is locally
stablew.r.t. each subprogramQ being analyzed.

Recall the programQy from (9.17) for which head(Qy) = f yg. Let us
then assumethat y 2 N . Since N is locally stable w.r.t. TrMIN (P), it is
locally stablew.r.t. Qy, too. Thusy 2 LM(QN

y ) sothat y  mustbelongto
QN

y . Since� y appearsin thebodyof each rule in Qy this impliesthaty 62N ,
a contradiction. Hencey 62N . Accordingly, wehavey 62Ext MIN (P; M ; #)
by the de�n ition of Ext MIN (P; M ; #) .

Let usthenaddressthesubprogramsof TrMIN (r; r P) which areassociated
with a rule r 2 P. Let head(r ) = a.

1. Let Qctr (a) = LT r P (ctr(r ); ctr(a); bt(r )) . Since N is locally stable
w.r.t. Qctr (a) , it holds that N \ head(Qctr (a) ) = LM(QN

ctr (a) ). There

aretwo casesto consider. First, if bt(r ) 62N , then r 2 SR(P; M ) by
(9.13)andProposition9.18implies the following:

(9.18)
�

N \ Hbctr
r P (ctr(r )) = ATctr

r P (ctr(r ); # r ) and
N \ Hbctr

r P (ctr(a)) = ATctr
r P (ctr(a); # a):

Then N \ head(Qctr (a) ) = AT lt
r P (ctr(r ); # r; nxt(a); # a) is obtained

by Lemma 9.9. This conformsto the de�n ition of Ext MIN (P; M ; #) .
Second,if bt(r ) 2 N , wehaver 62SR(P; M ) by (9.13).On the other
hand,Lemma9.9impliesthatN \ head(Qctr (a) ) = ; , in harmonywith
the de�n ition of Ext MIN (P; M ; #) .

2. Then considerRctr (a) = EQr P (ctr(r ); ctr(a); bt(r )) . This subprogram
is handledanalogouslyto the oneabove— startingfrom the local sta-
bility of N w.r.t. Rctr (a) . Like above,bt(r ) 62N implies r 2 SR(P; M )
and (9.18). Then N \ head(Rctr (a) ) = ATeq

r P (ctr(r ); # r; ctr(a); # a)
follows by Lemma 9.12. Quite similarly, bt(r ) 2 N implies r 62
SR(P; M ) andN \ head(Rctr (a) ) = ; by Lemma9.12. To conclude,
the structureof Ext MIN (P; M ; #) is respected.

Finally, givenanyatoma 2 head(P), let usde�ne

Qmin(a) = f min(a)  � bt(r ); � eq(ctr(r ); ctr(a)) j r 2 DefP (a)g:

Since N is locally stable w.r.t. Qmin(a) , it holds that N \ head(Qmin(a) ) =
LM( QN

min(a) ). Two casesarise.If a 62N , then a 2 M by (9.12). Let usthen
assumemin(a) 62N . Sincethe rule y  � y; � a; � min(a) is included in Qy,
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weobtain that y  is included in QN
y . Thusy 2 N , a contradiction. Hence

min(a) 2 N musthold. Recallthat min(a) 2 Ext MIN (P; M ; #) , too. On the
otherhand,if a 2 N , thena 62M by(9.12).SinceM isasupportedmodelof
P, it followsthatr 62SR(P; M ) holdsforeveryr 2 DefP (a). Thusbt(r ) 2 N
for all r 2 DefP (a) by (9.13). It followsthat QN

min(a) = ; sothat min(a) 62
LM( QN

min(a) ) = ; . This matcheswith the de�n ition of Ext MIN (P; M ; #)
which excludesmin(a) when a 62M . To conclude,wehaveestablishedthat
N \ head(Qmin(a) ) is fully compatiblewith Ext MIN (P; M ; #) .

In this way, we havecoveredall subprogramscontributing a partition to
head(TrMIN (P)). ThusN \ head(TrMIN (P)) = Ext MIN (P; M ; #) . 2

Proposition 9.24 Let P be a normal program. If N is a stable model of
TrAT (P), M = N \ Hb(P) andthe function # from De�n ition 6.18,then

(9.19) # a = minf # r j r 2 SR(P; M ) anda = head(r )g

holdsfor everya 2 M .

PROOF. Let N beastablemodelof TrAT (P). Then de�ne M asaboveand
the function # usingDe�n ition 6.18. It followsby Proposition9.16that M
isasupportedmodelof P. Then let usconsideranya 2 M , for which a 62N
holdsby (9.12).

Let r be any rule r 2 DefP (a) such that r 2 SR(P; M ). Then both
# a and # r are well-de�ned by De�n ition 6.18. Let us then assumethat
# r < # a. Recall that N \ Hbctr

r P (ctr(r )) = AT ctr
r P (ctr(r ); # r ) and N \

Hbctr
r P (ctr(a)) = ATctr

r P (ctr(a); # a) by Proposition9.18. Since the setN \
head(TrMIN (P)) equalsto Ext MIN (P; M ; #) by Proposition9.23, it follows
that lt(ctr(r ); ctr(a))1 62N . Then recall that the rule

y  � y; � bt(r ); � lt(ctr(r ); nxt(a)) 1

included in TrMIN (P). Now (9.13) implies that bt(r ) 62N . It followsthat
y  is included in TrMIN (P)N and furthermorey 2 N . But this is a con-
tradiction w.r.t. Proposition9.23. Thus we may conclude that # r � # a
actuallyholdsfor all r 2 DefP (a) such that r 2 SR(P; M ).

On the other hand, we establishedmin(a) 2 N in the proof of Propo-
sition 9.23, where the programQmin(a) wasanalyzed. Since N is locally
stable w.r.t. Qmin(r ) , it follows that min(a) 2 LM( QN

min(a) ). Then Lemma
4.9 implies that min(a)  belongsto QN

min(a) . This is possibleonly if there

is r 2 DefP (a) such that bt(r ) 62N and eq(ctr(r ); nxt(a)) 62N . It fol-
lows that r 2 SR(P; M ) by (9.13). Moreover, Proposition9.23 implies
that eq(ctr(r ); ctr(a)) 62Ext MIN (P; M ; #) . Then the de�n ition of the set
Ext MIN (P; M ; #) implies that eq(ctr(r ); ctr(a)) 2 Ext MIN (P; M ; #) which
indicatesthat# r = # a is in fact the case.To conclude,wehaveestablished
the claim regarding # a. 2

9.10 Correctnessof TrAT (P)

Proposition 9.25 If M is a supportedmodel of a normal programP and
# : M [ SR(P; M ) ! f 0; : : : ; 2r P � 1g a function satisfying(9.16) and
(9.19),then # is a levelnumberingw.r.t. M .
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PROOF. We shouldessentiallyestablishthe requirement imposedon # r in
De�n ition 5.2 using(9.16)and(9.19). If M = ; , then alsoSR(P; M ) = ; ,
sinceM j= P, and# is trivially a levelnumberingw.r.t. M . Thusweassume
M 6= ; and its implication SR(P; M ) 6= ; in the sequel. Let r be any
rule from SR(P; M ). By (9.16)the value # r is either 1 when body+ (r ) =
; ; or # r is the maximum amongthe values# b + 1 mod 2r P where b 2
body+ (r ) when body+ (r ) 6= ; . In the latter case,the level number # b
is the predecessorof # r modulo 2r P for someb 2 body+ (r ). Note that
b 2 M , asr 2 SR(P; M ). SinceM is a supportedmodel of P, there is a
rule r 0 2 SR(P; M ) such that head(r 0) = b and# b = # r 0 is the minimum
(9.19)and the predecessorof # r modulo 2r P ; i.e. # r = # r 0+ 1 mod 2r P .
To concludeour analysissofar,

1. either body+ (r ) = ; and# r = 1; or

2. body+ (r ) 6= ; and thereareb 2 body+ (r ) and r 0 2 SR(P; M ) such
thathead(r 0) = b 2 M , # r 0 = # b, and# r = # r 0+ 1 mod 2r P .

Sincer wasarbitraryin thepreceding analysis,wecanbuild asequenceof
rulesr1; : : : ; rn from SR(P; M ) such that r 1 = r , for all i 2 f 1; : : : ; n � 1g,
body+ (r i ) 6= ; and # r i = # r i +1 + 1 mod 2r P ; andbody+ (rn) = ; . Sup-
posethat such r n cannotbe found, i.e. the sequencer 1; r2; : : : containsonly
rulesr i with body+ (r i ) = ; . Note that the sequence

#head(r1); #head(r2); : : :

isdecreasingmodulo 2r P byconstructionandalsoidentical to the sequence
# r1; # r2; : : : afterthe �r stelement.Since# isa function, weconcludethat
the headatomshead(r 2); head(r3); : : : mustbe different from each otherat
leastuntil the rule r (2r P +1) , which is encounteredafter 2r P stepsand the
level number of which coincideswith # r 1 due to modulo arithmetics. As
a consequence, there are 2r P different atomsin Hb(P). A contradiction,
as2r P � jHb(P)j + 2. Hence the existenceof r n with body+ (r ) = ; is
guaranteed.Given the rangeof # , this implies that # r = n where n <
2r P . A further implication is that the level numbers # r assignedto rules
r 2 SR(P; M ) arealwaysgreaterthan 0, becauser wasfreelychosenabove.

Asa consequence, the level numbers # a assignedto atomsa 2 M are
greaterthan 0 by (9.19). Let us then assumethat # a = 2r P � 1 for some
a 2 M . By(9.19)thereisarule r 2 SR(P; M ) such that# r = # a = 2r P � 1
and we can constructa sequenceof rules r 1; : : : ; rn asabove,which starts
from the rule r 1 = r . Since # r = 2r P � 1, the length of the sequence
must be n = 2r P � 1. Moreover, the values# r 1 = #head(r 1), # r2 =
#head(r2), form a decreasingsequence. Since# is a function, theremust
be 2r P � 1 different (head)atomsin head(P) � Hb(P) aswell asHb(P).
A contradiction, as2r P � 1 � jHb(P)j + 2 � 1 = jHb(P)j + 1. Thus
0 < # a < 2r P � 1 for all a 2 M . Given this crucial pieceof information
anda rule r 2 SR(P; M ) with body+ (r ) 6= ; , the �r stpart of the equation
(9.16)canberewrittenas

# r = maxf # b + 1 mod 2r P j b 2 body+ (r )g
= maxf # b + 1 j b 2 body+ (r )g
= maxf # b j b 2 body+ (r )g + 1:
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To conclude,# is a level numberingw.r.t. M , asit is a function from M [
SR(P; M ) to N andthe requirementsof De�n ition 5.2aremet. 2

Proposition 9.26 Let P be a normal program.If M is a stablemodel of P
and# isthecorresponding levelnumberingw.r.t. M , thenthe interpretation
N = Ext AT (P; M ; #) is a stable model of TrAT (P) such that M = N \
Hb(P).

PROOF. Let M be a stablemodel of P. The existenceof the unique level
numbering # w.r.t. M is implied by Theorem5.8. De�ne N asthe setof
atomsExt AT (P; M ; #) givenin De�n ition 6.16.

The translationsTrSUPP (P), TrCTR (P), TrMAX (P), andTrMIN (P) which
constituteTrAT (P) havebeendesignedsothathead(TrAT (P)) ispartitioned
bytherespectivesetsof headatoms.Moreover,Propositions9.14,9.17,9.19,
and 9.22imply that N is locally stablew.r.t. thesepartitionsof TrAT (P). It
followsbyTheorem6.22thatN isastablemodelof TrAT (P). Moreover,the
projectionN \ Hb(P) = M byDe�n itions 6.14and6.16. 2

Proposition 9.27 Let P be a normal program. If N is a stable model of
the translationTrAT (P), then M = N \ Hb(P) is a stablemodel of P, the
function # from De�n ition 6.18 is a level numbering w.r.t. M and N =
Ext AT (P; M ; #) .

PROOF. Let N bea stablemodelof TrAT (P) andde�ne M = N \ Hb(P)
asabove. Note that the setSR(P; M ) is alsowell-de�ned, asM is. Thus
we mayde�ne a function # — a level numberingcandidate— usingDef-
inition 6.18. It followsby Proposition9.16that M is a supportedmodel of
P. Moreover,the function # meetsthe requirementsfor a levelnumbering
w.r.t. M byPropositions9.21,9.24,and9.25.ThusM isastablemodelof P.
Moreover,theprojectionsN \ head(TrSUPP (P)), N \ head(TrCTR (P)), N \
head(TrMAX (P)), andN \ head(TrMIN (P)) equal to thesetsExt SUPP (P; M )
(Proposition9.15),Ext CTR (P; M ; #) (Proposition9.18),Ext MAX (P; M ; #)
(Proposition9.20),andExt MIN (P; M ; #) (Proposition9.23),respectively. By
De�n ition 6.16, the union of thesesetsis Ext AT (P; M ; #) . Since N �
head(TrAT (P)) andthe disjoint union of

head(TrSUPP (P)), head(TrCTR (P)), head(TrMAX (P)), and
head(TrMIN (P))

coincideswith head(TrAT (P)), it followsthatN = Ext AT (P; M ; #) . 2

PROOF of Theorem 6.20. Let us �r st addressthe polynomiality of TrAT .
Givenanormal logic programP, it isobviousthattheHerbrandbaseHb(P)
canbedetermined by performing a linear passthroughthe program.This is
basicallya linear-timeoperation,but the removal of duplicatesaddsa loga-
rithmic factorin the worstcase— recall that Hb(P) is a setof atomsrather
than a list of atoms. Once Hb(P) is known, then jHb(P)j and r P can be
computedin linear/logarithmic time. Let us then considereach one of the
translationsTrSUPP (P), TrCTR (P), TrMAX (P), andTrMIN (P) separately.

1. RecallTrSUPP (P) from De�n ition 6.8.Each atoma 2 Hb(P) is trans-
latedinto arule of �ve symbols;recallthatseparatorscountasoneextra
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symbolfor each rule. A rule (2.1)consistingof 2n + 3m + 3 symbolsis
translatedinto threerulesconsistingof 2n + 3m + 13symbolsin total.
ThusjjTrSUPP (P)jj is5 � jHb(P)j + jjP jj + 10� jPj which isclearly
linear in jjP jj , asjHb(P)j < jjP jj and jPj < jjP jj . Furthermore,the
translationcanbeformedin linear time bydoing a linear passthrough
Hb(P) andP andproducing the required rules.

2. Let us then considerthe translationTrCTR (P) from De�n ition 6.9,
which usesthe primitives from Table 2 assubprograms.By count-
ing the symbolsin the rules involved in theseprograms,we obtain
the lengthsjjSELj (a; c)jj = 16j , jjNXT j (a; b; c)jj = 72j � 56, and
jjFIX j (a; n; c)jj = 5j in general.The translationTrCTR (P) concerns
both atomsa 2 Hb(P) and rulesr 2 P. The translationof an atom
a involves16r P + 72r P � 56 = 88r P � 56 symbolswhereasthe
translationof a rule r contains either 16r P or 5r P — depending
on body+ (r ). Therefore,jjTrCTR (P)jj is boundedfrom aboveby the
number jHb(P)j � (88r P � 56) + jPj � 16r P which is linear in
jjP jj � r P, sincejHb(P)j < jjP jj and jPj < jjP jj . It is alsoobvious
that TrCTR (P) can be formedby doing a linear passthrough Hb(P)
andP. ThusTrCTR (P) canbeproducedin time linear to jjP jj � r P.

3. The translationTrMAX (P) from De�n ition 6.10is basedon the prim-
itives in Table 3. Generally speaking,the lengthsof the programs
therein arejjLT j (a; b; c)jj = 47j � 28 and jjEQj (a; b; c)jj = 22j + 8.
The translationTrMAX (P) dealsbasicallywith positivebodyatomsa 2
body+ (r ) appearingin non-atomic rulesr . Then jjTrMAX (r; r P; a)jj
is 47r P � 28 + 22r P + 8 + 19 = 69r P � 1. As a consequence,
jjTrMAX (P)jj isboundedfrom aboveby jjPjj � (69r P � 1)+ jPj � 11,
asthe number of positivebodyatomsin P is lessthan jjPjj and the
number of non-atomic rulesis at mostjPj. This makesjjTrMAX (P)jj
linear in jjP jj � r P andthe time required to computeTrMAX (P) isof
orderjjP jj � r P, asTrMAX (P) canbeformedon a rule-by-rulebasis.

4. Thecaseof the translationTrMIN (P) from De�n ition 6.11issimilar. A
rule r 2 P is translatedsothat jjTrMIN (r; r P)jj = 69r P � 1, too,and
jjTrMIN (P)jj isboundedfrom aboveby jPj � (69r P � 1)+ jHb(P)j �
11 which is alsolinear in jjP jj � r P. The actual translationcan be
producedin time linearto jjP jj � r P bypassingthroughP andHb(P).

It remainsto show the faithfulnessof TrAT . De�n ition 6.12implies that
Hb(P) � Hb(TrAT (P)) and Hbv(TrAT (P)) = Hbv(P). By Proposition
9.26andTheorem5.8,thereis anextensionfunction Ext AT thatmapsM 2
SM(P) into N = Ext AT (P; M ; #) 2 SM(TrAT (P)) such that M = N \
Hb(P). Recall that the level numbering # is uniquely determined in this
relationship. Moreover, we know by Proposition9.27 and Theorem 5.8
that if N 2 SM(TrAT (P)), then M = N \ Hb(P) 2 SM(P) and N =
Ext AT (P; M ; #) where# is the unique levelnumberingassociatedwith M .
ThuswemayconcludeTrAT faithful byTheorem3.19. 2
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