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ABSTRACT: In this work,methodsarepresentedfor model checking �n ite
stateasynchronoussystems,more speci�cally 1-safePetri nets,with the aim
of alleviatingthe stateexplosionproblem. Symbolicmodel checking tech-
niquesare used,combined with two partial order semanticsknown asnet
unfoldingsandprocesses.

We start with net unfoldingsand studydeadlock and reachability check-
ing problems,usingcomplete�n ite pre�xesof net unfoldingsintroducedby
McMillan. It isshown how theseproblemscanbetranslatedcompactlyinto
the problem of �nd ing a stablemodel of a logic program. This combined
with an ef�c ient procedurefor �nd ing stablemodelsof a logic program,the
Smodelssystem,providesthe basisof a pre�x basedmodel checking pro-
cedurefor deadlock and reachability properties,which is competitivewith
previouslypublishedproceduresusingpre�xes.

Thisworkshowsthat,if theonly thing onecanassumefrom apre�x isthat
it is complete,nestedreachability propertiesarerelativelyhard. Namely, for
severalwidelyusedtemporallogicswhich canexpressaviolationof acertain
�xed safetyproperty, modelchecking isPSPACE-completein the sizeof the
complete�n ite pre�x.

A modelchecking approach isdevisedfor the linear temporallogicLTL-X
usingcomplete�n ite pre�xes. The approach makesthe complete�n ite pre-
�x generationformula speci�c, and the pre�x completenessnotion applica-
tion speci�c. Using theseideas,an LTL-X model checker hasbeenimple-
mentedasavariantof apre�x generationalgorithm.

The useof boundedmodelchecking for asynchronoussystemsis studied.
A method to expressthe processsemanticsof a 1-safePetri net in symbolic
form asa setof satisfyingtruth assignmentsof a constrainedBooleancircuit
is presented.In the experimentsthe BCSatsystemis usedasa circuit satis-
�ability checker. Anothercontribution employslogic programswith stable
modelsemanticsto developanewlinear sizeboundedLTL-X modelcheck-
ing translationthat canbeusedwith stepsemanticsof 1-safePetri nets.

KEYWORDS: Veri�cation, Model Checking, Petri nets,Complete Finite
Pre�xes,PartialOrderMethods,SymbolicMethods,BoundedModel Check-
ing
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1 INTRODUCTION

It is a widely recognized fact that the complexityof systemscontaining soft-
ware or hardware componentsis increasingat a high rate. Furthermore,
we asa society are increasinglymore dependenton e.g., the correct func-
tioning of communication infrastructure.Therefore,computerscientistsare
facedwith theproblemof designing safetyor businesscritical systemsof large
complexity.

The traditional wayof ensuringthe correctnessof of such systemshasre-
lied on two main techniquesof testingandsimulation. However,when the
systemscontain concurrent and/or reactivecomponents,thesetechniques
frequently do not scaleat the rateof the systemcomplexitygrowth. The use
of computeraidedveri�cation hasbeensuggestedasan aid to supplement
thesemethods.Thesemethodsarebasedon the observation that weshould
usethe increasingcomputationalcapacity wehaveatour disposalto easethe
designof complexsystems.

One of the most promising methodsfor computer aided veri�cation is
model checking. The basicprinciples of model checking weredeveloped
in the early1980's independentlyby two different groupswith the earliest
publicationsbeing [12, 64]. The basicideais to model the systemof interest
soasto allow the generationof a graphthat containsthe reachablestatesof
the systemasnodesand the statetransitionsbetweenthem asedges.When
a labelingof the nodeswith atomic propositionswhich hold at each stateis
added,thisgraphisknown asaKripkestructureof the system(seee.g.,[11]).
The speci�cation of the propertyweareinterestedin is givenby a temporal
logic formula. After this, one can check with a model checking algorithm
whether the systemmeetsits speci�cation, i.e., by checking if the Kripke
structureof the systemis amodelof the speci�cation.

The systemunder model checking can be describedin severaldifferent
ways. In caseof synchronousdigital hardware the descriptionlanguageis
frequently ahardwaredescriptionlanguage.In the caseof asynchronoussys-
tems,there is a varietyof different formalisms.In this work,a model called
(1-safe)Petri nets[15] will beusedasasystemdescriptionformalism.Other
choicesof asynchronoussystemmodelscould include processalgebras[43,
57], extended�n ite statemachinesassupportedby theSPIN tool [44], high-
level Petri netsassupportedby tools like Maria and PROD [53, 73], pro-
tocol speci�cation languagessuch asSDL [45], and variousprogramming
languagessuch asJava [2]. We selected1-safePetri netsmainly becauseof
their simplicity and the fact that there is an extensivebody of research on
their analysismethods. We believethat mostof the methodsdevelopedin
this work can alsobe appliedto other asynchronoussystemdescriptionfor-
malisms.

The useof temporal logicsto specify propertiesof concurrentprograms
was�r st suggestedby Pnueli in the late 1970's [63]. Severaltemporal log-
ics can be usedasspeci�cation languages.Two of the mostprominent are
the computation treelogic (CTL), and linear temporallogic (LTL); for the
semanticsof the logicsanda discussionof their featuresseee.g.,[11]. This
work will concentratemainly on LTL, particularlyon its subsetLTL-X, in
which the socallednext-timeoperatorhasbeenremoved.The LTL-X logic

4 1 I NTRODUCTI ON



is probablythe mostwidely usedlinear time temporallogic usedto specify
propertiesof asynchronoussystems.

Afterthe systemmodel is described,andthe speci�cations aredeveloped,
model checking is (ideally at least)a fully automatedprocedure. A model
checker will either output that the systemcorrespondsto the speci�cation
or that the speci�ed propertydoesnot hold. The executionsof a systemare
the�n ite andin�n ite pathsin theKripkestructurethatstartfrom someinitial
stateof thesystem.If thespeci�ed propertydoesnot hold, themodelchecker
outputsa counterexampleexecutionwhich violatesthe property. This fre-
quently facilit atesin the locationof errors.Thesefeatureshavemademodel
checking anappealingalternativefor industrialuse.

Themain obstaclein applyingmodelchecking isthestateexplosionprob-
lem. For example,if the systemisdescribedasacompositionof n �n ite state
machines,then the Kripkestructureof the systemcanbeof exponentialsize
in the number of components.Somesourcesof stateexplosionareconcur-
rencyof componentsmentionedabove,andcombinatorialexplosiondue to
combinationsof differentdatavaluesin datavariables.

In thiswork,methodsfor alleviatingthestateexplosionproblemin model
checking of 1-safePetri netsaredeveloped.The two main techniquesem-
ployedin thisworkarethe useof symbolicandpartialordermethods.There
is a largebodyof work dedicatedto makingmodel checking more ef�c ient
in differentdomains;for an overviewseee.g.,[11, 70].

In symbolicmodel checking the main idea is to representthe behavior
of the systemin a symbolicform ratherthan explicitly constructinga Kripke
structureasagraph.Thereareseveralvariationsto symbolicmethods.Their
common featureis the useof representationsof setsof statesof the system
in implicit form rather than havingeach global stateof a systemexplicitly
represented,e.g.,asanodeof the Kripkestructure.

Therearea largenumber of symbolicmethodsavailable. The mostwell-
known is the useof data structurecalled orderedbinary decision diagrams
(OBDDs),which areacanonical form of Booleanfunctions[9]. Themethod
wasdevelopedby McMillan for the veri�cation of synchronousdigital cir-
cuits[10,55]. Themain ideais to representthe transitionrelationandsetsof
reachablestatesasBooleanfunctionsrepresentedby OBDDs. The OBDDs
haveef�c ient algorithmsfor basicBooleanoperations,and are frequently
verycompactexploiting regularitiesin the digital circuits to representlarge
setsof statesof synchronoushardwaredesignsverycompactly.

Recently, severalsuggestionshavebeen made to replaceOBDDs with
methodsbasedon propositionalsatis�ability (SAT) procedures[1, 6] to fur-
ther improve the scalabilityof symbolic model checking. The bounded
model checking methodwasintroducedin [6]. The main ideain bounded
model checking is to look for counterexamplesthat are shorterthan some
�xed lengthn for a givenproperty. If a counterexamplecanbe found which
is at most of length n, the propertydoesnot hold for the system. Other-
wisethe result is inconclusive,and the bound must be increasedor proved
suf�cient to coverall possiblecounterexamplesby othermeans.The imple-
mentation ideasareverysimilar to proceduresusedin SAT-basedarti�c ial
intelligence(AI) planning [47, 59].

It seemsthat theboundedmodelchecking procedurescancurrentlychal-
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lengeOBDD basedmethodson digital hardware designsboth in termsof
memoryandtime required to �nd counterexamples[7, 8,13]. Theweakness
of boundedmodelchecking is that if no counterexamplecanbefoundusing
a bound, the result is in generalinconclusive. In certain favorablecases,it
canbe provedthat e.g.,all reachablestatesof a systemarereachablewithin
someboundn. In this casethe boundedmodelchecking is ableto show the
non-existenceof counterexamplesfor reachability properties;for more dis-
cussionsee[6]. Anotherwayof ensuringcompletenessis to useaSAT proce-
dure insidea “classical”symbolicmodel checker, aspresentedin [1, 76], to
replacean OBDD basedprocedure.It hasalsobeenobservedthat the per-
formanceof a SAT basedprocedureis frequently morepredictablethan the
performanceof anOBDD basedprocedure,which dependson the socalled
variableorderingthat candramaticallyaffectthe OBDD sizesduring model
checking, seee.g.,[13]. This variableorderingis frequently hard to gener-
ateautomaticallyusingheuristics,andgenerallymorehuman interactionis
neededwhen usingOBDDs insteadof SAT procedures[13].

Partial ordermethodsareacollectionof methodsto alleviatethe stateex-
plosionproblemduring theveri�cation of asynchronoussystems.Mostof the
communication protocolandsoftwareveri�cation workhasusedsomekind
of asynchronoussystemmodel, in which there area setof different “mod-
ules” in the systemthat caneach operateindependentlyof each otherwith-
out a global synchronization clock. The modulescan communicate with
each other through such communication mechanismsassharedvariables,
messagequeues,or synchronization primitives.In partialordermethodsthe
goal is to usethe independencebetweenthe modulesof the systemto al-
leviatethe stateexplosionproblem. This independencearisesfrom the fact
that frequently two modulesof the systemdo not interact with each other
ande.g.,changesmadeto local variablesin twodifferentmodulesof the sys-
tem canfrequentlybeexecutedin anyorder(or eventconcurrently)without
affectingthe outcome(the reached globalstateof the system).The partial
order methodscan be divided into two subclasses:partial order reduction
andpartialordersemanticsmethods.

The �r st classof partial order methodsincludesthe socalled partial or-
der reductionmethods,which usethe independencebetweentransitionsof
the systemto generatea subsetof the Kripke structureof the system,which
still preservesthe modelchecking outcomeof the speci�cation weareinter-
estedin. The methodsthususethe independenceinformation to prune the
Kripke structure,but still operateon interleavingexecutionsof the system.
Asnotedin Section10 of [11] this setof methodscould be betterdescribed
asmodel checking usingrepresentatives, sincethe veri�cation is performed
usingrepresentativeexecutionsfrom suitablyde�ned (usinganotion of inde-
pendence)equivalenceclassesof behaviors.1 Methodsof this classinclude
stubbornsets, persistentsets, and ample sets. Alsocloselyrelatedto these
methodsis thesleepsetmethod.For moreinformationon thisclassof meth-
ods,seee.g.,[11, 30,70,72].

Thisworkwill concentrateon thesecondsubclassofpartialordermethods

1Ratherthan being basedon a partial ordermodel of programexecution,the methods
usecommutativity of (some)transitionsto generateonly part of the Kripke structure.This
commutativitymight not evenarisefrom concurrency.
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which will be referredto aspartialordersemanticsmethods.Namely, these
methodstakea partial orderview of the behaviorof asynchronoussystems.
In thisview, twoconcurrent(andthusalsoindependent)eventsareexecuted
concurrently, and not in any�xed order. There is an orderbetweenevents
that aredependenton each other;however,asnotedbefore,this orderneed
not bea total order,but only apartialone.For Petri nets,therearetwomain
partial order semantics,known asnet unfoldings and processes. Roughly
speaking,anetunfolding canbeseenasapartialorderbranching time model
of computation, while processesarea linear time view of the partial order
behaviorof the system.

Net unfoldings wereintroduced in [58] asa partial order semanticsfor
Petri nets.Intuitively, theycanbeseenasapartialorderversionof anin�n ite
computation tree. They werelater more extensivelyresearched under the
nameof branching processesby Engelfriet [16]. McMillan wasthe �r st to
show how to usenet unfoldingsasa basisfor a veri�cation method[55] for
�n ite statesystems.He providedan algorithmto computea complete�n ite
pre�x of the unfolding, which containedfull informationaboutthebehavior
of the Petri net systemin symbolicform. The �n ite pre�x cansometimesbe
exponentiallymore succinct than the Kripke structureof the system,which
makesthem interestingsymbolicrepresentationsfor model checking work.
The net unfoldingshavebeena baseof severalmodel checking approaches
in the past,someof which arementionedin this work. Section3 contains
more information on the net unfolding method. In addition, publications
[P1]-[P4] areon net unfolding basedmethods.

Processeswereintroducedto givepartialordersemanticsto Petri nets[4,
5, 29, 31]. Intuitively, a processcan be seenasthe partial order version
of an execution. However,it is actuallythe casethat evena singleprocess
cancorrespondto exponentiallymanyinterleavingexecutions,andthuscan
sometimesalsobe exponentiallymore succinct than the Kripke structure.
The partialorderbehaviorof thesystemcannow bedescribedasasetof pro-
cessesit induces.A net unfolding canbe intuitively seenasthe union of all
the processesof the Petri net system,with maximalpre�x sharing.The term
“branching processes”refersto this fact. The only processbasedveri�cation
methodwe know of is presentedin publication [P5], which containsa pro-
cessbasedboundedmodelchecking procedure.It canbeseenasasymbolic
representation of all the processesof the 1-safePetri net in question,which
haveadepthequal to auserspeci�ed valuen. An extensivetreatmentof Petri
net processescanbefound in [4, 5].

For computational complexityof Petri net relatedveri�cation problems,
seee.g.,[18]. More information on the stateexplosionproblemand meth-
odsto alleviateit can be found in [70]. For a longer introduction to model
checking, including otherrelatedtechniques,seee.g.,[11].

Our research goalhasbeenthe developmentof ef�c ient modelchecking
methodsfor 1-safePetri nets. The main problem facing us is the state ex-
plosionproblem. We havechosento concentrateon usinga combination
of symbolicmethodsand partial order semanticsto alleviatethis problem.
A major part of the work focuseson developinga betterunderstanding of
complete�n ite pre�x basedveri�cation methods.

1 I NTRODUCTI ON 7



1.1 Contributions

The main contributionsof each of the publicationsarethe following:

� [P1]: Linearsizetranslationsaredevisedfrom thedeadlock andreach-
ability problemsof 1-safePetri netsusingcomplete�n ite pre�xes into
�nd ing a stable model of a logic program. For deadlock checking,
the translationcanbe seenasan adaptation of the mixed integerpro-
gramming translationof [56] to the usedlogic programming frame-
work, while the reachability checking version is new. Experimental
resultsfrom the deadlock detectionproblem show the method to be
competitivewith alternativenet unfolding baseddeadlock checking
approaches.This publication isan extendedversionof [37].

� [P2]: Model checking severaltemporallogicsisshown to bePSPACE-
complete in the sizeof a complete �n ite pre�x of a 1-safePetri net
systemfor �xed sizeformulas.The proofemploysaclassof net systems
for which it is easyto generatea complete�n ite pre�x in polynomial
time. Thisclassisalsoshown to contain netsystemsfor which classical
pre�x generationalgorithms[24, 25,55] generateexponentiallylarger
pre�xesthan required to satisfythe pre�x completenesscriterion.

� [P3]: A new net unfolding basedmodel checking procedurefor an
actionbasedlinear temporallogic is presented.This proceduresolves
the model checking problem by direct inspectionof a pre�x instead
of requiring the running of an elaboratealgorithm on the pre�x, asis
the casein previousapproaches[75]. The report version [20] is an
extendedversion that containsproofsand examplesnot contained in
the conferenceversion[P3] dueto lengthconstraints.

� [P4]: An implementation of a net unfolding basedlinear temporal
logic model checker is presented.The tableauprocedureof [P3] is
appliedto a statebasedtemporallogic LTL-X, and developedfurther
to be more easilyimplementableasa modi�cation of a conventional
pre�x generationprocedure. Experimental resultsfrom a prototype
implementationarepresented.Again, the reportversion[22] contains
proofsomitted from the conferenceversion [P4] due to length con-
straints.

� [P5]: Bounded model checking is applied to checking reachability
propertiesof asynchronoussystems,speci�cally 1-safePetri nets. We
considerthreedifferent semantics:interleaving,step,and processse-
mantics. The reachability checking problemsaretranslatedinto con-
strainedBooleancircuit satis�ability, andexperimental resultson aset
of deadlock checking problemsareobtained. The main contribution
is the translationfor the processsemantics,which frequently performs
bestof the threesemanticsconsidered.

� [P6]: We presenthow to uselogic programswith stablemodelseman-
tics to solveboundedmodel checking problemsof 1-safePetri nets.

8 1 I NTRODUCTI ON



In this work, two semanticsareconsidered:interleavingand stepse-
mantics.Asproperties,reachability andalsolinear time temporallogic
LTL-X areused,both with parametricinitial markings.The main con-
tribution of the paperis a new, moresuccinct boundedLTL-X model
checking translationthatallowsfor concurrencyof invisibletransitions
in generatedcounterexamples.This frequently allowscounterexam-
plesto befound with smallerbounds.This publication is an extended
versionof [41].

Structure of the Dissertation. The dissertationsconsistsof 6 publications
andadissertationsummary.

The structureof thedissertationsummaryisasfollows.Firstweintroduce
basicnotation usedfor Petri nets. In Section3 we de�ne net unfoldings.
The discussionof different notionsof pre�x completenessin Section3.1 is
a subjectthat is presentedonly in the dissertation summary. We will con-
tinue with the de�n ition of logic programswith stablemodelsemantics,and
the motivation for usingthem in Section4. Veri�cation with pre�xes is the
topic of Section5, partsof which are new to this work. In Section6, we
introduceboundedmodelchecking. The conclusionsarein Section7. The
Appendix A containscorrectionsandadditions to the publications.

1 I NTRODUCTI ON 9



2 PETRI NETS

This sectionsummarizesthe basicPetri net notation usedthroughout the
work.All of the materialis alsopresentedin the publications.

Petri netsare a widely usedmodel of concurrent and reactivesystems.
In this work we discussveri�cation methodsfor Petri netsusedto model
asynchronous�n ite statesystems.More speci�cally , welimit ourselvesto the
so-called1-safePetri nets,which canbeseenasan interestinggeneralization
of communicatingautomata,seee.g.,[15].

A net is a triple N = hP; T; F i , whereP andT aredisjoint setsof places
andtransitions, respectively, andF isafunction (P � T) [ (T � P) ! f 0; 1g.
Placesand transitionsaregenericallycallednodes. If F (x; y) = 1 then we
saythat thereis an arc from x to y. The placesarerepresentedin graphical
notationbycircles,transitionsbysquares,andthe �o w relationF with arcs.

The presetof a nodex 2 P [ T, denotedby � x, is the setf y 2 P [ T j
F (y; x) = 1g. The postsetof a nodex 2 P [ T, denotedby x � , is the set
f y 2 P [ T j F (x; y) = 1g. Their generalizationson setsofnodesX � P [ T
arede�ned as� X =

S
x2 X

� x, andX � =
S

x2 X x � , respectively. In thiswork
weconsideronly netsin which everytransitionhasa nonemptypresetanda
nonemptypostset.

A marking of a net hP; T; F i is a mappingP ! IN (where IN denotes
the set of natural numbers including 0). We identify a marking M with
the multiset containing M (p) copiesof p for everyp 2 P. For instance,
if P = f p1; p2g and M (p1) = 1, M (p2) = 2, we write M = f p1; p2; p2g.
A markingis graphicallydenotedby a distribution of tokenson the placesof
the net.

A markingM enablesa transitiont if it markseach placep 2 � t with a
token, i.e., if M (p) > 0 for each p 2 � t. If t is enabledat M , then it can
�re or occur, and its occurrenceleadsto a new marking M 0, obtained by
removinga tokenfrom each placein the presetof t, and adding a tokento
each place in its postset;formally, M 0(p) = M (p) � F (p; t) + F (t; p) for
everyplacep. For each transitiont the relation t� � � ! is de�ned asfollows:
M t� � � ! M 0 if t is enabledatM anditsoccurrenceleadsto M 0.

A 4-tuple� = hP; T; F; M 0i is a net systemif hP; T; F i is a net and M 0

is a markingof hP; T; F i (called the initial markingof � ). We will useasa
running examplethe net systemin Figure1.

A sequenceof transitions� = t1t2 : : : tn isanoccurrencesequenceif there
existmarkingsM 1, M 2, : : : , M n such that

M0
t1� � � ! M 1

t2� � � ! : : : M n� 1
tn�� � �! M n :

Mn is the marking reached by the occurrenceof � , which is alsodenoted
by M 0

�� � � ! M n . A marking M is a reachable marking if there existsan
occurrencesequence � such that M 0

�� � � ! M . The reachability graphof
a net system� is the labelledgraphhavingthe reachablemarkingsof � as
nodes,and the t� � � ! relations(more precisely, their restrictionto the setof
reachablemarkings)asedges.In thisworkweonly considernet systemswith
�n ite reachability graphs.
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t1 t2 t3 t4 t5

p1 p2

p3 p4 p5

Figure1: A running example,net system� .

A markingM of anet isn-safeif M (p) � n for everyplacep. A netsystem
� is n-safeif all its reachable markingsaren-safe.In this work we mainly
considernet systemswhich are1-safe.The only exceptionto this rule is the
publication[P3], wherewealsoconsidern-safenetsystemsfor a�xed integer
n � 1.

Labelled Nets. Let L be a �n ite alphabet. A labellednet is a pair hN; l i
(alsorepresentedas4-tuplehP; T; F; l i ), whereN isanetandl : P [ T ! L
is a labelling function. Notice that different nodesof the net can carrythe
samelabel. We extendl to multisetsof P [ T in the obviousway.

For each label a 2 L we de�ne the relation a� � � ! betweenmarkingsas
follows:M a� � � ! M 0 if M t� � � ! M 0 for sometransitiont such that l(t) = a.

The reachability graphof a labellednet systemhN; l; M 0i is obtainedby
applyingl to the reachability graphof hN; M 0i . In otherwords,its nodesare
the set

f l(M ) j M isa reachablemarkingg

andits edgesarethe set

f l(M 1)
l (t )

� � � � ! l (M 2) j M1 is reachableandM 1
t� � � ! M 2g :

It shouldbenotedthat in this dissertation summaryonly labellednet sys-
temsof averyrestrictedform areused.Namely, for anytwo reachablemark-
ing M 1; M2 of the underlyingnet systemhN; M 0i such that l(M 1) = l(M 2)

it holdsthat if M 1
t� � � ! M 0

1 then thereexistt0; M 0
2 such that M 2

t0

� � � ! M 0
2,

l (t0) = l(t), andl(M 0
2) = l(M 0

1).
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3 NET UNFOLDINGS

This sectionintroducesnet unfoldings and complete �n ite pre�xes more
throughly than the presentation in the publications[P1]-[P4]. The discus-
sionof differentnotionsof pre�x completenessin Sect.3.1isasubjectwhich
isnewto thedissertationsummary. Thepresentationof thissectionisheavily
in�uenced by the presentationof [23, 24,25].

Net unfoldings wereintroduced in [58] asa partial order semanticsfor
Petri nets. They were later more extensivelyresearched under the name
of branching processesby Engelfriet [16]. McMillan wasthe �r st to show
how to usenet unfoldings asa basisfor a veri�cation method [55]. This
method hassinceits publication beenthe basisof severalmodel checking
approaches,someof which wewill discussin this dissertation.

In thissectionweintroducethede�n itionsneededto describetheunfold-
ing approach. More detailscanbefound in [23, 24,25,65,74].

OccurrenceNets. We use< F (� F ) to denotethe (re�exive) transitiveclo-
sureof a �o w relation F . We saythat two distinct nodesx; y are causally
related, if x < F y or y < F x holds. The nodesx and y are in con�ict ,
denotedby x # y, if thereexistt1; t2 2 T such that t1 6= t2, � t1 \ � t2 6= ; ,
t1 � F x, andt2 � F y. The nodesx andy areconcurrent, denotedbyx co y,
if neither x < F y nor y < F x nor x # y.

Occurrencenetsarenetswhich havethe following special properties.An
occurrencenet isa net N = hB; E; Gi such that

� 8b2 B : j � bj � 1,

� G isacyclic,or equivalently, < G isastrictpartialorder(a transitiveand
irre�exive relation),

� N is �n itely preceded,i.e., for anynodex of the net, thesetof nodesy
such that y < G x is �n ite, and

� 8x 2 B [ E : : (x # x).

The elementsof B andE arecalledconditions andevents, respectively. We
alsouseG insteadof F to denotethe �o w relation of an occurrencenet in
order to not to causeconfusionwhen the occurrencenetsareusedlater in
this section. Let Min (N ) denotethe setof minimal elementsof the strict
partialorder< G restrictedto the setof conditions. In this work the minimal
elementswill all be conditions, and thus the setMin (N ) can be intuitively
seenasan initial marking, called the default initial marking. A setof con-
ditions of an occurrencenet is a co-setiff all the conditions of the setare
pairwiseis the co relation.

Branching Processes. We associate to a net system� a setof labelledoc-
currencenets,called the branching processesof � . For technical reasons
we require that the initial marking M 0 of � is 1-safe.The conditions and
eventsof branching processesare labelledwith placesand transitionsof � ,

12 3 NET UNFOLDI NGS



respectively. The conditions and eventsof the branching processesaresub-
setsfrom two setsB andE, inductivelyde�ned asthe smallestsetssatisfying
the following conditions

� ? 2 E, where? isan special symbol,

� if e 2 E, then (p;e) 2 B for everyp 2 P, and

� if ; � X � B, then (t; X ) 2 E for everyt 2 T.

In our de�n itions of branching process(seebelow) we makeconsistent
useof thesenames:The labelof a condition (p;e) is p, and its unique input
eventis e. Conditions (p;? ) haveno input event,i.e., the special symbol?
isusedfor theminimal conditionsof theoccurrencenet. Similarly, the label
of an event(t; X ) is t, and its setof input conditions is X . The advantage
of this scheme is that a branching processis completelydetermined by its
setsof conditions and events.This labelling schemewas�r st introducedby
Engelfriet[16].

We will de�ne branching processesinductively in what followsaspairs
(B ; E) whereB � B and E � E. A pair (B ; E) can now be alternatively
seenasa labellednet systemN = hN; l; Min (N )i with N = hB; E; Gi as
follows.The labelling l is the onedescribedabove,conditions B andevents
E areasgiven,andthe �o w relationG being

� if e = (t; X ) 2 E andb2 (X \ B), then (b;e) 2 G, and

� if b= (p;e) 2 B such thate 2 E, then (e;b) 2 G.

Note that the de�n ition abovedoesnot assumeanythingaboutthe “consis-
tency”of the labelling, i.e.,anedgecanonly existif both itsendpointsexists.
Thiscomplicatesthede�n ition somewhatbut makesit applicableto anypair
(B ; E) insteadof only branching processes.For branching processesthe net
systemasde�ned aboveareoccurrencenet systems,asexpected.

We will now inductivelyde�ne the setof �n ite branching processof anet
system� asapairs(B ; E).

De�n ition 1 Thesetof �n ite branching processesof anetsystem� with the
(1-safe)initial markingM 0 = f p1; : : : ; png is inductivelyde�ned asfollows:

� (f (p1; ? ); : : : ; (pn ; ? )g; ; ) is abranching processof � .

� If (B ; E) is a branching processof � , t 2 T, and X � B is a co-
setlabelledby � t, then ( B [ f (p;e) j p 2 t � g ; E [ f eg) is alsoa
branching processof � , wheree = (t; X ). If e =2 E, then e is calleda
possibleextensionof (B ; E).

Thesetofbranching processesof � isobtainedbydeclaringthattheunion
of any�n ite or in�n ite setof branching processesisalsoabranching process,
whereunion of branching processesisde�ned componentwiseon conditions
and events. Since branching processesare closedunder union, there is a
unique maximalbranching process,calledthe unfolding of � . This resultis
due to Engelfriet [16]. We will often usethe term pre�x asa synonymfor
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e2(t3)

e9(t2)

b12(p3) b13(p4) b9(p4) b8(p5)

e7(t3) e8(t5)

b14(p3) b15(p4) b16(p4) b17(p5)

b1(p1) b2(p2)

e1(t2) e3(t5)

b3(p3) b4(p4) b5(p4)

e4(t1) e5(t4) e6(t4)

b10(p2)b7(p2)b11(p1)

e10(t2)

e12(t5)e11(t3)

b6(p5)

Figure2: An initial partof the unfolding of � .

a branching processof a net system,asany �n ite branching processcan be
seenasapre�x of the unfolding of the samenet system.

Asan exampleof the unfolding, look at our running example,the 1-safe
net system� in Figure 1. An initial part of the (in�n ite) unfolding of � is
presentedin Figure2. The labelling l is givenby the labelsin the parenthe-
ses.

We takeaspartial order semanticsof � its unfolding. This is justi�ed,
becauseit canbeeasilyshown the reachability graphsof � andof itsunfold-
ing coincide. (Notice that the unfolding of � is a labellednet system,and
soits reachability graphis de�ned asthe imageunder the labelling function
of the reachability graphof the unlabelledsystem.)It is possibleto show an
evenstrongercorrespondencebetweenthe behaviorof the original net sys-
tem and the unfolding. Namely, alsothe partial order behaviorof the net
systemispreservedbyunfolding [24, 25].

Weoftenuse� to referto abranching process.Becauseit iseasyto obtain
either presentation � = (B ; E) or � = hN; l; Min (N )i with N = hB; E; Gi
of the branching processfrom each other, we usethem interchangeablyall
throughthis work.

Con�gurations. A con�guration of an occurrencenet is a setof eventsC
satisfyingthe two following properties:C is causallyclosed,i.e., if e 2 C
and e0 < G e then e0 2 C, and C is con�ict-free, i.e., no two eventsof C
are in con�ict. Note that con�gurations can correspondsto severaloccur-
rencesequencesof the underlying net system.In our running examplein
Figure 2 the con�guration C = f e1; e4; e5g correspondsto the occurrence
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sequencest2; t1; t4 andt2; t4; t1 of thenetsystem� in Figure1. Wecall these
occurrencesequenceslinearisationsof the con�guration.

A con�guration C of a branching processis associatedwith a reachable
markingof � denotedby Mark (C) = l((M in (N ) [ C � ) n � C). The corre-
sponding setof conditionsassociatedwith acon�guration iscalledacut, and
is de�ned asCut(C) = ((M in (N ) [ C � ) n � C). Given an evente, we call
[e] = f e0 2 E j e0 � G eg the local con�guration of e.

Anotherwayof specifying theunfolding isthatit istheoutputofanunfold-
ing algorithm,Algorithm1,which was�r stpresentedin thisform in [24]. We
denoteby PE(Unf ) the setof possibleextensione = (t; X ) of a branching
processUnf = (B ; E). For the algorithmto work,werequire the following
notion of fairness:Wheneveraneventisaddedto thesetpeof possibleexten-
sions,it isalsoeventuallyselectedto beremovedfrom theset.Onepossibility
to guaranteethis is to require that the unfolding algorithmproceeds,e.g.,in
breadth-�rstorderin generatingthe unfolding.

Algorithm 1 The unfolding algorithm

input: A net system� = hP; T; F; M 0i , whereM 0 = f p1; : : : ; png.
output: The unfolding Unf = (B ; E) of � .
begin
Unf := (f (p1; ? ); : : : ; (pn ; ? )g; ; );
pe := PE(Unf );
while pe 6= ; do

appendto Unf anevente = (t; X ) of pe anda condition (p;e)
for everyplacep 2 t � ;

pe := PE(Unf );
endwhile
end

Note that the unfolding algorithm might not terminate becausethe un-
folding canbean in�n ite object.

3.1 CompleteFinite Pre®xes

When we are interestedin Petri netswhich haveonly a �n ite number of
reachable states,then the net unfolding will contain a �n ite initial part,
which containsfull information about the net unfolding. This observation
was�r st made by McMillan [55], who developedan algorithm to obtain
such complete�n ite pre�x of the unfolding.

Later Esparzaet al. [24, 25] improvedMcMillan 's constructionto guar-
anteethat for 1-safenet systemsone can obtain a pre�x which represents
all reachablemarkingsandwhosesizeis boundby the number of reachable
statesof the original net system. A pre�x can in somecasesbe exponen-
tially smallerthan the reachability graphof the system,which makesthem
interestingfor veri�cation purposes.

Marking Completeness. We beginby giving a notion of pre�x complete-
nesssuf�cient to check reachability propertiesusingnet unfoldings.
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De�n ition 2 A branching process� of anetsystem� ismarkingcompleteif
for each reachablemarkingM of � thereexistsa con�guration C of � such
thatM ark(C) = M .

Esparzaet al. haveshown that for 1-safePetri nets it is alwayspossibleto
createa marking completepre�x which hasat mostasmany eventsasthe
net systemhasreachable markings[24, 25]. (Use for examplethe pre�x
generationalgorithmof [24,25] andthrow awaythesocalled“cut-offevents”
assoonastheyareencountered.)

Net Structure Completeness. We havede�ned markingcompletenessin
awaywhich doesnot require thateach enabledtransitionof thenetsystemis
presentedasan eventin the pre�x. To require this, wede�ne the following
(incomparable)notion of completeness.

De�n ition 3 A branching process� of a net system� is net structurecom-
pleteif foreach transitiont enabledbysomereachablemarkingM of � there
existsan evente of � such that l(e) = t.

Usuallynet structurecompletenesson its own is not a veryinterestingprop-
erty, asit only allowsoneto recreateall the transitions(which areenabledby
somereachable marking)of the net system� from the pre�x � . However,
if one createsa pre�x which is markingcomplete,and then addsone event
for each enabledtransitionnot existingin the pre�x sofar, it is possibleto
obtain a markingandnet structurecompletepre�x whosenumberof events
is boundby the sumof reachablemarkingsandthe number of transitionsof
the net system� .

Completeness. Esparzaet.alwerethe �r stto de�ne asemanticpre�x com-
pletenesscriterion. We will thussimplyreferto it ascompleteness[24, 25].

De�n ition 4 A branching process� of anetsystem� iscompleteif for each
reachablemarkingM of � thereexistsacon�guration C of � such that:

� M ark(C) = M , and

� for everytransitiont enabledin M thereexistsacon�guration C [ f eg
such thate 62C andl(e) = t.

Clearly the unfolding of a net systemis alwayscomplete. If a �n ite pre�x
of the unfolding is completewecall it a complete�n ite pre�x. Intuitively if
a pre�x is completethen the unfolding can be “easily” reconstructedfrom
it. (Of course the unfolding could be alsoobtained from a net structure
completepre�x bye.g.,recreatingtheoriginalnetsystemandthenunfolding
it. However,we do not considersuch and indirect way of constructingan
unfolding from a pre�x “easy”.) A complete�n ite pre�x alsocontainsall
the information aboutthe reachability graphof the net system,andthuscan
be seenasa symbolic representation of the reachability graph. A slightly
weakerde�n ition of completenessis presentedin [50]. It doesalsoallow the
unfolding to be“easily”generatedfrom the pre�x if needed.
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Strong Completeness. The traditional pre�x generationalgorithmsand
someof the model checking algorithmsuse the notion of a setof cut-off
eventsEcut . RecentlyVogler et al. [74] haveadded cut-off eventsinto a
notion of pre�x completenessin an algorithm independentfashion. Their
notion of pre�x completenesscanbeparameterizedin severaldifferentways.
For simplicity wewill �x a setof parameters,andobtain an instanceof their
notion which canbede�ned asfollows.

De�n ition 5 A branching process� of anetsystem� isstronglycompleteif
thereisasetEcut � E such that:

� for each reachablemarkingM of � thereis a con�guration C � (E n
Ecut ) of � such thatMark (C) = M , and

� for each con�guration C0 � (E n Ecut ) of � and for each transitiont
enabledby Mark (C0) in � , thereis an evente of � such that e 62C0,
l (e) = t, and such that C0 [ f eg is a con�guration of � (e maybe in
Ecut ).

We call an evente redundantif there existsan evente0 2 Ecut such that
e0 < G e. It is easyto seethat all redundanteventscan be removedand
the branching processstill staysstronglycomplete. We will in the follow-
ing assumethat a stronglycompletebranching processdoesnot contain any
redundantevents.

Note that this de�n ition requires each con�guration C0 without cut-off
eventsto be fully extendedby all the transitionsenabledby the correspond-
ing marking,not just one representativecon�guration to be fully extended
(compareto Def. 4).

The intuition is that Ecut containsa setof events,which do not needto
be �red to reach any of the reachable markingsof � , and thus the pre�x
can be truncatedat anyeventin the setof cut-offeventswithout losingany
reachablemarkings.However,in a stronglycompletepre�x this truncation
shouldalwaysmanifestitself asa cut-offeventleft in the pre�x. This notion
of completenessis strongestof all the notion of completenessdiscussedin
this work. Thus if a pre�x is stronglycompleteit is alsocomplete,marking
complete,and net structurecomplete. Clearly, if we removeall the cut-
off eventsfrom a stronglycompletepre�x, we will end up with a marking
completepre�x which might no longerbenet structurecomplete.

Becausestrongcompletenesscriterion impliescompleteness,it might re-
quire moreeventsto bepresentin thepre�x thanjustordinarycompleteness.
The drawback of thesenotionsof pre�x completenesswhich require more
eventsto beaddedto the pre�x than just plain markingcompletenessis that
the pre�x mayneedto havealsoa largenumber of (usuallycut-off) events
includedto satisfytheadditional partsof theusedcompletenessrequirement.
We do not know of anupperboundon the numberof such additional events
which would be linearly boundedby the numberof markingsin the reacha-
bility graph.

The McMillan 's deadlock checking algorithm [55], Esparza's branching
time modelchecker[17, 32], aswell asthedeadlock checkersof [48,56] and
[P1] relyon havingacompletesetof cut-offeventsavailableandthusrequire
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strongcompleteness.However,the reachability translationof [P1] worksfor
anymarkingcompletepre�x.

The work of Khomenkoand Koutny in [49] presentstwo different dead-
lock checking procedures.The �r stonerequiresstrongcompleteness,while
the thesecondoneworksfor anymarkingcompletepre�x. The intuition be-
hind this translationis to expressthe deadlock asa reachability of a marking
satisfyingthe formula dead = :

W
t2 T

V
p2 � t p. The latestimplementationof

the reachability checking proceduredescribedin [P1] supportsa largevari-
etyof formulasto begivenasinput, including the formula dead. The details
of the improved implementation havebeen describedin [34]. The main
featureof the usedtranslationis that it is linear in the input formula sizefor
all supportedformulas. We would like to usemarkingcompletenessfor all
reachability propertiesin the future,asthatenablesoneto generatessmaller
pre�xesthan e.g.,strongcompleteness.We needto experimentwith this al-
ternativedeadlock checking approach to seewhether it is a viablesolution
when e.g.,usingthe approach of [P1].

The complexityresultsof publication [P2] weredone for the notion of
completeness(Def. 4), however, the pre�xes used in the proofsare also
stronglycomplete(Def. 5) and thus the resultsalsohold for this stronger
notion of pre�x completeness.

We believethat alsoother, more application speci�c, notions of pre�x
completenesswill be useful in the designof ef�c ient model checking algo-
rithms with pre�xes. Instancesof this canbe found in the publications[P3]
and[P4].

Pre�x generation. We will now describeone algorithm which constructs
a complete�n ite pre�x of the unfolding of a boundedPetri net. Actually
the generatedpre�x will alsobe completewith respectto the strongcom-
pletenesscriterion of Def. 5, see[74]. In this form the algorithm was�r st
presentedin [24]. Firstwewill introducesomeadditional notation.

Given a con�guration C, we denoteby " C the setof eventsof the un-
folding givenby f e j e 62C ^ 8e0 2 C : : (e# e0)g. Intuitively, " C cor-
respondsto the behaviorof � from the markingreached afterexecutingthe
eventsin C. We call " C the continuation afterC of the unfolding of � . If
C1 and C2 are two �n ite con�gurations leading to the samemarking, i.e.,
Mark (C1) = M = Mark (C2), then "C1 and"C2 areisomorphic, i.e., there
is a bijection betweenthem which preservesthe labelling of eventsand the
causal,con�ict, and concurrencyrelations(see[24, 25]). The basicidea
of the unfolding algorithm is to avoid the constructionof such redundant
isomorphic copiesof the samebehaviorby truncating the unfolding when
possible.

Adequateorders. To implement a complete�n ite pre�x generationalgo-
rithm weusethe notion of adequateorderon con�gurations[24, 25]. Given
acon�guration C of the unfolding of � , wedenotebyC � E the setC [ E,
under the condition that C [ E is a con�guration satisfyingC \ E = ; . We
saythat C � E is an extensionof C. Now, let C1 and C2 be two �n ite con-
�gurations leading to the samemarking.Then "C1 and"C2 areisomorphic,
aswasnotedabove.This isomorphism,sayf , inducesa mappingfrom the
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extensionsof C1 onto the extensionsof C2; the imageof C1 � E under this
mappingis C2 � f (E).

De�n ition 6 A strictpartialorder� on �n ite con�gurationsof theunfolding
of anet systemis an adequateorderif:

� � is well-founded,

� C1 � C2 impliesC1 � C2, and

� � is preservedby �n ite extensions;if C1 � C2 and Mark (C1) =
Mark (C2), then the isomorphism f from abovesatis�esC1 � E �
C2 � f (E) for all �n ite extensionsC1 � E of C1.

Note the requirement that � is astrictpartialorder(a transitiveandirre�ex-
ive relation),asthis part is sometimesoverlookedin the de�n ition.

Total adequateordershavebeenpresentedfor 1-safePetri netsin [24, 25]
andfor synchronousproductsof transitionsystemsin [23]. Theapproach has
alsobeenadaptedfor processalgebrasin [52], wherethe authorsalsode�ne
anadequateorder. The exactde�n itionsadequateordersfor 1-safePetri nets
aresomewhat involvedand left out of this work, the detailscanbe found in
[24, 25, 65].

Unlike the semanticde�n ition of strongcompleteness,Def. 5, the pre-
sentedalgorithmusesanalgorithmic wayof computingasetof cut-offevents.
Theyareidenti�ed asfollows.

De�n ition 7 An event e of a pre�x of the unfolding is a cut-off event if
the alreadyconstructedpart of the pre�x contains an event e0, such that
Mark ([e0]) = Mark ([e]) and[e0] � [e].

Wecall thecon�guration [e0] thecorresponding con�guration. The intuition
behind cut-offeventsis the following. BecauseMark([e0]) = Mark ([e]) we
know that their continuations" [e0] and"[e] areisomorphic. Because[e0] was
alreadyaddedto thepre�x, wedon't haveto duplicatethesame(isomorphic)
behaviorafter [e] but can safelytruncatethat branch of the pre�x without
loosinganyinformation. For the correctnessproofof the algorithm,see[24,
25].

It isalsopossibletousenon-localcorresponding con�gurationswhen�nd-
ing cut-off eventsof a pre�x. This more re�ned cut-off criterion was�r st
proposedin [35]. Non-local cut-off criteria havenot beenimplementedin
currently available pre�x generationtools due to high costsof computing
them in an implementation.

A Complete Pre�x Generation Algorithm. We can now presetthe com-
pletepre�x generationalgorithmof Esparzaet al., Algorithm 2. It is an im-
provedversion of the �r st completepre�x generationalgorithm developed
byMcMillan [55].

The algorithm worksasfollows. Firstpossibleextensionsarecalculated.
Then the algorithmaddseventsto the pre�x in increasingadequateorderof
their local con�gurations. It addsto the pre�x all eventswhich do not havea
cut-offin their local con�guration, updatingthesetsof of possibleextensions
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Algorithm 2 A (strongly)complete�n ite pre�x algorithm

input: A n-safenet system� = hP; T; F; M 0i , whereM 0 = f p1; : : : ; png.
output: A complete�n ite pre�x Fin = (B ; E) of Unf .
begin
Fin := (f (p1; ? ); : : : ; (pn ; ? )g; ; );
pe := PE(Fin );
cut_o� := ; ;
while pe 6= ; do

chooseanevente = (t; X ) in pe such that [e] isminimal
with respectto � ;
if [e] \ cut_o� = ; then

appendto Fin the evente andacondition (p;e)
for everyplacep 2 t � ;

pe := PE(Fin );
if e isa cut-offeventfor Fin then cut_o� := cut_o� [ f eg;

else
pe := pe n f eg;

endif
endwhile
end

and cut-off eventsaccordingly. For 1-safenets the number of non-cut-off
eventgeneratedby the algorithm is boundedby the number of reachable
markingswhen usingthe adequateorderof [24].

The (strongly)completepre�x generatedby the algorithm for our run-
ning exampleis presentedin Figure 3. In the �gures the cut-off eventsare
markedwith crosses.We can obtain a smallermarkingcompletepre�x by
just removingall the cut-offeventsfrom the pre�x of Figure3.

We referthe readerinterestedin pre�x generationalgorithmsto [23, 24,
25, 50, 65]. The latestdevelopmentin them is the use of parallel algo-
rithms [40, 74] for pre�x generation.
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Figure3: A stronglycomplete�n ite pre�x of � .
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4 RULE-BASED CONSTRAINTPROGRAMMING

This sectionintroduceslogic programswith stablemodelsemanticsin more
detail than the publications[P1] and [P6]. The presentation of this section
is basedon [67], [P1] andslightlyextendedhere. The motivation for using
stablemodelsin Section4.2is newto this dissertationsummary.

Wewill usenormallogicprogramswith stablemodelsemantics[28] asthe
underlying formalisminto which severalveri�cation problemsin this work
aretranslated.To bemoreexplicit, the toolsdevelopedin publications[P1],
[P4], and [P6] employ logic programswith stablemodel semantics.For a
longerintroduction to the stablemodel semantics,and its relation to propo-
sitionalsatis�ability, wereferthe interestedreaderto [59].

The stablemodel semanticsis oneof the main declarativesemanticsfor
normal logic programs.However,herewe uselogic programming in a way
that is different from the typical PROLOG styleparadigm, which is based
on the ideaof evaluatinga givenquery. Instead,we employ logic programs
asa constraintprogramming framework[59], where stable modelsare the
solutionsof the programrulesseenasconstraints.

We considernormal logic programsthat consista setof of rules of the
form

h  a1; : : : ; an; not (b1); : : : ; not (bm) (1)

wherea1; : : : ; an; b1; : : : ; bmandh arepropositionalatoms.Such a rule can
be seenasa constraintsayingthat if atomsa1; : : : ; an are in a model and
atomsb1; : : : ; bm are not in a model, then the atom h is in a model. The
atom h is called the headof the rule, while the atomsa1; : : : ; an and the
not-atomsb1; : : : ; bmarejointly calledthe bodyof the rule.

The stablemodel semanticsalsoenforcesminimality and groundedness
of models. This makesmanycombinatorialproblemseasilyand succinctly
describableusinglogic programming with stablemodelsemantics.

The stablemodel semanticsfor a normal logic programP is de�ned as
follows[28]. (Seealsoanalternativede�n ition afterexamplesbelow.)

De�n ition 8 ThereductPA of P with respectto asetof atomsA isobtained
by

(i) deletingeach rule in P that hasa not-atomnot (x) in its bodysuch
that x 2 A, and

(ii) bydeletingall not-atomsin the remaining rules.

The deductiveclosureof PA is the smallestsetof atomsthat is closedunder
PA when the rulesin PA areseenasinferencerules. A setof atomsA is a
stablemodelof P iff A is the deductiveclosureof P A when the rulesin PA

areseenasinferencerules.

The problem of deciding whether a programhasa stable model is NP-
complete[54]. The de�n ition abovegivesa way non-deterministic way of
constructingstablemodels.
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We will demonstratethe basicbehaviorof the semanticsusingprograms
P1-P4below:

P1:a  not (b) P2:a  a P3:a  not (a) P4:a  c; not (b)

b  not (a) b  not (a)

d  b

ProgramP1hastwostablemodels:f ag andf bg. For exampleif weguess
A = f ag we obtain the reduct programP f ag = f a  g , whosedeductive
closureis f ag andthusA isastablemodel.The f bg caseissymmetric.If we
guessA = f a; bg weobtain the reductprogramP f a;bg = ; , whosedeductive
closureis ; and thusA is not a stablemodel. If we guessA = ; we obtain
the reduct programP ; = f a  ; b  g , whosedeductiveclosureis f a; bg
andthusA is not astablemodel.

ProgramP2hastheemptysetasitsuniquestablemodel.Thisexposesthe
fact that the deductiveclosureof P ; = f a  ag is the emptyset. Alsothe
deductiveclosureof P f ag = f a  ag is the emptyset,and thusA = f ag is
not astablemodel.

ProgramP3 is an exampleof a programwhich hasno stablemodels. If
we guessA = ; , then we will deducef ag, which will contradict with our
assumptionA = ; , andsymmetricallyfor A = f ag.

ProgramP4hasonestablemodel f b; dg. If weguessA = f b; dg wewill
get the reductprogramP f b;dg = f b  ; d  bg whosedeductiveclosureis
f b; dg. If weguessA = f a; cg wewill getthe reductP f a;cg = f a  c; d  
bg whosedeductiveclosureis ; which doesnot agreewith our guess.Other
casesaresimilar.

Next we proceedto givean alternativede�n ition of the stablemodel se-
manticsusingslightlydifferentnotation.

De�n ition 9 Let A beasetofatoms,wede�ne not (A) = f not (a) j a 2 Ag.

For a setof atomsand not-atomsB we denotethe atomsin B by B + and
the setof not-atomsby B � . Atomsand not-atomsare alsocalled literals.
We denotewith Atoms(P) the setof all propositionalatomswhich appear
in the logic programP asliterals. We usethe notation � to denotethe set
Atoms(P) n � .

De�n ition 10 The deductiveclosureof a setof rulesP and a setof literals
B isdenotedbyDcl (P; B), whereDcl (P; B) isthesmallestsetof atomsthat
containsB + andisclosedunderR (P; B) when

R (P; B) = f h  a1; : : : ; an j

h  a1; : : : ; an; not (b1); : : : ; not (bm) 2 P and
not (bi ) 2 B � ; for i = 1; : : : ; mg

is seenasasetof inferencerules.2

The deductiveclosuregivesusa �xpo int characterizationof the stablemod-
els.

2Thiscould alternativelybede�ned ascomputingthe least�xpoint of a suitablyde�ned
monotonepredicatetransformeroverthe atomsof the program,seee.g.,page6 of [68].
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Proposition 1 The setof atoms� is astablemodelof asetof rulesP iff
� = Dcl (P; not (�)) .

The proof is immediatebynoting that the reductP � = R (P; not (�)) .
We explainthe notation of the de�n ition abovewith a non-deterministic

algorithm for computing stablemodelswhich usesthis notation. First one
guessesa setof atoms� , then computesall atomsof the programnot in � ,
i.e., � . Then all theseatomsnot in � areusedas“negativeassumptions”3

B = not (�) to computethe reductprogramP � = R (P; B). This reduct
programdoesnot contain anynot-atoms,and it is thuseasyto computethe
deductiveclosure� 0 in polynomial time. If the result is the sameasour
guess,i.e., � = � 0wehavefound astablemodel.

There is anotherwayof looking at reductsand deductiveclosures.Note
thatthereductprogramonlycontainsruleswithout not-atoms.Thereforethe
programcanbeseenasaconjunctionofpropositionalHorn clauses[59]. For
examplein P4aboveoneof thereductprogramswasP f b;dg = f b  ; d  bg
which can be seenasthe propositionalformula ((b) ^ (d _ : b)). Now the
deductiveclosureof the programis the (unique) subsetminimal model of
this propositionalformula, in this casef b; dg. Astherearelinear time algo-
rithms to obtain subsetminimal modelsfor Horn clauses,their implementa-
tion techniquescanbeappliedto computingdeductiveclosures.

Logic programswith stablemodelsemanticshasbeenusedto encodesev-
eral NP-completeproblemsincluding combinatorialgraphproblemssuch
asHamiltonian circuits and3-coloring,propositionalsatis�ability (both con-
junctive normal form CNF and non-CNF expressions),product con�gura-
tion, AI planning, andcomputeraidedveri�cation problemsaspresentedin
this work,for referencesseee.g.,[59, 61,68].

4.1 The SmodelsSystem

Thereisa tool, the Smodelssystem[60, 68], which providesan implementa-
tion of logic programsasa rule-basedconstraintprogramming framework.It
�nds stablemodelsof a logic program,and can alsotell when the program
hasno stablemodels.

The implementation isbasedon backtracking search technique similar to
the DavisPutnammethod(seee.g.,[27]), andit usesageneralizationof the
well-foundedsemantics[71] to approximatethe stablemodelsandto prune
the search space. The Smodelsimplementation needsspacelinear in the
sizeof the input program[68]. The Smodelsseemsto be the mostef�c ient
implementationof the stablemodelsemanticscurrentlyavailableandit has
beenappliedsuccessfullyin anumberof areas,for referencesseee.g., [68].

The stablemodel semanticsis de�ned usingrulesof the form (1) above.
We employ someextensions,called extendedrules, which can be seenas
compactshorthandsfor a setof basicrules. The Smodelsversion2 handles
theseextendedrulesdirectly [61, 68]. We will now discusstheseextensions
andtheir semantics.For analternativediscussion,seeSection3 of [P6].

Firstof the extendedrulesarecon�ict rules, which arerulesof the form:
h  2f a1; : : : ; ang. The semanticsof this rule is that if two or more atoms

3Note that in our usehereB + = ; :
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from the seta1; : : : ; an belongto the model, then alsothe atomh will be in
themodel. It iseasyto seethat thisrule canbeencodedbyusing N 2 � N

2 basic
rulesof the form: h  ai ; aj .

Thereis alsoa linear translationfor con�ict rulesbasedon adding O(N )
(short,constant size)new rulesand O(N ) new atomsto the program. The
intuition behind this translationis that it is possibleto implement a ripple-
carryadder styleBooleancircuit which outputstrue iff lessthan two of the
inputsaretrue,andthe addedrulessimulatethe behaviorof thiscircuit. For
amoregeneralwayof handling theseconstraintsseeSect.2.2of [68].

The con�ict rulesareveryusefulfor encoding con�ict relationsbetween
transitionsof a Petri net. Having them directly supportedby Smodelsim-
provedthe performancein many cases.This wasobservedduring prelimi-
naryexperimental work for the publication [P1]. When con�ict ruleswere
replacedby the N 2 � N

2 basicrulesasdescribedabove,Smodelsrunning times
weresigni�cantly increased.

We alsousethe socalled integrity rulesin the programs.They arerules
with no head,i.e., of the form:  a1; : : : ; an; not (b1); : : : ; not (bm). The
semanticsis given by the following4: First we add two new atomsto the
program,call them contradiction andbad. Next we add new rule to the
program: contradiction  bad; not (contradiction ). It is easyto see
thatanymodelcontaining bad isnot astablemodelwhen this rule hasbeen
added.Now wecanreplaceeach integrityrule with a rule havingbadasthe
head,i.e., the rule becomes:bad  a1; : : : ; an; not (b1); : : : ; not (bm). It
is easyto seethat anysetof atoms,such that a1; : : : ; an arein a model and
atomsb1; : : : ; bm arenot in a model, is not a stablemodel. It is alsoeasyto
seethatadding oneintegrityrule to aprogramdoesnot createanynewstable
models,andneither doesadding anysetof integrityrules.

The lastextendedrule weuseiscalledachoice rule andisof thefollowing
form: f hg  a1; : : : ; an; not (b1); : : : ; not (bm). The semanticsis the follow-
ing: A newatomh0 is introducedto the program,andthe rule is replacedby
tworules:h  a1; : : : ; an; not (b1); : : : ; not (bm); not (h0), andh0 not (h).
The atomh0 is removedfrom anystablemodelsit appearsin, andthe restof
the modelgivesthe semanticsfor the extendedrule.

4.2 Motivation for UsingStable Models

In this work logic programswith stablemodelsareusedasa formalisminto
which severalNP-completeproblemshave been mappedinto. Here we
brie�y discussour motivation for usingstablemodelsoverother formalisms
for solvingNP-completeproblemslike e.g.,propositionalsatis�ability (SAT)
or mixedintegerprogramming (MIP).

Our motivationsfor using logic programswith stable model semantics
could be summedup asfollows(in no particularorder). Someof them are
scienti�c, while othersaremoreof asocial nature.

� We neededto ef�c iently encodecon�icts usinglogic programrulesof
the form  2f a1; : : : ; ang and a similar constructwasnot supported
byacademic SAT systemswithout asubstantialblow-upin formula size

4For a 3-SAT translationusingthis technique, seepage6 of [68].
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at the time this work began [33]. Alsoat that time to our knowledge
there were no academic satis�ability checkers which would handle
non-CNF formulas.5 The Smodelscould handle both thesefeatures
nicely. To our knowledgethe �r st academic SAT checker supporting
both thesefeaturesis BCSat [46] which wasnot yet available when
the �r stpublicationswerecreated.We alsodid not haveaccessto the
commercial Proversatis�abilitychecker[66], which hasthesefeatures.

� While the MIP approach could handle the constraintsof the form
 2f a1; : : : ; ang we could not �nd an academic MIP solverwith
performanceapproaching that of Smodels. The special purposeMIP
solverof [48,49] doesdomuch betterthangeneralpurposesolversbut
wasnot available when our work began. Moreover,their algorithms
arespeci�c to complete�n ite pre�xeswhich limits their applicability
to otherdomains.

� The Smodelssystemhaslinear memoryrequirementsin the input pro-
gramsize,and combinedwith our linear sizetranslationsof different
problemsin [P1], [P4], and[P6], wegotmethodsto solvetheseprob-
lemsin linear space.

� In thepublication[P6] theLTL-X translationuseslogic programswith
stable model semanticsin a way which is dif�cult to translateauto-
matically in a succinct way to SAT.6 For example,the translationfor
until formulascontainscyclic dependencies. The fact that the deduc-
tive closureof a reduct programis the least�xpo int of a (suitablyde-
�ned) monotonepredicatetransformerperfectlymatchesthe fact that
thetruth valueofanuntil formula canalsobede�ned asaleast�xpo int
of a monotonepredicatetransformer. (SeealsoAppendix A, additions
to publication [P6].) With propositionallogic it is easyto expressany
�xpo int of a monotonepredicate transformer,but ensuringthat the
�xpo int is the least�xpo int is moreinvolved.

� The authorwasfamiliar with the stablemodel semanticsandSmodels
systemalreadybeforeworkon [33] (�nally leading to publication[P1])
began. Alsosubstantial local knowledgeand help wasavailablewhen
usingthis formalismandthe Smodelssystem.

� The Smodelssystemwasfreelyavailableasa C++ library under GPL
license,which madeit easyto integrateto othertools.

The experiencegainedfrom workingwith Smodelssystemhaveresulted
in a constrainedBooleancircuit satis�ability systemBCSat �r st presented
in [46].

With the notableexceptionof the LTL-X translationpart of publication
[P6] all the logic programtranslationswe havepresentedcan be converted

5While not absolutelynecessary, we�nd it easierto usenon-CNF satis�abilityprocedure
insteadof a CNF one. Of courseit is straightforward to translatea constrainedBoolean
circuits to CNF, but it increasesthe implementation effort.

6Bestautomatictranslationsareat leastquadraticfrom logic programswith stablemodel
semanticsto SAT in the generalcase[3].
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into constrainedBooleancircuits of the samesizeby simplesyntactic trans-
lation (and thus alsoto CNF formulasif needbe), for more discussionsee
Section3.3of publication [P6]. Webelievethatsuch apropositionaltransla-
tion will haveslightlybetterperformancedueto loweroverheadin thesolvers
used.Starting from scratch wewould probablytakethis routeanduse,e.g.,
constrainedBooleancircuits with aSAT solversupportingthe gateselection
usedbypublication [P5].
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5 VERIFICATION WITH PREFIXES

This sectionis acollectionof observationsaboutmodelchecking algorithms
usingcomplete�n ite pre�xes,andtheir relation to the research donein the
publications[P1]-[P4]. Mostof the presentation in thissectionis newto the
dissertationsummary.

Complete �n ite pre�xescan be seenasa symbolicrepresentation of the
reachability graphwhich cansometimesbeexponentiallymoresuccinct that
the reachability graph.This makesit interestingto developmodel checking
proceduresbasedon complete�n ite pre�xes.

Complete �n ite pre�xes havebeenusedin severaldifferent veri�cation
tools. McMillan wasthe �r st to introduce a deadlock checking procedure
usingpre�xes [55] in a form of a branch-and-boundalgorithm. Esparzain-
troducedanbranching time logicmodelchecker[17]. An erratumwasfound
in this procedure,which was�xed byGraves[32].

Melzer andRömerin [56] introducedmixed-integer-programming (MIP)
asa solution method for deadlock detectionusingpre�xes. We adapttheir
deadlock checking procedurein publication [P1] to logic programswith
stablemodel semantics,and alsoshow how to do reachability checking us-
ing the samelogic programming methodology. Experimental resultscanbe
foundin publication[P1], andtheyarequite competitivetoboththeMIP ap-
proach of [56] aswell asanimplementationof McMillan 'sdeadlock checker
describedin [56]. Laterin experimentsof [34] wefoundout thatbyenabling
the “no-lookahead”option of the underlying logic programming systemwe
could often obtain further (sometimesquite substantial) improvementsin
deadlock and reachability checking running times. This new improvedset
of optionswerealsousedin the comparisonspublishedin [26, 49]. All the
experimentsin thesepublicationswereobtainedby invokingthe mcsmodels
tool using the option “-n” which enablesthe “no-lookahead”option in un-
derlyingSmodelssolver.

In [48] anothermixedintegerprogramming approach wasgivenfor dead-
lock checking. It obtains better performancethan the authors of [56] by
usingan applicationspeci�c search procedureto solvethe generatedMIP
instances.This procedurehasbeenextendedto handlealsosomereachabil-
ity properties,and in [49] the authorscompareagainstthe latestimplemen-
tation of our deadlock proceduredescribedin [P1], [34]. They conclude
that eventhough the two proceduresarebasedon different principles, the
performanceof the toolsarecomparableon deadlock checking examples.

In [26] a reachability checker basedon explicitly usingthe co-relationis
introduced,aswell asa methodfor checking (some)reachability properties
on-the-�y during pre�x generation.(The co-relationhasbeenobtainedfrom
a pre�x generatordescribedin [23].) This work alsocontainscomparisons
to the latestimplementation of the reachability checking methoddescribed
in [P1], [34]. The authors concludethat when the marking to be checked
is reachable the on-the-�y procedureis competitivein severalcases,but to
show non-reachability our procedureis to bepreferred.

The �r st personto considermodel checking linear time temporallogics
wasWallner [75]. The logicshe usedarethe actionandstatebasedversions
of the logic LTL-X, the linear temporallogic without the nexttime operator.
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Unfortunatelytheversionof theprocedurepublished[75] containedanerror
which wascorrected,but the correctedversion of the procedurehasnot so
farbeenpublished.

In publication [P3] weconsidermodel checking an actionbasedversion
ofLTL-X. Theprocedureispresentedin afromofatableausystemwhich can
bealternativelyseenasasetof pre�xes. In thepublication[P4] weuseastate
basedLTL-X logic andmakethe tableaugenerationproceduremoresimilar
to thebasicpre�x generationalgorithm,thussolvingseveralimplementation
relatedproblems.

5.1 Computational Complexity Issues

In thissectionweassumethe readerto befamiliar with basicnotionsof com-
plexity theoryincluding the complexityclassesNP-completeand PSPACE-
complete. We usethe sameterminology and de�n itions asPapadimitriou
in [62], unlessexplicitly otherwisestated.

It is well known that mostveri�cation problemsfor 1-safePetri netssuch
as:reachability of a marking,existenceof a reachabledeadlock, LTL model
checking,andCTL modelchecking arePSPACE-completein thesizeof the
net system,for an introduction seee.g.,[18].

Reachabilitywith Pre�xes. McMillan showedthat deadlock checking us-
ing a �n ite completepre�x asinput is NP-completein the sizeof the pre-
�x [55]. However,the pre�x can sometimesbe exponentiallylarger than
the 1-safePetri net from which it wascreated,thus explaining the differ-
encebetweenthe complexityof thesetwo problems. (Using the plausible
assumptionthat NP-completeproblemsareeasierthan PSPACE-complete
problems.)

Using variationsof McMillan 's proof one can alsoshow that the reacha-
bility problem usingcompletepre�xes asinput is alsoNP-completein the
pre�x size[26, 34].

Model Checking with Pre�xes. Somewhatsurprisinglyto us,wewereable
to show alsoa negative result for using completepre�xes in model check-
ing. In publication [P2] we provethat when the only thing which can be
assumedfrom a pre�x is that it ful�lls the (strong)completenesscriterion,
model checking �xed sizeformulasof severaltemporal logics is PSPACE-
complete in the sizeof the complete �n ite pre�x. In all of thesetempo-
ral logicsone can expressa simple form of nestedreachability, a violation
of a certain safetyproperty[P2]. The proof employsa classof 1-safePetri
netswherea (strongly)completepre�x is only polynomially largerthan the
original net system,and alsoeasilycomputable in polynomial time. Thus,
intuitively, the completepre�x is sometimesascompactasthe original net
system.This intuitively makesit “too compact”symbolicrepresentation of
the reachability graphfor modelchecking propertiesinvolvingnestedreach-
ability, aswecould in principle justusethe original net systeminstead.

To makethechecking of nestedreachability lesscomplexin thepre�x size
one can do at leasttwo thingswhich makethe pre�x larger,but allowsone
to uselesssophisticatedalgorithmson the obtained (larger)pre�x. (i) For
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linear time propertiesit is often possibleto usetechniquesfrom automata
theoreticLTL model checking, seee.g.,Sect.9 of [11]. The main ideais to
generatea pre�x of a suitablyde�ned “product net system”which contains
placesfrom both the original net systemand e.g.,an automatonmodeling
violationsof the propertyto be checked. In the caseof e.g.,LTL-X safety
properties7 thisproductnet systemwill haveareachablemarkingwhere,say,
a certain place is markediff the original net systemviolatesthe property.
Just using this idea basicallytransformsLTL-X safetymodel checking into
pre�x generationof a larger“propertyspeci�c” productnet system.(ii) It is
alsopossibleto changethe de�n ition of pre�x completenessand/orthe used
pre�x generationalgorithm to somethingelsethan strongcompleteness.In
this casethe pre�x can havesomeadditional propertieswhich which can
makee.g.,loop detectioneasierfor them.

Wallner's LTL-X model checking procedure[75] doesimplement the
productapproach (i) mentionedabovebut isstill left with aproblemof �nd-
ing certain loopsin the behaviorinduced by the generatedproduct pre�x.
This turned out to be quite a subtleproblem,and the procedurepublished
in [75] contained an error which waslater �xed by Wallner but so far left
unpublished. The main drawback of the �xed procedureis that it can in
somecasesusean exponentialamount of memorycomparedto the sizeof
the pre�x from which it neededto detectthe loopsfrom. The pre�xes he
usesaregeneratedbyAlgorithm2 from aproductnet system[75]. Wedonot
know if theyhavesomespecial properties,which wouldmakeloopdetection
easierthan for thosepre�xes just ful�lling the (strong)pre�x completeness
criterion.

Partly motivatedby Wallner'sworkand the complexityresultsof [P2] we
workedon an alternativeLTL-X model checking procedure. We usedthe
productapproach of Wallner (including alsoanimplementationsynchroniz-
ing a net systemanda Büchi automatontogetherimplementedby Wallner,
see[P4]). However,we decided to overcomethe loop detectionproblem
by modifying the pre�x generationalgorithm (and thus indirectly alsothe
pre�x completenesscriterion) to beapplicationspeci�c in the LTL-X model
checking publications[P3], [P4]. This resultedin an applicationspeci�c
de�n ition of a “complete” pre�x (alsocalled a tableauxin [P3], [P4]), but
with the advantagethat we do not needcomplexand subtleto implement
algorithmsto be run afterpre�x generation.Thusour LTL-X model check-
ing proceduredoesuseboth the approaches(i) and (ii) abovein order to
avoid usingdif�cult andsubtleto implement algorithmstakingthe pre�x as
input. The drawback is that sometimesthe pre�xes we generateare larger.
However,wewereableto provea boundon their size.The main challenge
is to allow asmuch concurrencyaspossiblein the product net system,in
order to sometimesobtain exponentialspacesavingswhen comparingto a
reachability graphbasedapproach, aswell asto the approach of Wallner.

7Any propertywhoseviolation can be expressedby a �n ite state automatonon �n ite
stringscanbe handledby this approach. However,to obtain anybene�ts from net unfold-
ingsoneshouldlimit to stutteringinvariantproperties(for de�n ition, seee.g.,Section10.2
of [11]), asfor thosea simplesynchronization constructionwhich preservesconcurrencyof
“transitionsinvisible to the automaton” is possible.For a similar discussionand a product
constructionin the full LTL-X casesee[P4].
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Complete Finite Pre�x Generation. In the following wewill try to givea
glimpseof computationalcomplexityissuesin complete�n ite pre�x gener-
ation. Clearly it would beadvantageousif the problemwaswell analyzed,as
moreandmoreworkisbasedon usingcomplete�n ite pre�x generationasan
intermediate phase.Unfortunately, the computational complexityof pre�x
generationisnot yetwell understood,andmostlyremainsanopenproblem.

Esparzaet al. [24, 25] givean upper bound on their algorithm running
time in termsof algorithm output size (a stronglycomplete �n ite pre�x).
However,optimally wewould like to, e.g.,givetight boundsfor the amount
of memoryand/or time neededby an algorithm to output a markingcom-
plete �n ite pre�x in termsof the 1-safenet systemgivenasinput to a pre�x
generationalgorithm.We do not know of anyrecentworkalongtheselines.

The mostexpensivesubroutineof the pre�x generationalgorithmof [24,
25] and its derivativesis the subroutinewhich calculatesthe setof possible
extensions.It can be show that a decision version of this problem is NP-
complete[26, 34], but if the maximum presetsizeof transitionsis �xed this
decision versionadmits a polynomial time algorithm [26, 34]. The possible
extensionsproblemis closelyrelatedto a certain clique problem,which has
asimilar characteristic[26].
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6 BOUNDEDMODEL CHECKING

This sectionintroducesboundedmodel checking of asynchronoussystems,
which is the topic of publications[P5] and [P6]. The �r st half of the sec-
tion is an extendedversion of boundedmodel checking introduction from
the publications[P5], [P6]. The secondhalf of is new to the dissertation
summary. It discussesthe relationof the processesto net unfoldings,andthe
LTL-X modelchecking translationof [P6].

Boundedmodelchecking [6] hasbeenproposedasa veri�cation method
for reactivesystems.The main idea is to look for boundedcounterexam-
ples,i.e.,executionsof thesystemwhich do not satisfythespeci�ed property,
which areshorterthan some�xed usersuppliedlength n. Boundedmodel
checking proceduresoften translatethis probleminto a propositionalsatis�-
ability task.Given the transitionrelationof the reactivesystemto be model
checked,the property, andthe boundn, the transitionrelationandproperty
are“unrolled” n timesto obtain a propositionalformula which is satis�able
iff thereis a counterexampleof length n, seee.g.,[6]. The implementation
ideasarequite similar to thoseusedin SAT-basedAI planning [47, 59].

An important featureof boundedmodelchecking proceduresis that they
often usesigni�cantly lessmemory than conventionalmodel checkers. It
seemsthat theboundedmodelchecking procedurescancurrentlychallenge
OBDD basedsymbolicmodelchecking methodson digital hardwaredesigns
both in termsof memoryand time consumptionneededto �nd counterex-
amples[7, 8, 13]. The weaknessof boundedmodel checking is that if no
counterexamplecan be found usingsomebound n, usuallythe result is in-
conclusive. This makesboundedmodel checking more attractivefor “bug
hunting” andlessattractivefor provingsystemscorrect.

In somecasesit canbeprovedthate.g.,all reachablemarkingsof asystem
arereachablewithin somebound n. In this case,boundedmodel checking
can be usedto show that there is e.g.,no deadlock in the systemby prov-
ing that there is no deadlock within bound n. For discussionabouthow to
show completenessfor reachability and someother model checking prob-
lems,see[6].

Most of the boundedmodel checking work hassofar beendealingwith
synchronoushardwaredesigns.In this workwedealwith asynchronoussys-
tems,andmore speci�cally 1-safePetri nets.When givena descriptionof a
1-safePetri net system,a 1-safemarkingM , and a bound n (encodedin bi-
nary)asinput, checking whetherthemarkingM isreachablewithin boundn
is obviouslyPSPACE-complete. This is the case,becausethe number of
reachablemarkingsis at most2jP j, all reachablemarkingsarewithin bound
2jP j � 1, andthisboundcanbeencodedascompactlyasthenetsystemitself.
If we encodethe usedbound n in unary encoding, the problem becomes
NP-complete.In practiceoften the abovementionedworstcaseboundsdo
not occur,andthismakesboundedmodelchecking feasible.

Asynchronoussystemshavepropertieswhich can be exploited to make
boundedmodelchecking for them moreef�c ient. One of the main goalsof
the publications[P5] and [P6] is to usethe concurrencyof the underlying
1-safePetri net in orderto reach statesusingassmallboundsaspossible.

The publication [P5] considersreachability checking with threedifferent
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semantics:interleaving,step,and processsemantics. The formalism into
which boundedreachability checking problemsaretranslatedis that of con-
strainedBooleancircuits. In the experimentsweemploy the BCSatBoolean
circuit satis�abilitychecker [46].

In the interleavingsemanticsonly one transition can �re at one “time
step”,while stepand processsemanticsboth allow a setof transitionsto be
�red concurrently. The setof reachablestatesis the samein all threeseman-
tics.However,byusingconcurrencysomestatescanbereachedwith smaller
boundsin stepandprocesssemantics.

The ideain stepsemanticsis to allow transitionswhich areconcurrentto
be �red simultaneously. For example,if wehavea setof n transitionswhich
areconcurrent,in stepsemanticswecan reach a statein which all of them
havebeen�red with bound 1, insteadof needing a bound of n asin the in-
terleavingsemantics.This is alsothe bestcase,soonly polynomial savingin
bound sizecanbe achieved.However,eventhis canbe quite signi�cant, as
our experimental resultsindicate.Note thatwedonot forceconcurrenttran-
sitionsto be �red simultaneously(i.e., our stepsarenot necessarilymaximal
steps),and anynon-emptysubsetof transitionsin a stepis alsoa step. This
impliesthatall theenabledtransitionsin the interleavingsemanticsaresteps
(containing asingletransition)in the stepsemantics.

There is a partial order semanticsfor Petri netscalled processes[4, 5,
29, 31]. One wayof de�n ing processesis through the con�gurations of the
unfolding of anetsystem.Namely, givenacon�guration C of theunfolding,
aprocessis the labelledsubnetof theunfolding, which containstheminimal
conditions of the unfolding and all eventsin C togetherwith their postset
conditions.8 The processis thusan occurrencenet in which no two events
arein con�ict. It intuitively representsone“concurrentexecution” of thenet
systemto the �nal markingof theprocess,which isequivalentto themarking
Mark (C) (forde�n ition seeSection3) of thecorresponding con�guration C.

Ascon�gurations, alsoprocessescan correspondto a superexponential
number of interleavingsemanticslinearisations.In the caseof n indepen-
denttransitionsexamplediscussedabove,therearen! differentlinearisations.
Becauseall interleavingexecutionsarealsosteps,the “linearisationblowup”
is evenworsein the stepsemanticscase. If we are only interestedin the
�nal markingreached by the process,we would optimally want to generate
onestepexecutionfor each processinsteadof all thepossiblestepexecutions
which arelinearisationsof the sameprocess.Aswe haveshown in publica-
tion [P5], this is indeedpossiblebyemployingasuitablenormal form of step
executions.

Asdiscussedabove,there is a closeconnectionbetweennet unfoldings
and processes.Intuitively net unfoldings can be seenasa branching time
viewof the partialorderbehaviorof a system,while processescorrespondto
alineartime viewof thepartialorderbehaviorof thesystem.Thisconnection
might be usefulin designing new veri�cation techniques.For example,the
depthof a markingcomplete�n ite pre�x (the maximum levelof anyevent,
for the de�n ition of levelsee[P2]) givesaboundwithin which all reachable
markingsare in process(and thus alsostep)semantics.It is easyto modify

8Thismappingis in factabijection betweenprocessesof anet systemandcon�gurations
of the unfolding of the samenet system.
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Figure4: A net systemwith a largemarkingcompletepre�x.

our processsemanticstranslationin such awaythat the satisfyingmodelsare
all processesof depth 0 � i � n insteadof processesof exactlydepth n as
in publication [P5]. In this casethe processsemanticstranslationof a net
systemcanbeseenasasymbolicrepresentation of the all the con�gurations
of the n �r stlevelsof the unfolding.

Therearesequencesof net systemsof increasingsizen for which the pro-
cesssemanticsboundedmodel checking translationis exponentiallymore
succinct than a markingcomplete�n ite pre�x of the samenet system.For
example,Figure4 containsoneinstancefrom such asequenceof netsystems
for n = 3. In this net systemall reachablemarkingsarewithin bound 3 in
processsemantics.Thereforetheprocesssemanticstranslationgrowspolyno-
mially in the net systemsizefor net systemsin this sequence. However,the
markingcompletepre�x sizegrowsexponentiallyasthe “depth” n of the net
systemsin this sequenceis increased.

The main contribution of the publication [P6] is a new more compact
LTL-X model checking translation. This translationallowsfor the concur-
rencyof “transitionsinvisibleto theformula”, thusallowingcounterexamples
to be sometimesobtainedwith smallerboundsthan with pure interleaving
semantics.The SAT basedboundedLTL model checking translationpre-
sentedin [6] is at leastquadraticin the formula size,while ours employing
logic programswith stablemodel semanticsis linear. The presentedLTL-X
translationutilizesfeaturesof the stablemodelsemanticsquite fully asthere
are,e.g.,circular dependenciesbetweenatomsin the translationof both un-
til and releaseoperators. There is no known automaticlinear sizetransla-
tion from logic programswith stablemodelsemanticscontaining such circu-
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lar dependenciesto propositionalsatis�ability. All known generalautomatic
translations,like the one presentedin [3], areat leastquadratic. However,
the LTL-X translationprogramsmight havesomespecial propertieswhich
makealinearsizeconstrainedBooleancircuit translationpossible.Research
alongtheselinesis left for further work.

In the future we would like to combine the goodfeaturesof the process
semanticstranslationof publication [P5] with the LTL-X model checking
procedureof [P6].
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7 CONCLUSIONS

Our research goal hasbeen the developmentof ef�c ient model checking
methodsfor 1-safePetri nets. The main problem facing us is the state ex-
plosionproblem. We havechosento concentrateon usinga combination
of symbolicmethodsand partial order semanticsto alleviatethis problem.
A major part of the work focuseson developinga betterunderstanding of
complete�n ite pre�x basedveri�cation methods.

In publication [P1] a methodfor solvingdeadlock andreachability prob-
lemsof 1-safePetri netsusinga complete�n ite pre�x asinput is presented.
Theseproblemsaretranslatedinto the problemof �nd ing a stablemodelof
a logic program,andusetheSmodelssystem[68] asacomputationalengine.
The procedurehasbeenimplementedin a tool calledmcsmodels.

In the publication [P2] severalmodelchecking problemsusingcomplete
�n ite pre�xesasinput areshown PSPACE-completewhen logicswhich can
expressasimplenestedreachability propertyareused.

Publications[P3] and [P4] contain net unfolding basedproceduresto
model check LTL-X formulasof actionandstatebasedversionsof the logic,
respectively. A prototypeof the statebasedLTL-X model checker hasbeen
implementedin a tool calledunfsmodelsasavariantof aconventionalcom-
plete�n ite pre�x generationprocedure.

Publication[P5] givesaboundedmodelchecking translationfrom 1-safe
Petri nets into constrainedBooleancircuits. It supportsthe checking of
reachability basedpropertiesusingprocess,step,andinterleavingsemantics.
The processsemanticsversion is the main contribution of the publication.
The translationhasbeen implementedin a tool called punroll. In the ex-
perimentswe usethe BCSatsystem[46] to solvethe generatedconstrained
Booleancircuit satis�abilityproblems.

Publication[P6] givesa similar boundedmodelchecking translationsfor
stepand interleavingsemanticsbut now using logic programswith stable
model semantics.The main contribution of the paperis a new, more suc-
cinct, LTL-X modelchecking translationwhich allowsfor theconcurrencyof
invisibletransitions.Thetranslationshavebeenimplementedin atool called
boundsmodels. In the deadlock checking experimentswe usethe Smodels
system[68]. Experimentingwith the LTL-X translationis left for further
work.

This work containsa selectionof model checking approachesfor 1-safe
Petri nets. The boundedmodel checking approachesof publications[P5],
[P6] aremostinterestingin earlystagesof systemdevelopment,whenoneex-
pectsanumberofcounterexamplestobepresent.Theyalsohavethesmallest
memoryrequirementsof the methodspresentedin this work. Their weak-
nessis that it ishardto provesystemscorrectusingboundedmodelchecking
techniques.Afterno moreerrorscanbe found with boundedmodel check-
ing techniques,the other presentedapproachesshouldbe considered.For
propertieswhich can be expressedeither asa reachability and asan LTL-X
properties,thespecializedreachability checkerof [P1] is to bepreferredover
the full LTL-X modelchecking approach approach of [P4], asthe generated
pre�xes and thus alsomemoryrequirementsarepotentiallysmallerin this
approach.
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The strengthsof the methodspresentedin this work are in caseswhere
there is a large amount of concurrencyin the system. This concurrency
can often be exploited by the presentedmodel checking techniques. The
boundedmodel checking approachesworkat their bestwhen the reachable
statesof asystemarewithin asmallboundfrom the initial stateof thesystem.
The performanceof the LTL-X modelchecking usingnet unfoldingsis at its
bestwhen the modelcheckedpropertiesarelocal to somecomponentof the
system.

The weaknessesof the proposedmethodsarein caseswhen thereis little
or no concurrencyin the system.In the caseof complete�n ite pre�x based
methodsa high degreeof nondeterminism resultingin con�icts in the un-
folding canresultin largepre�xes.For anexampleof netsystemhavingboth
theseproperties,seeFig. 4 of Section6. The methodswehavepresentedin
this work arefor 1-safePetri nets,which arequite a low level modeling for-
malism. More work is neededin handling higher levelmodelinglanguages
which could reducethe modelingeffortneeded.

Our experimental workhastried to demonstratethe feasibilityof the used
approaches.More benchmarkingisneeded,especially againstothermethods
for alleviatingthe stateexplosionproblem,like partial orderreductionsand
OBDD basedmethods.

7.1 Topicsfor Further Research

Thereareinterestingtopicsfor further research.
With the exceptionof the LTL-X translationpart of [P6], all our transla-

tionscanbe convertedinto constrainedBooleancircuits of the samesizeas
the logic programversion. By doing this onecould experimentwith a larger
classof solvers,andpossiblyobtain somespeed-ups.

On the complete�n ite pre�x side, the computational complexityof al-
gorithmsdoing pre�x generationis not yet well understood. For the safety
subsetof LTL-X a simple special purposemodel checking algorithm using
complete�n ite pre�xescould bedeveloped.Thiscanin somecasesbemore
ef�c ient than handling the safetyLTL-X propertiesusinga model checker
for the full LTL-X logic.

On theboundedmodelchecking sidewewould like to haveasimplesuc-
cinct LTL-X translationalsousingconstrainedBooleancircuits. Combining
processsemanticswith LTL-X model checking is alsoleft for further work.
Methodsfor provingthat,e.g.,a boundn is suf�cient for reaching all reach-
ablemarkingsneedto be researched further. A candidatemethodfor doing
this is to look at the translationof this problem into a quanti�ed boolean
formula (QBF) [6] (for de�n ition, seee.g.,QSAT problem in [62]), and at
solversfor QBF formulaswhich arisefrom this translation.
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A CORRECTIONSAND ADDITIONS TO PUBLICATIONS

Publication [P1]:

� On page249, Section 2.2 OccurrenceNets: “F is a partial order”
shouldbe“F is astrictpartialorder”.

� On page250, Section 2.4 Finite Complete Pre�xes: For deadlock
checking using the translationpresentedin the paperwe should re-
quire strongcompleteness(Def. 5 of dissertationsummarySection3.1)
insteadof completeness(Def. 4 of dissertation summarySection3.1)
asisdonein thepublication. All thepre�x generationalgorithmsmen-
tionedin thepublication[P1], including theoneusedforexperiments,
do createstronglycompletepre�xes. Seedissertation summarySec-
tion 3.1 for further discussionabout different notionsof pre�x com-
pleteness.

� On page252,Section3, De�n ition 3.2, typographicalerror in de�n i-
tion of R (P; B):

R (P; B) = f h  a1; : : : ; an; not (b1); : : : ; not (bm) 2 P and

not (bi ) 2 B � ; for i = 1; : : : ; mg

shouldbe

R (P; B) = f h  a1; : : : ; an j

h  a1; : : : ; an; not (b1); : : : ; not (bm) 2 P and

not (bi ) 2 B � ; for i = 1; : : : ; mg

� On page256,Section5 Deadlock PropertyChecking Implementation:
The reachability translationdescribedin the paperwasimplemented
in a later version of the tool, which is called mcsmodels[34]. This
version alsosupportsa larger setof reachability propertiesthan just
assertions,for implementationdetailsandupdated(morecompetitive)
experimental resultsobtained by using the “no-lookahead”option of
the underlyingSmodelssolver,see[34].

� On page257,Section5 Deadlock PropertyChecking Implementation:
Note that someof the describedoptimizationsaredeadlock checking
speci�c. For a list of reachability checking optimizationsimplemented
in the mcsmodelstool, see[34].

� On page260,Section6 Conclusions,line 9: “one-to-one”shouldbe
“bijective”. The sameerror alsoappears on the lastsentenceof page
266,andon line 7 of page267.

� On page267,line 1, proofof Theorem4.2:
“Thefactthat � isa�n ite completepre�x of a1-safenetsystem� guar-
anteesthe following. For each reachablemarkingM of � thereexistsa
con�guration C of � with no cut-offevents,such thatMark (C) = M ,
and for everytransition t enabledin M there existsa con�guration
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C [ f eg such thate 62C andh(e) = t.”
shouldbe
“The fact that � is a �n ite stronglycompletepre�x of a 1-safenet sys-
tem � guaranteesthe following. For each reachablemarkingM of �
there existsa con�guration C of � with no cut-off events,such that
Mark (C) = M , andfor each such con�guration C andfor everytran-
sition t enabledin M there existsa con�guration C [ f eg such that
e 62C andh(e) = t. ”

Publication [P2]:

� Note that all pre�xes usedin the proofsof this publication are also
stronglycomplete(Def. 5 of dissertation summarySection3.1), and
thusthecomplexityresultsalsohold for thisnotion of pre�x complete-
ness.

� On page115:Note that weusethe sizeof the adjacencymatrix repre-
sentationof the �o w relationasthe sizeof the net system.

� On page120:To proveLemma3 it is suf�cient to notethat the pre�x
� C (A) consistsof the two �r stlevelsof the unfolding of C(A) andthat
all reachablemarkingsarereachablebycon�gurationscontaining only
eventsfrom the �r st level of the unfolding. (Usethe sameproof asin
the exampleof Section3, page113,textbelow Fig. 3.)

� On page120, discussionof Theorem4: To provethat CTL � model
checking is in PSPACE for 1-safePetri netswe simulate the behavior
of the Petri net byaconcurrentprogramasde�ned on page47of [51].
(Theyarebasicallya synchronization of a setof labelledtransitionsys-
tems.) We can then usethe result that model checking a �xed size
CTL � formula isPSPACE-complete(andthusin PSPACE) in the size
of the descriptionof a concurrentprogram[51]. Herewegivea proof
sketch. We�r stdothefollowing: Add complementplacesfor all places
in thenetsystem� obtaining only apolynomially largernetsystem� 0.
Wecannow decomposethisnetsystemin aconcurrentprogrambyde-
composingthe net system� 0 into “statemachine components”in the
standardway. Each pairof complementaryplacesisturnedinto a(two-
state)statemachine. For each placep andeach transitiont of � such
thatp 2 ( � t [ t � ) weadd alocal transitioninto theconcurrentprogram
which simulatesthe effectof the transitiont on p and its complement
placep, and label this local transitionby t. We usethe initial state
of the Petri net system� 0 asthe initial stateof createdthe concurrent
program.Now the synchronization of all the local transitionslabelled
by t is possibleiff the transitiont is enabledin � . Alsothe combined
effectof theselocal transitionssimulatesthe �ring of t. Thusthis con-
current programwill simulate the behaviorof the net system� , and
wecananswerCTL � model checking questionsfrom the reachability
graphof this concurrentprogram.The concurrentprogramis polyno-
mial in the sizeof � and obtainableby a polynomial time algorithm,
thuscompletingthe proof.
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� On page120,discussionof Theorem4: To provethat the linear time
� -calculusmodel checking is in PSPACE for 1-safePetri netsand for
a �xed formula, wenote that [14] givesa characterizationof the logic
usingBüchi automata. We can then usea Büchi emptinesschecking
algorithm for 1-safePetri net systems[18] with this (�xed size)Büchi
automatonto obtain aPSPACE algorithm.

Publications [P3] & [20]:

� On page476of [P3], Section1 Introduction, andalsoon page485of
[P3], Section7Conclusions:NotethattheO(K 2) upperboundon the
numberofnon-cut-offeventsof thetableauxholdsbecausetheformula
isconsideredtobe�xed, andthuscontributingonlyasaconstantfactor
to the tableauxsize.
(Alsopresentin [20].)

� On page477of [P3], Section2 Automatatheoreticapproach to model
checking LTL: The setof invisible transitionsis T n V usedbefore
de�ned. Add the sentenceto the endof line 6: “The setof transitions
T isdivided into visibletransitionsV andinvisibletransitionsT n V.”

� On page477of [P3], Section2 Automatatheoreticapproach to model
checking LTL: Note that we interpret the linear time temporal logic
only over in�n ite sequences. We would like to assumethat the net
systemsgivenasinput to the model checking procedurearedeadlock
free. If the net systemis not deadlock free, our model checker still
workscorrectlyin the followingsense.Westill reportcounterexamples
which arein�n ite executions.However,wedonot extend�n ite execu-
tionsinto in�n ite onesbyadding anin�n ite loopof dummytransitions
at each deadlockedmarkingassomeother linear time temporallogic
modelcheckersdo!

� On page480of [P3], Section3 Basicde�n itionson unfoldings:
De�n ition of acontinuation is incorrect,replace

“Given a con�guration C, we denoteby " C the setof eventse such
that (1) e0 < e for someevente0 2 C, and(2) e is not in con�ict with
anyeventof C.”

with

“Given a con�guration C, we denoteby " C the setof eventsof the
unfolding f e j e 62C ^ 8e0 2 C : : (e# e0)g.”

(Alsopresentin [20].)

� On page480of [P3], De�n ition 2:
“A partialorder� ”
shouldbe
“A strictpartialorder� ”
(Alsopresentin [20].)
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� On page482of [P3], Section4 A tableausystemfor the illegal ! -trace
problem,line 12:
“doesn't contains”
shouldbe
“doesnot contain”
(Alsopresentin [20].)

� On page482of [P3], Section5 A tableausystemfor the illegal livelock
problem,line 1 of the section:
To correctthe proofof Theorem9 on pages29-30of [20] (seebelow)
wechangethe de�n ition of checkpoints to a sequencefrom aset:

“The tableausystemfor the illegal livelock problem is a bit more in-
volvedthat that of the illegal ! -traceproblem. In a �r ststepwecom-
puteasetCP = f M 1; : : : ; Mng of reachablemarkingsof � , calledthe
setof checkpoints. This sethasthe following property: : : ”

shouldbe

“The tableausystemfor the illegal livelock problem is a bit more in-
volvedthat that of the illegal ! -traceproblem. In a �r ststepwecom-
puteasequenceCP = M 1; : : : ; Mn of reachablemarkingsof � , called
the checkpoints. Thissequenceof markingshasthe followingproperty
: : : ”

(Alsopresentin [20].)

� On page483of [P3]:
NotethatDe�n ition 4 �ts theideaof computingcheckpointsdescribed
in thebeginning of theSection5,asL-transitionsareneverconcurrent
with V-transitions.

� On page483of [P3], De�n ition 4:
The proof of Theorem9 on page29 of [20] incorrectlyassumesthat
the eventse1; e2; : : : ; em arearrangedin e1 � e2 � � � � � em orderin
the sentence:“Without lossof generality, wechoose(C; e) sothat the
indexi is minimal.”. In ordernot to changethe proofsubstantially, we
changethe De�n ition 4:

“A marking M belongsto the set CP of checkpoints of � if M =
Mark ([e]) for somenon-terminal evente of the completepre�x of �
labelledbya transitionof L.”

to an newversionwhich matchesthe assumptionmadeby the proof

“Let e1 � e2 � � � � � em bethe setof non-terminal eventsof the com-
pletepre�x of � labelledbyatransitionof L orderedin non-decreasing
� order. Wede�ne thesetof checkpoints to beasequenceof markings
CP = M 0; : : : ; Mn , such that:

– CP0 = � , and

A CORRECTI ONS AND ADDI TI ONS TO PUBLI CATI ONS 41



– for all 1 � i � m: if Mark ([ei ]) 2 CP i � 1 then CP i = CP i � 1,
elseCP i = CP i � 1 � M ark([ei ]).

Finally wede�ne CP to beCPm . “

(Alsopresentin [20].)

� On page483 of [P3], last line of Section5.1 Computing the setof
checkpoints:
“So CP = f f p2; p4g; f p4; p7g g.”
shouldbe
“So CP = f p2; p4g; f p4; p7g.”
(Alsopresentin [20].)

� On page483of [P3], �r st line of Section5.2The tableausystem:
“Let f M 1; : : : ; Mng bethe setof checkpoints : : : ”
shouldbe
“Let M 1; : : : ; Mn bethe sequenceof checkpoints : : : ”
(Alsopresentin [20].)

� On page483 of [P3], Section5.2 The tableausystem,3rd line from
the bottomof the page.Removethe sentence:
“The de�n ition of repeatdependson the orderof the checkpoints,but
the tableausystemde�ned aboveis soundandcompletefor any�xed
order.”
(Alsopresentin [20].)

� On page28of [20], De�n ition 17:
Replace
“An L-pairisa pair (C; e) whereC is acon�guration : : : ”
with
“An L-pairisa pair (C; e) whereC is a �n ite con�guration : : : ”

� On page28of [20], Lemma18(1):
The Lemma18 (1) is partlyincorrect,replace

“(1) � hasan illegal livelock M 0
�� � � ! M � 1�� � �! if andonly if its un-

folding containsan L-pair(C; e) such thatMark ([e]) = M .”

with aweakerbut still suf�cient claim

“(1) � hasan illegal livelock M 0
�� � � ! M � 1�� � �! if andonly if its un-

folding containsan L-pair(C; e).

Additionally, if theunfolding of � containsanL-pair(C; e) then � has
an illegal livelock such thatM = Mark ([e]).”

� On page28of [20], Proofof Lemma18(1)() ):
The argument

“Let C be an (in�n ite) con�guration of the unfolding of � such that
� � 1 is oneof its linearisations.C containsanevente corresponding to
the lasttransitionof � . SinceC is in�n ite, C n [e] containsin�n itely
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manyevents.Let [e] � E beanextensionof [e] such thatE containsat
least(K � B) + 1 events.”

shouldfor consistencybe

“Let C be a �n ite con�guration of the unfolding of � such that � � 0 is
oneof its linearisations,where� 1 = � 0� 00and� 0contains(K � B) + 1
events.C containsan evente corresponding to the lasttransitionof � .
Let [e] � E bean extensionof [e] such thatC = [e] � E.”

� On page30 of [20], argumenton lines 1-14is incorrect, replacethe
argument:

“If Ce containsa successfulterminal of Ti , then we aredone. Other-
wise,by Lemma19, it containsan unsuccessfulterminal d. Let d0 be
the companion of d.

We �r stprovethatd0 isalsoaneventof Ti . Assumethecontrary. Then,
by the de�n ition of a terminal, d0 is an eventof Tj and j < i . Sinced
is an eventof Ti , wecansplit � 1 into two sequences,� 1 = � 2� 3, such
that � 2 isa linearisationof [d], andso

M0
�� � � ! M i

� 2�� � �! Mark ([d]) � 3�� � �!

SinceMark ([d0]) = Mark ([d]), we �nd a linearisation� 0
2 of [d0] in Tj

such that
M j

� 0
2�� � �! Mark ([d0]) = Mark ([d]). Sowehave

M0
� 0

� � � ! M j
� 0

2�� � �! Mark ([d0]) = Mark ([d]) � 3�� � �!

which is an illegal livelock of � . SinceM j is a checkpoint and j < i ,
we reach a contradiction to our assumptionthat the index i is mini-
mal.”

with amoredetailedargument:

“If Ce containsa successfulterminal of Ti , then we aredone. Other-
wise,by Lemma19, it containsan unsuccessfulterminal d. Let d0 be
the companion of d.

We �r stprovethatd0 isalsoaneventof Ti . Assumethecontrary. Then,
by the de�n ition of a terminal, d0 is an eventof Tj andj < i .

Next we createan illegal livelock executionfrom eventsof Ce using
exactlythe sameidea asproof of Lemma 18(1)(( ). AsCe contains
at least(K � B) + 1 events,by Lemma 14, Ce containsa chain f 1 <
: : : < f K +1 . By the pigeonholeprinciple, there are eventsf i < f j

such that Mark (f i ) = Mark (f j ). Let M i
� 2�� � �! M 1

� 3�� � �! M 2 be a
linearisationof [f j ] such that M i

� 2�� � �! M 1 is a linearisationof [f i ].

We haveM 1 = M 2, andsoM i
� 2�� � �! M 1

� 3�� � �! M 2 = M 1
� 3

!

� � � � ! is
an in�n ite �ring sequencecontaining only invisibletransitions.

BecauseCe doesnot contain a successfulterminal of Ti , in particular
it doesnot contain f j , but containsan unsuccessfulterminal d00< f j .
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Now, without lossof generality, we can chooseto consideronly the
cased = d00, andthusd < f j .

Now clearlyd 2 [f j ]. Let M i
� 4�� � �! M 0

1
� 5�� � �! M 2 be a linearisation

of [f j ], such thatM i
� 4�� � �! M 0

1 isa linearisationof [d]. Thuswegetan
in�n ite execution

M i
� 4�� � �! M 0

1
� 5�� � �! M 2

� 3
!

� � � � !

Let C00
e now beacon�guration of BP i which consistof theeventsof the

�ring sequenceM i
� 4 � 5 (� 3

( K �B )+1 )
� � � � � � � � � � � � ! . Now clearlyC00

e n[d] containsat
least(K � B) + 1 events.

De�ne C0
e = [d0] � f (C00

e n [d]), wheref is an isomorphismfrom " [d]
to " [d0].

De�ne C0 = [ej ] � f � 1
j (C0

e), wheref j is the isomorphismfrom " [ej ]
to the unfolding of � j .

Now (C0; [ej ]) is a minimal L-pair asthere are at least(K � B) + 1
invisibleeventsin C0n[ej ]. Becausej < i , wereach acontradiction to
our assumptionthat the indexi is minimal.”

� On page30of [20], line 23:
Replace
“C0

e is acon�guration of Ti .”
with
“C0

e is acon�guration of BP i .”

� On page30of [20], line 26:
Replace
“BecauseTi isa branching process: : : ”
with
“BecauseBP i is abranching process: : : ”

Publications [P4] & [22]:

� On page37of [P4], Section1 Introduction, line 8 in the section:
“A new algorithm with better complexityboundswasintroduced in
[19], in the shapeof a tableausystem.”
shouldbe
“A newalgorithmwith smallermemoryrequirementsin severalinter-
estingmodel checking instanceswasintroducedin [19], in the shape
of a tableausystem.”
(Alsopresentin [22].)

� On page41of [P4], Theorem1, footnote:
Hereweshortlydescribethe problembehind the technical restriction.
The technical requirementof incomparablemarkingscomesfrom the
fact that in the algorithm and proofsthe L-eventsshouldnot be con-
current with any other events. In the algorithm on page50 exactly
oneL-event(which is not concurrentwith anyotherevents)is gener-
atedfor each local con�guration, while there might be severalother
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L-transitionsenabledin � : ' for (propersubsetsof) the corresponding
marking of this local con�guration. However,it suf�ces to generate
only the L-eventwith the maximal marking, asany illegal livelocks
found after other L-eventswill alsobe found after this generatedL-
event.We could updatethe proofsto takethis into consideration,but
it complicatesthe theoryandproofssomewhat.
(Alsopresentin [22].)

� On page46of [P4], De�n ition 2:
“A partialorder� ”
shouldbe
“A strictpartialorder� ”
(Alsopresentin [22].)

� On page22of [22], case(d) of proofof Lemma1:
Hyphensmissingrepeatedlydueto a technical problem:

“Sincethepresetof t isalsoareachablemarking(q; sf ; O; H ), wehave
q = q, s = sf , O � O, andH � H . Sinceall reachablemarkingsof �
arepairwiseincomparableand(O; H ), (O; H ) arereachablemarkings
of � , wehaveO = O andH = H .”

shouldbe

“Since the presetof t is alsoa reachable marking (q0; sf ; O0; H 0), we
haveq0 = q, s = sf , O0 � O, andH 0 � H . Sinceall reachablemark-
ingsof � arepairwiseincomparableand(O; H ), (O0; H 0) arereachable
markingsof � , wehaveO0 = O andH 0 = H .”

� On page26of [22], line 5:
“Notice that � 2 is anon-emptysequence.”
shouldbe
“Notice that � 3 is anon-emptysequence.”

� On page23of [22], Proofof Theorem2:
Notice that the case(1) alsocoversthe casethat e is an L-event,asall
L-eventarealwaysin BL(C).

� On page24of [22], Proofof Lemma2(2):
Add an argumentto the endof the proof: “Becausefrom Lemma1(e)
wegetthat[e] doesnot contain anyL-events,andthusdoesnot contain
anytypeII terminals.”

� On page26of [22], line 9:
“� 2 containsonly invisibleactions”
shouldbe
“� 2 and� 3 contain only invisibleactions”
(The samecorrectionshouldalsobe madeon the 4th line from the
bottomof page26.)

� On page27of [22], Proofof Lemma6, line 2.
Typographicalerror,replace
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“Mark(e0) = Mark (e)”
with
“Mark([e0]) = Mark ([e])”.

� On page27of [22], Proofof Theorem7, part(2), lines3-12.
The argumenthereis incorrect,replacethe argument:

“By Lemma3(3), � : ' hasan illegal livelock M 0
�� � � ! M � 1�� � �! such

that � is a linearisationof BL(C).

Wesplit � 1 into twosequences,� 1 = � 2� 3, such that � � 2 isa linearisa-
tion of [d], andso

M0
�� � � ! M � 2�� � �! Mark ([d]) � 3�� � �!

Now �nd a linearisation� 0� 0
2 of [d0] such that

M0
� 0

� � � ! M 0 � 0
2�� � �! Mark ([d0]).

Sowehave

M0
� 0

� � � ! M 0 � 0
2�� � �! Mark([d0]) = Mark ([d]) � 3�� � �!

which isan illegal livelock of � : ' .
By Lemma 5, there is a L-con�guration C0 such that � 0 is a linearisa-
tion of BL(C0).”

with anewargument:

“We �r stusethe sameprocedureasthe proofof Lemma5(( ):

Let M 0
�� � � ! M 1 be a linearisationof BL(C). By Lemma 3(1), the

last transitionof � is labelled by a transitionof L. Since e is a suc-
cessfulterminal of type II(b) and C is an L-con�guration, there ex-
istsan event e0 2 AL(C) such that Mark ([e0]) = Mark ([e]). Let
M0

�� � � ! M 1
� 2�� � �! M 2

� 3�� � �! M 3 be a linearisationof [e] such that
M0

�� � � ! M 1
� 2�� � �! M 2 isa linearisationof [e] \ [e0]. ByLemma4 we

haveM 2 = M 3, andthereforewehavean illegal livelock

M0
�� � � ! M 1

� 2 (� 3
! )

� � � � � � � ! .

Becaused < e wealsohavean illegal livelock

M0
�� � � ! M 1

� 4�� � �! M 0
2

� 5�� � �! M 3
� 3

!

� � � � !

whereM 0
�� � � ! M 1

� 4�� � �! M 0
2 is a linearisationof [d] and the execu-

tion M 0
�� � � ! M 1

� 4�� � �! M 0
2

� 5�� � �! M 3 isa linearisationof [e].

Now �nd a linearisationof [d0]

M0
� 0

� � � ! M 0
1

� 0
2�� � �! M 00

2

such thatM 0
� 0

� � � ! M 0
1 is a linearisationof BL([d0]).

Sowehave

M0
� 0

� � � ! M 0
1

� 0
2�� � �! Mark([d0]) = Mark([d]) � 5�� � �! M 3

� 3
!

� � � � !
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which is an in�n ite executionof � : ' . Clearly the lasttransitionof � 0

belongsto L byLemma3(1),andthefactthatd0isapart-IIevent.Thus
this executionisalsoan illegal livelock.

By Lemma 5, there is a L-con�guration C0 such that � 0 is a linearisa-
tion of BL(C0).”

� On page28of [22], line 13:
“Finally, C0 � LT L C is provedexactlyasin case(2).”
shouldbe
“Finally, C0 � LT L C is proveddirectly from the de�n ition of � LT L .”

� On page28of [22], 2nd line afterTheorem8:
“can bedivided into to disjoint sets”
shouldbe
“can bedivided into twodisjoint sets”

Publication [P5]:

� Note that the processsemanticstranslationcan be seenasa system
with ahistorydependenttransitionrelation(atransitionisonlyenabled
if sometransition at the previoustime stepgenerateda token to its
preset). Another way of looking at this is that the placesof the net
canbein threedifferentstates:(i) havingno token,(ii) havinga token
generatedin thepreviousstep,or (iii) havingatokengeneratedin some
earlier step. Now the processsemanticstranslationcan be seenasa
(suitablyde�ned) transitionrelationof asystemwith atmost3jP j states
(insteadof 2jP j statesasin thecaseof stepsemantics).Notice,however,
that for any given bound n the executionsof the processsemantics
translationarea (oftenproper)subsetof the stepexecutions.Thusfor
boundedmodelchecking thesystemwith alargerpossiblereachability
graphactuallyhaslessbehaviorthanthesystemwith asmallerpossible
reachability graphfor a givenboundn.

� On page221,De�n ition 1, 3rd line from the bottomof the page:
Typographicalerror,replace“l i + i (b0(p))” with “l i +1 (b0(p))”.

Publication [P6]:

� Our LTL-X translationbehavesquite differently for counterexamples
without a loop,andcounterexampleswith a loop. In the caseof coun-
terexampleswithout a loop, our translationbecomesequivalent to the
without loop caseof [6].

� In the caseof counterexampleswith a loop our translationdifferssig-
ni�cantly from theonepresentedin [6]. Weusethefactthatfor Kripke
structuresin which each statehasexactlyonesuccessor,the semantics
of CTL andLTL coincide, seee.g.,Theorem1 of [69]. In the seman-
tics of CTL an existentialuntil can be de�ned asa least�xpo int of a
monotonepredicatetransformer,seee.g.,Section7.5of [11]. Now the
translationfor until formulasusesthe factthat the deductiveclosureof
a reduct programis the least�xpo int of a suitably de�ned monotone
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predicate transformer,actually in this casethe predicate transformer
de�n ing until. The translationfor releaseformulasusestheuntil trans-
lation togetherwith a specialized translationfor f = 2 f 1 formulas,
which usesthefactthattheduality2 f 1 � : 3 : f 1 holdsif a loopexists.
(Note that this dualitydoesnot hold if a loop doesnot exists,see[6].)

� Note that a naive SAT version of the LTL-X translationwill be in-
correctbecauseof cyclic dependenciesusedby the translation. The
translationdependson the least�xpo int interpretation of thesecyclic
dependenciesin the stablemodelsemantics.
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