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Concurrent and distributed systems such as telecommunication protocols and process
control systems in uence and a ect the lives of millions of people daily all over the

orld today. The design of these systems often involves so di cult problems related
to timing that the traditional testing and analysis methods are not ade uate. One
possible solution to this problem is the discerning use of appropriate

also kno n as or
is a po erful formal method for detecting errors in concurrent and distributed nite
state systems. Strictly speaking in nite state systems can be analy ed too but
reachability analysis methods are typically such that they cannot process more than
a nite set of states. evertheless e can uite ell try to nd errors even in cases
here e donot kno  hether or not the complete state space of the system is nite.

ny ay reachability analysis su ers from the so called
i.e. the complete state space of a system can be far too large .r.t. the resources
needed to inspect all states in the state space. Fortunately in a variety of cases e
do not have to inspect all reachable states of the system in order to get to kno
hether or not errors of a speci ed kind exist.

If e have a system consisting of se uential processes that interact ith each other

e can imagine the system to be a global se uential system here an action is
either a synchroni ing action i.e. a tuple of actions from distinct processes but not
necessarily from all processes that must be executed simultaneously by the associated
processes or a non synchroni ing action i.e. an internal action of some process.  ote
that even in the case that there is no synchroni ing action a process can a ect some
condition that is necessary for an execution of an action in another process. Every
possible simultaneous execution of internal actions is simulated by executing the
actions in uestion in every possible order. ny execution of an action se uence in
the global se uential system can then be called an of local executions of
action se uences in the processes. If t o or more interleavings are su ciently similar
to each other e can call all except one of them

The 0 1 and the

0 1 100 are state search techni ues that are
based on the idea that hent o executions of action se uences are su ciently similar
to each other it is not necessary to investigate both of the executions.

1 100 and 1 are strikingly
similar to stubborn sets at least if e consider the actual construction algorithms
that have been suggested for stubborn persistent and ample sets. This similarity
is made explicit in here a set is said to be a henever the set is
stubborn or ample or persistent in some ay. Other closely related techni ues have
been presented in e.g. 0 101 . The classi cation
of papers is much a matter of taste. For example it is formally correct to say that
the method introduced in is a special form of the persistent method but it is also
formally correct to say that any method that simply generates the complete state
space is a special form of the persistent set method. This thesis is concentrated on
the application and theory of the stubborn set method.

The rest of this chapter has been organi ed in such a ay that each section is an



introduction to an e ually named chapter.

Chapter  presents basic de nitions related to the primary
formalism to hich the stubborn set method is applied in this thesis.
10 1 are a idely used model for concurrent and distributed systems

and place transition nets form a class of Petri nets. The main reason for choosing
place transition nets for the primary formalism is that there is hardly no simple and

ell kno n formalism here the hole theory of the stubborn set method could be
put into practice in a more ne grained ay. For example the di erence bet een
general and is signi cant in
place transition nets but does not seem to have any useful analogy in the theory of
stubborn sets for process algebras 0.

In Figure 1 e have a place transition net that models the behaviour of t o pro
cesses. Circles represent places hile rectangles represent transitions. The positions
of tokens i.e. black dots in places indicate the local states of the processes. Both of
the processes have exactly t o possible local states.  combination of simultaneous
local states is a global state. Figure illustrates the full reachability graph i.e. the
complete state space of the net. The vertices in the graph represent the possible
global states hile the edges sho ho a transition is able to change a global state.
The number of tokens in a place is denoted by

p a c r

|

Figure 1 place transition net that models the behaviour of t o processes.

Though the state space explosion problem is not concretely present in this small
example e canimagine a net here processes are similar to the above processes but
the number of processes is instead of . Such a net can be obtained by duplicating
a maximal connected subnet and by renaming the parts in the duplicates. Then the
full reachability graph is an dimensional hypercube that has  vertices.

reduced reachability graph can be constructed by starting from the initial global
state and by taking into account some but not necessarily all possible transitions at
those global states that become encountered. ssuming that e ant a mechanically
computed ans er to the uestion if terminal vertices exist in the full reachability
graph e can let some algorithm construct a reduced reachability graph here one
process changes its local state t ice and the other processes do nothing. Such a



Figure  The full reachability graph of the net of Figure 1.

reduced reachability graph constructible e.g. by using the stubborn set method
has no more than t o vertices independently of  The obtained graph su ces for
sho ing that the full reachability graph has no terminal vertex. The situation is more
complicated if e ant to kno something else about the full reachability graph but
even then it is by no means likely that e should construct the full reachability graph
explicitly.

From a modeller s point of vie  place transition nets may seem impractical because
place transition net models of actual systems tend to be very large. On the other
hand using 1 one can make compact models in a natural ay.
Fortunately a high level net can often be into a behaviourally e uivalent
nite place transition net and using the inverse mapping of the unfolding mapping
the place transition net can be folded back into the high level net 0 . This also
provides a path of extending results on place transition nets to high level nets.

1 give us a straightfor ard though of course a limited
ay to express hat should or should not happen in a concurrent or distributed
system. Depending on the context the abbreviation refers either to a speci ¢
linear time temporal logic or to a linear time temporal logic in general . In LTL the
satisfaction of a formula is measured .r.t. an in nite or deadlock ended execution.
formula is i the formula is satis ed by all those in nite and deadlock
ended executions that start from the state. In this thesis the ord deadlock means
a state here no event is possible . Depending on the case a deadlock may or may



not be an error. erifying a formula typically means sho ing that the formula is
valid at the initial state of the system that is under analysis. alidity is sometimes
rede ned in such a ay that the re uirement of satisfaction is restricted to paths
of a certain kind. 1 are one form of such a restriction.

de nition of fairness expresses some kind of progress that is expected in situations
of a certain kind.

means that the property is veri ed during state
space generation in contrary to the traditional approach here properties are veri ed
after state space generation. s soon as it is kno n hether the property holds the
generation of the state space can be stopped. Since an erroneous system can have
much more states than the intended correct system it is important to nd errors
as soon as possible. On the other hand even in the case that all states become
generated the overhead caused by on the y veri cation compared to non on the

y veri cation is often negligible.

n LTL formula can be veri ed on the y by means of a 1 1

0 . Buchi automaton that accepts se uences satisfying the negation of
the formula can be constructed automatically and intersected ith the state space
of the modelled system during the construction of the latter. The state space of the
system can easily be thought of as a Buchi automaton. The formula is valid in the
state space of the system i the intersection to be computed also a Buchi automaton
accepts no se uence. 1 is an automaton that is used much in the same ay
as a Buchi automaton.  remarkable di erence is that testers have some additional
support for special cases but to our kno ledge no published automatic construction
from arbitrary formulas.  oreover unlike a typical tester a Buchi automaton is
typically fully synchroni ed ith the system being analy ed.

Chapter presents one version of a linear time temporal logic and describes Buchi
automata and testers. The presentation assumes that the system to be analy ed has a
place transition net model. This is su cient for the later algorithmic considerations.

Chapter introduces stubborn sets and . For historical rea
sons stubbornness ithout any preceding attribute isde ned ina ay that directly
indicates ho such sets can be computed. hen one ants to sho results concern
ing the theoretical properties of the stubborn set method dynamic stubbornness is
a more appropriate notion.  hen de nitions are as they should be stubbornness
implies dynamic stubbornness but not vice versa.

Chapter sho s that in place transition nets persistence as de ned in the per
sistent set method and are special forms of dynamic
stubbornness. mple sets 1 are considered too. The concepts of ample
ness and dynamic stubbornness have much in common though ampleness is strongly
oriented to ards veri cation ith fairness assumptions.



Chapter is concentrated on the veri cation of LTL formulas ith
the aid of the stubborn set method. The presentation also covers the veri cation of
basic termination properties i.e. detecting of reachable deadlocks and deciding if an
in nite execution exists.

In the fundamental presentation of stubborn sets in the veri cation of nexttime less
LTL formulas the computation of stubborn sets is directed by atomic formulas
only and the reduced state space can be used for verifying any nexttime less LTL
formula that is constructible from those atomic formulas. Unfortunately the state
space generation algorithm in tends to generate the complete state space hen
veri cation is done under some of the most typical fairness assumptions. In

all reduction is gained by utili ing transitions that are su ciently uninteresting .

typical fairness assumption makes all transitions too interesting in this sense.

The approaches improve the approach of by utili ing the structure of
the formula and by allo ing a fairness assumption. eakness in is that
the structure of the formula is utili ed only in cases hen fairness is assumed or the
formula expresses a safety property. Chapter improves the method by utili ing the
structure of the formula hen fairness is not assumed and the formula is arbitrary.
The expression fairness is not assumed should be read to mean no kind of fairness
is assumed though the latter may sound like unfairness is assumed . Though the
recently published alternative solution can be considered more goal oriented it
does not cover our approach.

Chapter also considers the veri cation of nexttime less LTL formulas hen fairness
is assumed. For convenience e concentrate on though e
could in principle handle some of the eaker fairness assumptions mentioned by

in the same ay.

The LTL veri cation approach in can systematically be modi ed to handle fair
ness assumptions e ciently and our approach can be modi ed uite similarly. It is
by no means surprising that e essentially end up in an approach similar to those in

Chapter  considers the basic problem ho stubborn sets should be computed in
order to get the best possible result .r.t. the total time and space consumed in
the state search. The problem is inherently complex. The generating of minimal
si ed reduced reachability graphs is kno n to be an P hard problem hile e.g.
the detection of deadlocks is kno n to be a PSP CE hard problem T So e
can hardly proceed in any other ay than by designing heuristics for di erent kinds
of cases. Chapter presents an algorithm for computing cardinality minimal or
almost cardinality minimal .r.t. the number of enabled transitions stubborn sets.
The chapter also contains experiments that indicate that the algorithm is orth
of consideration henever one ants to get proper advantage of the stubborn set
method.



In state space generation the amount of available storage space is typically a more
critical factor than the amount of time e are ready to spend in the generation. e
thus need ays to cut do n on space consumption even ith considerable additional
costs in time consumption. Though is often a su cient
solution to this problem it has the obvious disadvantage that it does not construct
an explicit state space ith hich a later analysis ould be possible. Chapter

suggests a ay to avoid asting storage space and still construct a state space here
LTL formulas can be veri ed later. The presented approach has much in common

ith the approach of but some di erences can still be observed.

Chapter considers ho the stubborn set method can be combined ith the sleep
set method in order to get a combined attack on the state space explosion. The
basic idea of the combination can be found in but there persistent sets are used
instead of stubborn sets and it is not necessarily easy to see ho the idea can be
extended to concern all stubborn sets. This extension is made explicit in Chapter

Since the original combination as given for a more complicated formalism than
place transition nets the ne combination is presented for a formalism that to
our kno ledge covers all of the formalisms to hich the stubborn set method the
sleep set method and the persistent set method have been applied in the literature.
The compatibility result is sho n by sho ing a more general result hich gives a
su cient condition for a method to be compatible ith the sleep set method in the
veri cation of basic termination properties and simple safety properties. The uestion
of compatibility in more challenging veri cation tasks is more or less an open problem
and before trying to solve it one could rst try to solve the problem of hat kind of
veri cation tasks are actually supported by the sleep set method. For example hardly
nothing has been published about if or ho the sleep set method could support the
veri cation of an arbitrary nexttime less LTL formula hen fairness is not assumed.

Chapter makes some remarks concerning 11

and 1 0 1. Theset o areas
of research are among the most important as far as the stubborn set research is con
cerned since on one hand models are often extremely large on alo level hile on the
other hand state spaces are often too large to be handled ithout abstraction. The
main motivation of the chapter is to clarify the limits of the considered approaches.



This chapter presents basic de nitions related to the primary
formalism to hich the stubborn set method is applied in this thesis.  ore precisely

e de ne . Capacities do not
increase expression po er and are typically eliminated any ay so e do not include
them in the de nitions. e shall use  to denote the set of non negative integer
numbers to denote the set of subsets of the set respectively to
denote the set of nite respectively in nite ords over the alphabet to denote
the empty ord and to denote For any alphabet  and for any

is thought of as a function from to in such a ay that 0 1

is a uadruple such that is
the set of is the set of is a function from
to and is the here
is the set of i.e. functions from to  The net is i
is nite. If then the set of of s 0
the set of of is 0 and the set of
of is transition
for short i
transition is i leads from to some marking.
marking s 1 no transition is enabled at

In our gures places are circles transitions are rectangles and the initial marking

is sho n by the distribution of tokens black dots onto places. directed arc i.e.
an arro is dra n from an element to an element i is an input element of
Then is called the of the arc. s usual the eight issho ni it is

not e ual to 1.

Transition se uences and reachability are introduced in De nition

Let be a place transition net. The set respectively
is called the respectively
Let be a function from to nite transition se uence
i here
and
nite transition se uence is for short i

leads from to some marking. n in nite transition se uence is enabled



at a marking for short i all nite pre xes of are enabled at

marking is 1 some nite transition se uence
leads from  to marking is an i is reachable
from The of the net is the pair such that the set of

vertices  is the set of reachable markings and the set of edges s

Let  be the function from to such that for each marking .
From no on in this thesis e use a plain instead of and as far as the
notions of De nition . are concerned e replace xxx by xxx here xxx is

any ord  ith the exception that the reachability graph of the net is called the

of the net. It is easy to see that this syntactic convention is
consistent ith De nition .1. For example if 1is a transition the meaning of the
expression is uni ue though the sub expression can be understood to mean
either the transition or the transition se uence hen is clear from the context
or is implicitly assumed to exist and be of a kind that is clear from the context then
the reachability graph of the net is called the of the net.

Let be a place transition net. Let be a function from
to and let  be the reachability graph of the net. For any edge

of is called the of the edge. The labelling of the paths of then follo s
by a natural extension. path of is called a i the path is nite

and no nonempty transition se uence is enabled at the last vertex of the path.
nite path of is called a i the path has at least one edge and the last vertex
of the path is e ual to the rst vertex of the path. nite path of is called an
i the path is a cycle and no proper subpath of the path is a cycle.

In the theory of place transition nets the concept of a redundant interleaving can
be approached by de ning permutations of and e uivalences bet een transition se
uences.

Let be a place transition net. Let nite
transition se uence a nite transition se uence 1 for each
the number of s in is greater than or e ual to the number of s in  The
function  from to is de ned by re uiring that for each
and for each for each for each
and for each and
0 1 For any and for any
is called the of Let nite or an in nite transition
se uence is to a nite or an in nite transition se uence i for each
Let nite or an in nite transition
se uence is a i is

e uivalent to



The above can be considered as a set of vie s to the behaviour of the net. If

and then 1s e uivalent to
since both of these se uences have the restriction the restriction
and the restriction

ote that in the case of in nite se uences the above de nition of a permutation does
not pay any attention to the possible repeated patterns in the se uences. So for ex
ample the se uence obtained by repeating in nitely many times is a permutation
of the se uence obtained by repeating  in nitely many times. t least our de ni
tion is mathematically sound since t o nite or in nite transition se uences and

are permutations of each other i the follo ing holds there exist bi ections
and from to suchthat is the inverse function of and for each 01
0 and if occurs at least timesin  then occurs atleast times

in and  maps the position of the th occurrence of in  to the position of
the th occurrence of in

In many formalisms is the key to ho redundant in
terleavings can be eliminated in veri cation. Independence is a useful abstraction
in place transition nets too though there it seems better to base the detection of
redundancy to the recognition of enabled permutations than ust to the recognition
of independent transitions.

Let be a place transition net. Transitions and
i and Transitions and are
i
Transitions and are i they are independent at all reachable
markings.
Our de nition of plain independence corresponds to the de nition in for condi

tional independence hich in turn is based on the corresponding de nition in

Our de nition of independence can be obtained from the de nition of valid condi
tional dependency relations De nition in by taking the necessary conditions
for a triple of t o transitions and one state to be in the complement of a valid de
pendency relation and substituting terms of place transition nets for the terms of
the model of concurrency in in an obvious ay.

Clearly di erent transitions are independent at a marking i neither of them can be
red at the marking making the other transition turn from enabled to disabled or
from disabled to enabled.
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The results are obvious on the basis of De nition

eno give basic de nitions for and that in some form
or another occur in e.g. . The theory of conditional traces is a natural
extension of the trace theory in

Let be a place transition net. transition se uence
is a 1 there exist transitions and
and nite transition se uences  and such that and
transition se uence is a 1 there
exist transitions and and nite transition se uences and such that and
are globally independent and Let be a marking and
the binary relation on  such that i and areenabled at and neighbours

of each other. Let be the re exive transitive closure of  The
is the set of nite transition se uences such that

a se uence 1is in the conditional trace of at i is enabled at and

Let be the binary relation on such that i and are enabled at

and strict neighbours of each other. Let be the re exive transitive closure of

The is the set of nite transition

se uences such that a se uence is in the strict trace of at i is enabled at
and set is an i the set is the conditional

trace of some nite transition se uence at set is an i

the set is the strict trace of some nite transition se uence at

In other ords an ending conditional respectively strict trace is a set of enabled

nite transition se uences that can be obtained from each other by repeatedly inter
changing ad acent independent respectively ad acent globally independent transi
tions. The conditional or strict trace of a non enabled nite transition se uence is
empty. The re exive transitive closure of respectively in De nition . is
clearly an e uivalence relation and the conditional respectively strict trace of an
enabled nite transition se uence is the e uivalence class of the se uence .r.t. the
e uivalence relation.  hat e still need are conditional traces and strict traces for
in nite transition se uences. e base the extended de nition on nite pre xes.

Let be a place transition net. transition se uence
is in the respectively
i is an in nite transition se uence and the follo ing holds
for each 01 and if then there exist
and such that and is in the conditional respectively strict
trace of at ote that this condition does not contain any speci c relationship
bet een and set is an respectively

i the set is the conditional respectively strict trace of some in nite transition
se uence at

De nition . corresponds to De nition . in and is needed in the theory of
1 that ill be discussed in Chapter . n endless conditional
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or strict trace can be seen to consist of enabled in nite transition se uences that
are permutations of each other.  strict trace of a se uence is al ays a proper or
non proper subset of the conditional trace of the se uence. Iso the conditional or
strict trace of an enabled in nite transition se uence is an e uivalence class hereas
the conditional or strict trace of a non enabled in nite transition se uence is empty.



This chapter presents one version of a linear time temporal logic and describes Buchi
automata and testers that support the veri cation of formulas of the logic. Though
no general automatic construction of a useful tester from a formula is kno n a
manual construction possibly after some harmless modi cations to the formula
often succeeds. The presentation assumes that the system to be analy ed has a
place transition net model. This is su cient for the later algorithmic considerations.

Our LTL has e ectively the same syntax as the Propositional Linear Temporal Logic
PLTL in 1 . The semantics are also e ectively the same ith the exception that

e consider nite executions too. e make this di erence because deadlock ended
executions are important to us hereas the semantic de nitions for PLTL assume
that every state has a successor.

formula in our LTL is either atomic or of the form or
here and  are formulas. The follo ing are syntactic abbreviations

means means means
means means and means n
atomic formula is a subset of markings of the net i.e. a subset of In our examples
all atomic formulas are of the form op here is a place in the net
op is a comparison operator and the actual meaning of the formula op is

op

The operators and are called The other operators are
then called non propositional or on propositional operators have the fol
lo ing names is nexttime is until is eventually and is henceforth .
formula is i the formula does not contain any By a

of formulas from a collection e mean a formula that can be constructed
from the formulas of the collection by using propositional operators only. single
formula can be used several times in the combination hereas it is not necessary to
use all formulas of the collection.

The rules of satisfaction of a formula are given .r.t. nite and in nite paths in a
reduced or full reachability graph of the net and are as follo s. e assume that
a path al ays contains at least one vertex and starts ith a vertex. oreover each
nite path ends ith a vertex. 1Iso paths and can be concatenated into a path
i is nite and the last vertex of is the rst vertex of The path is then
the path  continued by

path satis es an atomic formula i the rst vertex of the path is in
o path satis es

path satis es i the path satis es or does not satisfy



path  satis es i there is at least one edge in the path and is
satis ed by the path obtained from by removing the rst vertex and the rst
edge.
path satis es i there is a path and a nite path such that
satis es and for any nite paths and implies that
satis es
formula is i the formula is satis ed by all those

in nite and terminal paths of the graph that start from the marking. So a formula

is valid at a markingi both of and are valid at the marking. On the

other hand can be valid at a marking even in the case that neither nor

is valid at the marking. means sho ing that the formula is
valid at the initial marking in the full reachability graph of the net.

P r
a b
q d X Cc
—
Figure n example net used for LTL considerations.

Let us consider the net in Figure . The full reachability graph has exactly t o
terminal paths that start from the initial marking. The labels of these t o paths are
and The labels of the in nite paths starting from the initial marking in the
full reachability graph are etc.
1l these terminal and in nite paths satisfy the formula

1 0

so the formula is valid at the initial marking in the full reachability graph The

same does not hold for the subformula 1 and not for the subformula

0 either. This is so because among the above mentioned paths e.g. the

path labelled by does not satisfy 1 hereas the path labelled by
does not satisfy 0

For convenience validity is sometimes rede ned in such a ay that the re uirement
of satisfaction is restricted to paths of a certain kind. The restriction may or may not
be expressible in LTL. 1 are one form of such a restriction.
Fairness is basically an informal concept and the choice of a formal de nition depends
much on the context. ny ay ade nition of fairness expresses some kind of progress
that is expected in situations of a certain kind. Iso some de nitions of fairness
have turned out to be of general interest. To this thesis e have chosen one of such
de nitions that is a certain type of 1.



Let be a place transition net.  path in the full reach
ability graph of the net is i the follo ing holds for each transition
if is enabled in nitely many times on the path then the path contains in nitely
many occurrences of ote that all nite paths are thus operation fair.

Operation fairness cannot be expressed in our LTL because our version of LTL has
no general ay to describe the occurrence of a transition in such a ay that the
description ould match only that transition. On the other hand as can be seen
from operation fairness is easily expressible in action oriented versions of
LTL at least if the net does not have in nitely many transitions.

r q Y
y /
c d g
Z
—_—1 € / —_—] 4>Q
X u \%
Figure In the full reachability graph of this net
labels an operation fair path hile does not.

Operation fairness is not guaranteed to be preserved hen the order of ring of tran

sitions is changed in such a ay that the resulting path has no su x that ould be

a su x of the original path. In the net in Figure transitions and are globally

independent and conse uently the in nite se uence

is in the strict trace of the in nite se uence at the

initial marking Ho ever the path starting from and being labelled by
is not operation fair though the path starting from

and being labelled by is operation fair.

n LTL formula can be veri ed on the y by constructing a 1 1
0 that corresponds to the negation of the formula and by computing the
intersection of the automaton and a full or appropriately reduced reachability graph



in such a ay that the intersection is computed simultaneously ith the construction
of the reduced graph or even simultaneously ith the construction of the automaton.

is a uintuple such that
is the set of is the is the set of is
the set of and is the set of
i and there exist a function from  to a function
from to and a function from to  such that 0 and for each
is the 1 th letter in 1 and for each
1 and The of  denoted by is the
set of all those ords over that are accepted by the automaton. is a

1 1s nite.

The states and moves in a Buchi automaton can be thought of as vertices and edges
of a graph. The above acceptance condition can be described by saying that the
ord must be a label of an in nite path in the graph in such a ay that the path
starts from some initial state and contains in nitely many occurrences of members
from each acceptance set. De nition . is a usual de nition of a
1 . classic Buchi automaton becomes de ned by re uiring that
there is exactly one initial state and exactly one acceptance set.

ssho nin 1 there is a simple ay to map a generali ed Buchi automaton
that has only nitely many acceptance sets into a classic Buchi automaton that has
the same language. The re uirement of a uni ue initial state in a classic automaton
is sometimes ignored in the literature but a uni ue initial state is easy to obtain by
duplicating the moves from given initial states.

Proposition . adapted from gives us a clue to ho Buchi automata can be
used in veri cation. If a system and a property can be described by t o nite Buchi
automata in such a ay that the language of the rst automaton represents in nite
executions of the system hile the language of the second automaton de nes unde
sirable formal se uences over the same alphabet it then su ces to construct a Buchi
automaton that accepts exactly the ords in the intersection of the languages. The
checking if that intersection is empty can be done e ciently during the construc
tion 1 . If it turns out that the intersection is not empty the construction can be
stopped and obtaining a ord of the intersection before that stop can be guaranteed
ithout essential loss in e ciency 1

Proposition . has also a compositional aspect since if e can map a property into
a language then a dis unction can be mapped into a union of languages hile a
con unction can be mapped into an intersection. The automaton in Proposition
ill informally be called the and hile ill be called
the and From a formal point of vie  this kind
of naming is uestionable since the union respectively intersection of and
should in principle be the same as the union respectively intersection of and
Complements are considerably harder to handle than unions and intersections.
To our kno ledge the best published universal algorithm for constructing a Buchi
automaton for the language may construct an automaton here the
base logarithm of the number of states is proportional to log hen is a Buchi
automaton consisting of states and having as the alphabet . Ho ever the



orst case complexities do not tell the hole truth. For example if e construct
an automaton for an LTL formula in the ay described in and then another
automaton for the negation of the formula these t o automata are structurally very
close to each other.

The case of is obvious since there can be no path bet een a state marked
by 1 and a state marked by . hat comes to the de nition of moves makes sure
that the nite pre xes in accepted ords are as they should be hile the de nition of
acceptance sets makes sure that the acceptance sets of  and are appropriately
represented.

Compositional construction of a Buchi automaton for a formula is slightly confused by
the virtual in exibility of alphabets. Typically the set of atomic formulas determines
the alphabet and only the necessary atomic formulas are taken into account. s a
result t o formula automata are likely not to have e ual alphabets. simple
solution to this problem is as follo s. Classically a member of an alphabet in a
formula automaton is a subset of atomic formulas. e change this by de ning that
a member of such an alphabet is a pair of subsets of atomic formulas. In a move the

leftmost subset in the label is the set of those atomic formulas that are both
important and true in the source state . The rightmost subset in the label is the
set of those atomic formulas the truth value of hich is important . So is a

subset of by de nition. This kind of a move corresponds to a set of classic moves
here the source states are e ual the target states are e ual as ell hile the label of

a move is  such that This correspondence is then respected in de ning
unions and intersections bet een the ne kind of automata. If and
it is su cient to modify Proposition . as follo s

and



and
is no longer but by transforming the alphabets and moves
into the classic form e see that the language of the transformation of is the
intersection of the languages of the transformations of and From this it

follo s that is empty i is empty.

e still need a Buchi automaton that represents the behaviour of a place transition
net. Let  be the full or a reduced reachability graph that contains su ciently many
executions .r.t. the formula to be veri ed. e can think of as a Buchi automaton
such that the initial marking of the net is the only initial state of the automaton the
set of markings in  form a trivial acceptance set no other acceptance set exists a
member of the alphabet is a pair of subsets of atomic formulas hereas the set of
moves is the set of edges of relabelled as follo s. The label of a move is a member
of the alphabet. The leftmost subset in the label is the set of those atomic formulas
that occur in the formula to be veri ed and contain the source marking. These are
the atomic subformulas that are satis ed by the paths that start from that marking .
The rightmost subset in the label is the set of all atomic subformulas of the formula
to be veri ed. The obtained net automaton is thus of the same form as the above
described formula automaton.

Let us rst assume that  has no terminal marking. e can then verify a formula
.r.t. by constructing an automaton for the negation of the formula and by inter
secting the result ith the net automaton. The formula is valid at the initial marking

in i the language of the intersection is empty.

Let us then consider the case that  has a terminal marking. In the veri cation
of LTL formulas it is usual to transform deadlock ended executions into in nite
executions. fter such a transformation e have a reachability graph  that has no
terminal marking and can be handled accordingly. The transformation is something
like the follo ing. Let us consider an arbitrary place transition net. e de ne a
pseudo transition that cannot lead from a marking to a di erent marking and is
enabled 1 no actual transition is enabled. ote that the enabledness of the pseudo
transition is de ned by means of the enabledness of the actual transitions so e do
not have to orry about hether or not the ne system could be simulated by an
ordinary net. e do not let the pseudo transition confuse any transition selecting
procedure. tany marking e imagine as long as possible that the pseudo transition
does not exist. If some actual transition is enabled e proceed as if there really ere
no pseudo transition. If no actual transition is enabled e re the pseudo transition
that leads from the marking to the marking itself.

The veri cation algorithm should of course someho make a di erence bet een true
in nite executions and transformed deadlock ended executions. One ay to guaran
tee this in the Buchi automaton approach is to use a version of LTL that can describe
both states and actions. Deadlock ended executions can then be characteri ed in the
formula to be veri ed by referring to the above pseudo transition. If LTL is action
oriented the net automaton must be rede ned in such a ay that the original label
of an edge in the reachability graph a ects the label of the corresponding move in



the automaton.

similar action oriented version of LTL can of course be used for describing the
possible fairness assumptions. For example the restriction of operation fairness to a
single transition can be represented by a small Buchi automaton. n automaton rep
resenting operation fairness is then simply obtained by intersecting these automata

ith each other. By intersecting the resulting fairness automaton  ith an au
tomaton that corresponds to the negation of the formula to be veri ed e get an
automaton that corresponds to the negation of operation fairness implies the for
mula to be veri ed . The order in hich the intersection operations are applied is
not important and intersections do not have to be reali ed in a brute force ay
since there are veri cation algorithms that only need to kno the components of the
intersection 1

In the above considerations e looked at Buchi automata as if their main purpose

ere to assist us in the veri cation of LTL formulas. Ho ever Buchi automata can
e ually ell be thought of as direct speci cations to hat should not happen in a
system. Such negative speci cations can be designed ithout having to think in
terms of formulas. To keep things simple the set of actions of the system under
analysis is typically chosen to be the alphabet of the automaton. Such a choice
means that things must be expressed by means of actions even if the original informal
speci cation ould refer to the states of the system.

hen the alphabet of a Buchi automaton is the same as the set of actions of the
system under analysis the intersection of the system and the automaton is much like
a parallel composition of t o systems. It is then natural to ask if the full synchro
ni ation of actions is necessary for the success of the veri cation task provided that

e are ready to modify the automaton hen needed. The ans er is negative at least
if the de nition of a Buchi automaton is extended in certain directions. 1
is one of such generali ations of a Buchi automaton.

hen the system being analy ed is a place transition net ithout loss in analysis
po er e can essentially let a tester to be a place transition net.  hen both the
system and the tester are place transition nets they can be combined into a global
system that is in turn essentially a place transition net.

isa tuple such that

is a place transition net
is the set of here is the set of markings of the net
is the set of
is the set of
is the set of and

is the set of



Let is said to be a i
is said to be an i is not a monitor state. Let be a nite or
an in nite transition se uence of the net. The pair is a i is

nite and leads from to a re ect state. The pair is a

i is nite and leads from to a terminal deadlock monitor state. The
pair isa i is in nite and there exist and
such that and leads from  to a livelock monitor state. The
pair isa i is in nite and the path starting from

and being labelled by in the full reachability graph of the net contains in nitely
many occurrences of in nite progress monitor states and in nitely many occurrences
of transitions from The is the set of transition se uences

such that is a re ect history a monitored deadlock history a monitored
livelock history or a monitored in nite progress.

s described in 1 a Buchi automaton having a set of actions i.e. transitions in
our case as an alphabet can be simulated by a tester here the sets of livelock
monitor states and in nite progress monitor states coincide. e have replaced the
term in nite trace of 1 by the term in nite progress since the in nite traces
in uestion are more like plain transition se uences than traces of the form de ned
in Section

e do not de ne operations bet een testers. Instead e de ne a global system that
combines a tester ith the net under analysis. e start by de ning ho t o plain
place transition nets are combined into a single net.

The and
isde ned i hen de ned the product is a place trans
ition net such that
0 0
0 0
and

ote that the input and output transitions of a place are the same in the product as in
the original net. Conse uently every reachable marking of the product is essentially

a pair of reachable markings of the component nets. The transitions in are
synchroni ed in the sense that for any in the product i and
here and are the restrictions of  to the component nets. The other

transitions behave as if there ere no product at all.



The of a place transition net and a
tester is de ned i hen de
ned the global system is a tester
such that
is the product of and

here is the set of
markings of the product

and

The set thus does not a ect the global system. This is an
intentional trick.

In a tester based veri cation task the goal is to sho that the language of the global
system is empty. If e nd a ord that is in the language of the global system the
ord is a counterexample to the goal and there is then no reason to continue. On
the y veri cation is easier ith testers than ith Buchi automata since the global
system is nothing more than a place transition net e uipped ith sets of monitor
states and a set of visible transitions. The algorithms in 1 can be mechanically

modi ed to apply to our formalism.

0 have some similarity ith the above global systems but it is not clear
ho bene cial the similarity is. In 0 the intersection of a Buchi automaton cor
responding to a formula and a reachability graph of a net is represented by a Buchi
net hich consists of an ordinary net and an acceptance condition. ccording to
De nition in 0 each transition in the Buchi net has a component representing a
move of the automaton and another component representing a transition of the orig
inal net.  single transition in the original net can contribute to several transitions
in the Buchi net. s explained in 0 an explosion in the number of transitions can
be avoided by an alternative de nition of a Buchi net here some or all transitions
are connected tot o xed Unfortunately as can be seen from the
follo ing chapters such connections are not fruitful from the point of vie of the
stubborn set method.  oreover Buchi nets do not have any obvious support for
the concept of visible transitions. Conse uently it is by no means obvious ho the
theory in 1 could bene t from the application of Buchi nets.



In this chapter e introduce stubborn and dynamically stubborn sets. Section .1 is
devoted to dynamically stubborn sets. 11 the stubborn sets that have been de ned
in the literature for place transition nets are kno n to be dynamically stubborn. Dy
namically stubborn sets seem to have all the nice properties of statically stubborn
sets except that the de nition of dynamic stubbornness does not seem to imply a
practical algorithm for computing dynamically stubborn sets. e base the de nitions

on the principles in . e also present de nitions strongly corresponding to
of and sets in the context of place transition nets
and sho ho persistence and conditional stubbornness can be rephrased in terms
of dynamic stubbornness. e end Section .1 by de ning

and in the spirit of and by

sho ing some connections bet een dynamic stubbornness and these forms of ample
ness.

or is de ned in Section . . Our de nition is the de nition

in modi ed by taking advantage of the remarks in
The for computing stubborn sets is presented in Section
and the in Section . . The deletion algorithm is slo er

than the incremental algorithm but the incremental algorithm is not guaranteed to
produce minimal stubborn sets in any practical sense unlike the deletion algorithm.

The wuestion of hat can be done ith stubborn or dynamically stubborn sets ill
at least partially be ans ered in the remaining chapters.

e de ne dynamic stubbornness on the basis of the principles in

Let be a place transition net. Let be a marking
of the net. set for
short i

transition is a i and
set for short
i has a dynamic key transition at set

for short i

set for short



set for
short 1

set is i ful 1Is D1 and D at set
is i ful Is CD and D at
set is i is dynamically
stubborn but not conventionally dynamically stubborn at set is

i ful 1s SD1 and SD at  and
The principles D1 D CD SD1 and SD are illustrated in Figure . The principles
D1 D SD1 and SD are the principles 1 1 and of respectively.

Dynamic stubbornness has been de ned in too but the de nitions there are more
limited than our de nitions. e shall return to this sub ect later in this section.

Lemma . sho sthat the complement criterion in D1 could be modi ed to some
extent ithout changing the meaning of the principle.

The if part is obvious. e sho the only if part. Let From
the de nition of it then follo s that there exist and
in such a ay that By D1 is enabled at
Lemma . sho s ho the dynamic key transitions of a dynamically stubborn set

are able to postpone enabled nite and in nite se uences of transitions of the
complement of the dynamically stubborn set. Let us recall from the explanation
immediately belo De nition . that an in nite transition se uence is enabled at a
marking i all nite pre xes of the se uence are enabled at the marking.
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Figure = The principles of dynamic D1 and D
strong dynamic SD1 and SD  stubbornness.

conventional dynamic CD and



Let and be any se uences such that
If isa nitese uence then and Since is a dynamic key transition of
at the se uence is enabled at From D1 it then follo s that the se uence
is enabled at

e no start handling the di erent degrees of dynamic stubbornness.

The results follo trivially from De nition .1.

s one might expect unconventionally dynamically stubborn sets exist. In the net
in Figure is dynamically stubborn but not conventionally dynamically stub
born at the initial marking since and The set is strongly
dynamically stubborn at the initial marking.

set can be conventionally dynamically stubborn ithout being strongly dynami
cally stubborn. In the net in Figure  the only dynamically stubborn sets at the
initial marking are and The sets and are
conventionally dynamically stubborn but not strongly dynamically stubborn at the
initial marking since and

The if part is obvious since e can let in one context and in
another context. Let us prove the only if part. Let a set ful 1 SD at
Let and Using SD for both
and e get and s and lead to the same marking e have

The result follo s trivially from De nition .1 and Lemma
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(JX)=J3(x, 1) +...+J(X,n-1))
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